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1. Introduction 

Anthropogenic carbon dioxide (CO2) emissions remain a pri-

mary driver of climate change and continue to pose a direct chal-

lenge for the power sector and other energy intensive industries. 

Even under accelerated deployment of renewable energy and 

electrification, large stationary point sources such as coal and 

gas fired power plants, cement kilns, steelworks and refineries 

are expected to contribute substantially to residual emissions 

over the coming decades. For this reason, carbon capture, utili-

sation and storage (CCUS) is widely recognised as a key bridg-

ing technology to enable deep decarbonisation while maintain-

ing security of supply and industrial competitiveness. A com-

prehensive review by Markewitz et al. [1] emphasised that 

CCUS deployment must be assessed not only in terms of capture 

efficiency, but also in terms of system integration, energy pen-

alty and the implications for the entire energy chain. 

From an engineering and policy perspective, the major bar-

rier to large‑scale CCUS implementation has consistently been 

the  cost  and  energy  demand  of  capture, particularly for post- 
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Abstract 

This article presents experimental verification of CO2 capture from flue gases generated in a pulverised coal-fired power 
boiler. The tests were carried out using a pilot-scale moving bed temperature swing adsorption system installed in an operating 
coal-fired power plant (Skawina Power Plant). Activated carbon in the form of beads was used as the adsorbent due to its 
developed microporous structure, large specific surface area and excellent mechanical resistance under conditions of contin-
uous circulation. The installation enables treatment of a flue gas stream with a volumetric flow rate of up to 50 m³/h. The 
supplied flue gas, composed mainly of N2 and CO2, was extracted downstream of the plant’s gas-cleaning system. Two recent 
measurement campaigns were analysed under variable inlet CO2 concentrations (4.81–7.16 vol.%; it depends on the operation 
of the power plant, so it cannot be controlled by researchers), different flue gas flow rates and varying sorbent mass flow rates. 
Under quasi-steady-state operating conditions, a capture efficiency of 50–60% was achieved at an inlet CO2 concentration of 
6–7% by volume, with an average energy consumption of 55.3 MJ/kgCO2. A second series of measurements confirmed the 
high sensitivity of capture efficiency to the ratio of sorbent mass flow rate to flue gas flow rate and to regeneration conditions. 
The results demonstrate the technical feasibility of moving bed temperature swing adsorption operation under actual coal-
fired power plant conditions; however, significant optimisation of heat integration, process configuration and sorbent man-
agement is necessary to reduce energy requirements to a level compatible with industrial implementation. 

Keywords: Experimental tests; CO2 capture; Research facility; Moving bed temperature swing adsorption 
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Nomenclature 

CO2‒ CO2 concentration in the flue gas, %  

mCC‒ mass of CO2 captured from the flue gas, kgCO2 

Q ‒ thermal energy supplied via steam for sorbent regeneration, MJ 

 

Greek symbols 

ζ – energy consumption of CO2 capture, MJ/kgCO2  

𝜂 – CO2 capture efficiency, % 

 

Subscripts and Superscripts 

in – before contact with adsorbent  

out – after contact with the adsorbent  

 

Abbreviations and Acronyms 

BAC – ball-shaped activated carbon   

CCS – carbon capture and storage  

CCUS – carbon capture, utilisation and storage 

CO2 – carbon dioxide  

IGCC – integrated gasification combined cycle 

MBTSA– moving bed temperature swing adsorption  

MEA – monoethanolamine  

MOF – metal-organic frameworks 

PSA – pressure swing adsorption   

SCADA– supervisory control and data acquisition 

TSA – temperature swing adsorption  

VSA – vacuum swing adsorption  

VTSA – vacuum temperature swing adsorption  

combustion flue gas streams where CO2 is diluted in nitrogen, 

and where the treated gas flow rates are large. Rubin et al. [2] 

showed that capture dominates the levelised cost of carbon cap-

ture and storage (CCS) for power generation and that cost reduc-

tions depend strongly on both process intensification and inte-

gration opportunities at the plant level. For pulverised coal units, 

retrofitting post‑combustion capture remains an attractive route 

because it can, in principle, be implemented without radical 

modifications to the boilers and turbines system.  

Aqueous amine absorption (most commonly monoethanola-

mine (MEA) based) remains the benchmark technology for 

post‑combustion CO2 capture due to its technological maturity 

and demonstrated performance. Rochelle’s [3] widely cited re-

view pointed out that amine scrubbing is robust and industrially 

proven, but also highlighted the fundamental thermodynamic 

minimum work and the practical need to reduce energy con-

sumption through solvent and process improvements. In prac-

tice, the regeneration duty and the associated steam extraction 

reduce power output and may complicate part‑load operation. 

These limitations motivate continuous research into alternative 

capture concepts that could reduce the energy penalty, mitigate 

solvent degradation, and simplify operation and maintenance. 

At the industrial scale, the Shell CANSOLV process pro-

vides an important reference point for post-combustion CO2 

capture based on regenerable amine absorption. The first com-

mercial applications of this technology demonstrated high CO2 

capture performance and high product purity [4]. 

Post‑combustion capture options include chemical absorp-

tion, physical adsorption, membrane separation, and hybrid con-

figurations combining several mechanisms. In a broad review of 

post‑combustion carbon capture, Chao et al. [5] underlined that 

no single technology is universally optimal; instead, perfor-

mance depends on flue gas composition, required CO2 purity 

and recovery, integration constraints, and site‑specific econom-

ics. Within this landscape, adsorption‑based approaches have at-

tracted increasing attention because regeneration can be driven 

by temperature and/or pressure changes, and because solid 

sorbents can potentially avoid some drawbacks of liquid sol-

vents (corrosion, solvent losses, and oxidative/thermal degrada-

tion). 

The viability of adsorption‑based CO2 capture depends on 

two coupled elements: the intrinsic properties of the sorbent (ca-

pacity, selectivity, kinetics, stability) and the process design 

(contactor configuration and regeneration strategy). Choi  

et al. [6] provided an early, influential review of sorbent classes 

for large point sources, discussing activated carbons, zeolites, 

alkaline oxides, hydrotalcites, amine‑functionalised solids and 

metal‑organic frameworks (MOFs), and highlighted that process 

design constraints often dominate material selection when mov-

ing from laboratory to industrial scales. In a later review focused 

specifically on post‑combustion capture using solid sorbents, 

Samanta et al. [7] stressed the importance of cyclic stability, tol-

erance to moisture and impurities, and the practical challenges 

of scaling fixed‑bed systems, including pressure drop and heat 

management. More recently, Raganati et al. [8] summarised the 

state of adsorption‑based post‑combustion capture, emphasising 

that regeneration strategy and heat integration determine much 

of the overall energy penalty and capture cost. 

The development of advanced sorbents remains an active 

area of research, especially for low CO2 partial pressures where 

high selectivity is required. D’Alessandro et al. [9] discussed the 

prospects and limitations of new porous materials for CO2 sep-

aration, noting that improved materials must be evaluated under 

realistic operating conditions, including temperature, humidity 

and exposure to contaminants. In a recent review, Kong  

et al. [10] compared carbon sorbents, zeolites and MOFs for 

post-combustion capture, highlighting recurring trade-offs: zeo-

lites and some MOFs exhibit high efficiency and selectivity but 

can be sensitive to water, while carbonaceous materials are gen-

erally more resistant to moisture and contamination but may ex-

hibit lower selectivity and operating efficiency under flue gas 

conditions. 

From a process standpoint, adsorption cycles can be broadly 

classified as pressure swing adsorption (PSA), vacuum swing 

adsorption (VSA), temperature swing adsorption (TSA), and 

combined VTSA cycles. TSA is particularly relevant for 

near‑atmospheric flue gas because it avoids deep vacuum oper-

ation and can allow us to use waste heat; yet, TSA can suffer 

from slow heating and cooling rates, large thermal inertia and 

high heat demands. Clausse et al. [11] performed a numerical 

parametric study on indirect TSA for post‑combustion capture, 

and demonstrated that cycle performance is strongly affected by 

the regeneration temperature, purge conditions and heat transfer 

characteristics, with energy consumption being a central con-

straint for industrial relevance. Earlier, Bonjour et al. [12] inves-

tigated a TSA process with indirect heating and cooling, and dis- 

https://www.editorialsystem.com/editor/aot/article/580987/view/
https://www.editorialsystem.com/editor/aot/article/580987/view/
https://www.editorialsystem.com/editor/aot/article/580987/view/
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cussed how internal heat exchanger design and scaling influence 

specific heat consumption, providing a process‑intensification 

perspective directly relevant to pilot‑ and industrial‑scale sys-

tems. 

Thermodynamic analyses of integrated gasification com-

bined cycle (IGCC) systems with pre-combustion, post-combus-

tion and oxy-fuel configurations make a significant contribution 

to the assessment of the efficiency of coal-fired power plants in-

tegrated with CCS systems. Kindra's et al. [13] work provides  

a comparative analysis of these variants using simulation mod-

els, showing that the highest net efficiency (47.2%) can be 

achieved in an IGCC system with pre-combustion capture, as-

suming effective thermal integration of the synthesis gas prepa-

ration section, while the oxy-fuel configuration minimises CO2 

emissions (approx. 9 g/kWh), but at the cost of a significant drop 

in efficiency to 36.3%. These results clearly indicate that the 

competitiveness of CCS technology is primarily determined by 

the energy balance of the system and the extent of heat recovery. 

However, it should be emphasised that the presented analyses 

are model-based and refer to fixed operating conditions, which 

justifies the need for experimental research conducted under real 

conditions, allowing for the verification of the assumptions 

made and the assessment of operational limitations, in particular 

with regard to adsorption processes. 

Beyond the choice of the cycle, it is increasingly recognised 

that meaningful comparisons between the capture technologies 

require consistent performance metrics: capture rate, product 

purity, productivity and specific energy consumption (thermal 

and/or electrical), ideally evaluated under comparable boundary 

conditions. Zhao et al. [14] proposed performance analysis 

frameworks for TSA systems and emphasised the role of ther-

modynamic benchmarking when interpreting reported energy 

demands. In a comprehensive evaluation of TSA for post‑com-

bustion capture, Zhao et al. [15] further highlighted that the ap-

parent energy penalty depends not only on the heat of adsorption 

but also on the heat capacity of the sorbent and the overall heat 

management of the contactor and auxiliaries. This is particularly 

important for systems aiming at continuous or quasi‑continuous 

operation, where thermal integration is an explicit design objec-

tive. 

Moving bed temperature swing adsorption (MBTSA) has 

been proposed as an approach to overcome some intrinsic limi-

tations of fixed‑bed TSA. The key concept is continuous circu-

lation of the adsorbent through spatially separated sections for 

adsorption, heating (desorption) and cooling, which can reduce 

pressure drop in the adsorption zone and potentially improve 

heat transfer by decoupling the thermal front from the gas‑phase 

pressure constraints. Mondino et al. [16] developed and ana-

lysed MBTSA configurations for post‑combustion capture in 

a coal‑fired power plant context and showed that process modi-

fications, particularly gas recirculation from the desorption sec-

tion, can substantially improve CO2 purity and capture rate com-

pared to simple baseline configurations. In a later study, Mon-

dino et al. [17] investigated MBTSA as an alternative to absorp-

tion for natural gas combined cycle plants, where the CO2 partial 

pressure is typically low, demonstrating that MBTSA can be 

competitive when integrated at the plant level and when the cap- 

ture process auxiliaries are fully accounted for. More recently, 

MBTSA was assessed for a waste‑to‑energy application, with 

a clear focus on internal heat recovery and experimentally in-

formed heat‑transfer correlations, reinforcing that heat transfer 

and thermal integration remain decisive factors for the practical 

feasibility of the concept [18]. 

A concept utilising a fixed sorbent in continuous mode for 

CO2 capture has also been developed by Kawasaki; in this sys-

tem, the process relies on a porous, amine-impregnated material 

regenerated with low-temperature steam, which differs signifi-

cantly from the spherical activated carbon used in the current 

MBTSA plant. In early moving-bed tests, CO2 was captured 

from coal-combustion exhaust gas using steam at approximately 

60°C, with a reported CO2 product concentration of at least 95%, 

whereas later parametric tests were performed on a 5 tCO₂/day 

moving-bed unit [19,20]. These studies indicate that the mov-

ing-bed configuration itself can be technically feasible, but they 

also show that process performance is strongly dependent on 

sorbent chemistry, regeneration strategy and heat integration.  

While modelling studies provide critical insights into pro-

cess design space, experimental evidence under real flue gas 

conditions remains essential. Flue gas contains water vapour and 

trace contaminants, exhibits temporal variability and imposes 

operational constraints that are often simplified or ignored in 

simulations. Pilot scale adsorption capture using multi-layer 

VSA/VPSA or MBTSA configuration (described in the next 

chapters) has been demonstrated at coal-fired power plants, 

providing valuable benchmarks for actual performance. Liu  

et al. [21] reported on onsite CO2 capture from coal‑fired flue 

gas using an adsorption process after dehydration, demonstrat-

ing high CO2 purity and recovery in a multi‑bed cycle and re-

porting experimentally measured energy consumption under 

plant integrated conditions. In a related short communication, 

Wang et al. [22] experimentally evaluated adsorption capture in 

an existing coal‑fired power plant and showed that dehumidifi-

cation and real‑gas operation are central to stable performance 

and energy consumption. These studies underscore the im-

portance of plant‑level constraints and provide context for inter-

preting energy metrics obtained in pilot systems. 

For adsorption‑based capture from flue gas, moisture is 

a dominant factor affecting cycle performance. Activated car-

bons are often considered advantageous in wet conditions due to 

their relatively hydrophobic character compared to many zeo-

lites. Xu et al. [23] investigated the effects of water vapour on 

CO2 capture using activated carbon in VSA operation and 

demonstrated that, even when CO2/N2 separation remains feasi-

ble, moisture can increase energy consumption and complicate 

cycle optimisation. Consequently, pilot‑scale evaluation under 

real flue gas conditions should clearly consider humidity man-

agement, thermal inertia and the stability of the sorbent under 

repeated cycling. 

Another central but frequently underestimated contributor to 

energy penalty in TSA/MBTSA systems is the sensible heat re-

quired to raise and lower the temperature of the circulating solid 

phase. Even when the heat of adsorption is moderate, a high 

sorbent heat capacity or excessive thermal mass in the contactor 

can lead to large regeneration duties. Querejeta et al. [24] sys- 
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tematically measured heat capacities of activated carbons in the 

temperature range relevant for TSA‑based CO2 capture and con-

cluded that selecting and/or modifying carbon materials to re-

duce heat capacity can be an effective strategy to lower regener-

ation energy demand. This insight is directly relevant for mov-

ing bed concepts, where continuous sorbent circulation ampli-

fies the impact of solid‑phase thermal properties. 

In addition to the international studies discussed above, 

Polish pilot and demonstration projects provide important quan-

titative benchmarks for assessing post-combustion CO2 capture 

processes under real-world flue gas conditions. Pilot tests based 

on the amine process, carried out at the Łaziska Power Station, 

enabled the removal of over 19 000 kg of CO2 over approxi-

mately 550 hours of operation and demonstrated the practical 

significance of mobile pilot installations integrated with coal-

fired units [25]. Earlier Polish studies on amine-based post-com-

bustion CO2 capture reported a pilot plant capacity of up to  

200 Nm³/h of flue gas [26].  

These studies are complemented by national energy and eco-

nomic analyses of CO2 capture installations using monoethano-

lamine and ammonia, which indicate that the choice of absor-

bent significantly affects the heat demand for regeneration and 

the cost of the process [27]. In the case of adsorption-based cap-

ture methods, Polish research into DR-VPSA was carried out 

using actual flue gases, a four-column adsorption system and 

a complete gas pre-treatment line, comprising dust removal, 

cooling, desulphurisation, denitrification, drying and compres-

sion [28]. The long-term performance of activated carbon in 

a pilot DR-VPSA plant was also analysed over 808 hours under 

real flue gas conditions [29]. These results are relevant to the 

present MBTSA study, as they show that capture efficiency 

must be interpreted in conjunction with gas conditioning, 

sorbent durability, regeneration stability, pressure drops, heat re-

covery and auxiliary energy requirements.  

In the next chapters, this paper presents an experimental per-

formance of CO2 capture using a pilot MBTSA system installed 

in an operating pulverised coal-fired power plant (Skawina 

Power Plant, Poland). The installation processes actual flue gas 

taken from the end of the existing purification installation and 

uses ball-shaped activated carbon (BAC) as a mechanically ro-

bust sorbent suitable for continuous circulation. The scope of the 

experiment focuses on determining the capture efficiency at dif-

ferent CO2 inlet concentrations and flow conditions, and calcu-

lating the energy consumption associated with thermal regener-

ation using a heat source integrated with the power plant and 

operating data recorded by the SCADA system. This experi-

mental analysis complements previous work comparing 

MBTSA simulations with experimental observations for the 

same installation [30]. 

2. Description of the research facility 

As part of the conducted research, a specially designed pilot in-

stallation for CO2 capture from flue gas was employed. The sys-

tem enables treatment of a flue gas stream with a volumetric 

flow rate of up to 50 m³/h. The process was implemented using 

the MBTSA technology. The installation was connected to the 

flue gas duct of a pulverised coal-fired boiler downstream of the 

existing gas-cleaning units. As a result, the supplied gas stream 

consisted predominantly of N2 and CO2. A specially prepared 

ball-shaped activated carbon (BAC), manufactured by Kureha 

[31], was used as the adsorbent. The sorbent circulates continu-

ously between three main process sections: the adsorption sec-

tion, where CO2 and partially N2 are captured; the regeneration 

section, in which the sorbent undergoes thermal desorption; and 

the cooling section. Material transport between the columns is 

carried out by insulated belt conveyors, which receive the 

sorbent after its passage through each process section. 

2.1. Description and purpose of individual sections  

of the facility 

The pilot installation consists of three main process sections en-

abling continuous CO2 capture from flue gas using the tempera-

ture swing adsorption concept. Each section is equipped with 

a rotary valve that ensures controlled sorbent flow by allowing 

gradual discharge at the bottom of the column. The combination 

of bed level sensors and frequency inverters enables automatic 

adjustment of the rotational speed of the rotary valves. Since the 

belt conveyors operate at constant speed, regulation of sorbent 

dosing via the rotary valves makes it possible to vary the sorbent 

mass flow rate while maintaining predefined filling levels in 

each process section. 

The three principal sections of the installation (Fig. 1) are 

described below in the order corresponding to sorbent circula-

tion, excluding mechanical transport elements: 

1. Adsorption section (reactor).  

The adsorption section consists of a sealed, cylindrical col-

umn with plastic walls and filled with Mellapak™ struc-

tured packing. Within the column, upward-flowing flue gas 

comes into contact with adsorbent particles descending un-

der gravity, resulting in adsorption of CO2 onto the sorbent 

surface. The flue gas is introduced at the bottom of the col-

umn and, under slight overpressure, exits at the top. The 

sorbent is supplied from the top and flows downward to the 

bottom of the column. The application of Mellapak™ 

structured packing ensures uniform distribution of both gas 

and solid phases and extends gas–solid contact time.  

2. Regeneration/heating section.  

The regeneration section consists of a thermally insulated 

column in which the sorbent undergoes thermal desorption 

at a temperature of approximately 180°C, required for ef-

fective regeneration of the activated carbon. Three shell 

and tube heat exchangers are installed inside the column. 

The upper heat exchanger forms part of a closed internal 

heat recovery loop. It transfers energy between the regen-

eration and cooling sections, enabling preheating of the in-

coming sorbent while simultaneously recovering heat from 

the cooling column. The remaining two heat exchangers 

operate in series. Saturated steam extracted from the tur-

bine, with parameters of approximately 190°C and  

1.3 MPa, is supplied to the lower exchanger. The steam 

condenses while transferring heat to the sorbent. The re-

sulting condensate is then directed to the middle exchanger, 

where its temperature decreases to approximately 121°C. 

The desorbed gas stream, consisting primarily of CO2 and 

https://www.editorialsystem.com/editor/aot/article/580987/view/
https://www.editorialsystem.com/editor/aot/article/580987/view/
https://www.editorialsystem.com/editor/aot/article/580987/view/
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N2, is removed through an outlet equipped with a fan gen-

erating slight underpressure, ensuring stable evacuation of 

the desorption gases from the system. 

3. Cooling section.  

The final section of the installation is a thermally insulated 

column designed to reduce the sorbent temperature to re-

store its adsorption capacity prior to re-entry into the ad-

sorption section. Two shell and tube heat exchangers are 

installed within this column. The upper exchanger is inte-

grated into the previously described internal heat recovery 

loop, while the lower exchanger provides direct cooling of 

the sorbent. Cooling water at approximately 15°C flows 

through the lower heat exchanger, enabling reduction of the 

sorbent temperature to below 25°C before it returns to the 

adsorption section. 

Figure 1 presents the pilot installation viewed from the con-

veyor connecting the cooling section, visible as the insulated 

column on the left, with the adsorption section, visible as the 

column on the right. The regeneration section is located on the 

opposite side of the facility and is only partly visible in the pho-

tograph. One belt conveyor transfers the activated carbon from 

the adsorption section to the regeneration section, while another 

conveyor transports the regenerated sorbent from the regenera-

tion section to the cooling section. The silver-coloured cladding 

visible on the regeneration section, the cooling section and the 

conveyor between these sections protects and stabilises the min-

eral-wool insulation, ensuring continuity and high effectiveness 

of thermal insulation. Due to the presence of supporting struc-

tures and other power plant equipment, capturing a complete 

view of the installation in a single photograph is not feasible.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

A simplified process scheme of the installation is shown in 

Fig. 2. The scheme illustrates the main circuits present in the 

CO2 capture system, including the flue gas path, sorbent circu-

lation loop, heating medium circuit, cooling-water circuit and 

CO2-rich gas outlet. The sections connecting the bottom of one 

column with the top of the next column represent belt conveyors 

used for transporting the activated carbon between the process 

sections. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The flue gas is introduced into the lower part of the adsorp-

tion reactor and is withdrawn from the upper part of the reactor 

under a slight negative pressure. In the upper parts of the regen-

eration and cooling sections, heat exchangers filled with circu-

lating water form an internal heat-recovery loop between these 

two sections. In the middle and lower parts of the regeneration 

section, additional heat exchangers are installed. Saturated 

steam extracted from the turbine is supplied to the inlet of the 

lower heat exchanger, where it condenses while transferring 

heat to the activated carbon. The condensate then flows through 

the middle heat exchanger and is subsequently discharged to the 

condensate tank, where it is cooled before being released to the 

drainage system. The CO2-rich gas released from the activated 

carbon during thermal desorption is extracted by a small fan and 

discharged from the installation. In the lower part of the cooling 

section, a heat exchanger supplied with cold water is used to re-

duce the temperature of the regenerated sorbent before it returns 

to the adsorption section. After leaving the cooling section, the 

water is directed to the condensate tank, where it assists in re-

ducing the condensate temperature before discharge to the drain-

age system. 

2.2. Structural layout of the research facility 

The pilot installation was designed in a triangular configuration, 

in which the three main process sections (adsorption, regenera-

tion and cooling) are located at the vertices of a triangle, while 

the sorbent transport system forms its sides. This arrangement 

enabled efficient utilisation of the available space and ensured 

compliance with structural constraints associated with installing 

the system inside an existing building. The adopted layout also 

provides protection of the installation components against ad-

verse environmental conditions and facilitates operation and 

maintenance. A vertically stacked configuration was initially 

considered, as it would have theoretically reduced the number 

of required belt conveyors. However, this option exceeded the 

available floor height and permissible structural load limits, and 

was therefore rejected at the design stage. 

 

Fig. 1. Illustrative photograph of research facility. 

 

Fig. 2. Scheme of research facility. 
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2.3. Characteristics of flue gases feeding the system 

The flue gas supplied to the adsorption section originated from 

a power boiler operating under real plant conditions. Conse-

quently, its chemical composition exhibited continuous variabil-

ity, resulting in significant fluctuations in the carbon dioxide 

(CO2) concentration within the analysed stream. The recorded 

volumetric CO2 concentrations ranged from 4,81% to 7.16%, 

which is considerably lower than the values assumed at the de-

sign stage of the pilot installation. The CO2 concentration in the 

flue gas was measured using a Vaisala CARBOCAP® GMP251 

probe based on infrared (IR) absorption technology. 

2.4. Information about the adsorbent 

Activated carbon was selected as the sorbent material primarily 

due to its favourable thermo-physical properties, in particular its 

relatively high heat transfer coefficient on the solid side, re-

ported in the range of 69–117 W/(m2·K) [17]. An additional fac-

tor influencing this choice was its superior mechanical strength 

compared with alternative sorbents such as zeolite 13X. 

Although zeolites exhibit more favourable adsorption char-

acteristics, resulting in lower specific energy consumption in 

MBTSA processes, their practical applicability remains limited. 

Simulation studies indicate that the specific energy demand for 

zeolite 13X may reach approximately 2.3 MJ/kg CO2 [16], 

whereas for activated carbon it is estimated at approximately  

5.7 MJ/kg CO2 [17]. However, commercially available zeolites 

are characterised by relatively low mechanical strength and high 

brittleness, leading to rapid degradation under continuous circu-

lation conditions. This makes their application in MBTSA sys-

tems currently impractical. 

The thermo-physical properties of the activated carbon have 

been reported in the literature [17,31]. Its principal characteris-

tics are summarised in Table 1, while a photograph of the mate-

rial in its original packaging is presented in Fig. 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3. Analysis of experimental results  

The experimental results are presented in graphical form and in-

clude both direct measurements obtained from the pilot installa-

tion and values calculated on the basis of these measurements. 

All data were acquired and archived using a SCADA (supervi-

sory control and data acquisition) system, which enables contin-

uous monitoring of process parameters based on signals from 

sensors installed throughout the installation. 

Figures 4 and 5 present selected measurement data recorded 

during operation of the pilot unit, including: 

 CO2 concentration in the flue gas at the inlet and outlet of 

the adsorption section (Figs. 4a and 5a), 

 mass flow rate of the activated carbon (Figs. 4b and 5b), 

 volumetric flow rate of the supplied flue gas (Figs. 4b  

and 5b). 

In addition, two key performance indicators were deter-

mined based on the recorded data: 

 CO2 capture efficiency (η), defined as the relative reduction 

in CO2 concentration in the flue gas after contact with the 

sorbent. This parameter was calculated according to the fol-

lowing equation: 

 𝜂 = 1 −
CO2,𝑜𝑢𝑡

CO2,𝑖𝑛
, (1) 

where: η  CO2 capture efficiency [%], CO2,out  CO2 con-

centration in flue gas after contact with the adsorbent [%], 

CO2,in  CO2 concentration in flue gas before contact with 

the adsorbent [%], 

 energy consumption of the CO2 capture process (ζ), defined 

as the ratio of the total heat supplied for sorbent regenera-

tion to the mass of captured CO2: 

 ζ =
𝑄

𝑚𝐶𝐶
, (2) 

where: ζ  energy consumption of CO2 capture 

[MJ/kgCO2], Q  thermal energy supplied via steam for 

sorbent regeneration [MJ], mCC  mass of CO2 captured 

from the flue gas [kgCO2]. 

Figure 4 presents the results of measurements and calcula-

tions performed on 8 March 2024. Although these are not the 

earliest available datasets, it should be noted that the activated 

carbon used during this campaign had already been subjected to 

significant prior operation (several dozen hours of circulation 

within the system). Consequently, partial sorbent degradation 

and a reduction in adsorption performance were expected. 

The results presented correspond to an approximately 30-mi-

nute segment of measurement data selected from the analysed 

day. This period was chosen because it represented the longest 

uninterrupted operation of the installation under a constant acti-

vated carbon mass flow rate and a relatively stable flue gas vol-

umetric flow rate (Fig. 4b). This approach limited the influence 

of transient operating conditions on CO2 capture efficiency and 

specific energy consumption. As shown in Fig. 4a, the CO2 con-

centration in the flue gas entering the adsorption column varied 

within the range of 6–7%, while the outlet concentration aver-

aged approximately 3%. This corresponded to a capture effi- 

 

Fig. 3. BAC-type activated carbon: a) in its original packaging;  

b) spilled out on a paper. 

Table 1. Selected parameters of activated carbon [32].  

Shape Specific surface area 
Average particle 

diameter 
Hardness 

Spherical 1100-1300 m2/g ≈0,7 mm ≥95% 

 

https://www.editorialsystem.com/editor/aot/article/580987/view/
https://www.editorialsystem.com/editor/aot/article/580987/view/
https://www.editorialsystem.com/editor/aot/article/580987/view/


Experimental verification of the effectiveness of CO2 capture from flue gas after pulverised coal combustion 

 

11 
 

ciency of 50–60% during most of the analysed interval. At the 

same time, a high specific energy consumption was observed 

(Fig. 4c), with a median value of 55.3 MJ/kgCO2, which must 

be considered unfavourable from the standpoint of energy per-

formance.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 5 presents the results obtained on 17 April 2024. Dur-

ing the period between the two measurement campaigns, the in-

stallation remained inactive, and no fresh sorbent was intro-

duced into the circulation loop, implying further physico-chem-

ical degradation of the activated carbon. In contrast to the rela-

tively stable conditions shown in Fig. 5, the time interval pre-

 

 

 

Fig. 4. Results obtained on 8 March 2024: a) CO2 concentration in the inlet and outlet flue gas streams and corresponding capture efficiency;  

b) volumetric flow rate of the flue gas and mass flow rate of the activated carbon; c) specific energy consumption of the capture process. 
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sented in Fig. 5b exhibits noticeable variability in both the acti-

vated carbon mass flow rate and the flue gas volumetric flow 

rate. These variations directly affected the CO2 concentration at 

the reactor outlet. A decrease in flue gas flow rate or an increase 

in sorbent feed resulted in improved capture efficiency, whereas 

the opposite changes led to a reduction in performance.  

Pronounced changes in specific energy consumption were  

 

also observed (Fig. 5c); however, its response was less immedi-

ate. The specific energy demand exhibited a delayed reaction to 

variations in the sorbent mass flow rate, which can be attributed 

to system inertia, including gradual sorbent dosing through the 

rotary valve and the dynamic behaviour of the internal heat re-

covery loop.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Significant variations in the operating parameters of the in-

stallation may substantially affect data interpretation, particu- 

 

larly when datasets covering periods longer than two hours are 

analysed with a time resolution of 30 s. In contrast, results  
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obtained over shorter intervals with a 15 s sampling step allow 

for more detailed analysis of transient effects occurring after 

changes in key operating conditions. 

4. Conclusions  

The analysis of results obtained from the two measurement se-

ries clearly indicates a significant influence of the activated car-

bon mass flow rate on the efficiency of the CO2 adsorption pro-

cess. Although increasing the sorbent feed appears to be  

a straightforward method for improving capture efficiency, it 

may simultaneously lead to higher specific energy consumption 

and an increased risk of insufficient heating of the sorbent to the 

required regeneration temperature. Under the investigated ex-

perimental conditions, the specific energy demand reached very 

high values, representing a major barrier to potential industrial 

implementation of the technology. For this method to become 

attractive from both economic and environmental perspectives, 

a substantial reduction in regeneration energy consumption is 

essential. Inadequate heating of the activated carbon results not 

only in incomplete sorbent regeneration, leading to reduced ad-

sorption capacity, but also in gradual cooling of the internal heat 

recovery circuit. This effect may further deteriorate the overall 

energy balance of the installation and hinder the achievement of 

stable operating conditions. 

It should also be pointed out that the presented results were 

obtained using the sorbent that had already operated in the cir-

culation loop for several hours, implying a reduction in its initial 

adsorption performance. Previous studies [31] have reported 

significantly higher CO2 capture efficiencies, reaching approxi-

mately 76%, together with lower specific energy consumption 

of about 25 MJ/kgCO2, when partial replacement of activated 

carbon was implemented during operation. 

In light of these observations, further optimisation of the 

MBTSA technology appears justified, both in terms of installa-

tion design and sorbent selection. One potential development 

pathway is the reconstruction of the system into a vertically 

stacked configuration, in which the individual process sections 

would be arranged one above another. Such a layout could re-

duce heat losses associated with sorbent transport between sec-

tions and decrease the risk of leakage through flexible compo-

nents (e.g. seals), which may allow ingress of cold and humid 

ambient air. In parallel, further investigations of alternative 

commercial sorbents are recommended, particularly those offer-

ing lower regeneration energy demand, higher CO2 selectivity, 

and mechanical durability comparable to that of activated car-

bon. 

The obtained results should also be considered in the broader 

context of Polish pilot and demonstration experience. Compared 

with Polish pilot tests based on amine processes, in which CO2 

removal above 90% and large cumulative amounts of captured 

CO2 were reported [25], the results obtained in the present 

MBTSA study confirm the technical feasibility of conducting an 

adsorption-based CO2 capture process using real flue gas from 

coal combustion. At the same time, however, they indicate much 

stronger limitations related to regeneration energy and solid-

phase heat management. The measured capture efficiency of ap-

proximately 50–60% at an inlet CO2 concentration of 6–7 % vol. 

and the median specific energy consumption of 55.3 MJ/kgCO2 

indicate that the investigated configuration is not yet energeti-

cally competitive with mature absorption-based processes. At 

the same time, the previous result of approximately 76% capture 

efficiency and about 25 MJ/kgCO2 after partial replacement of 

the activated carbon shows that this technology is highly sensi-

tive to sorbent condition, heat recovery efficiency and operating 

parameters. Therefore, the practical assessment of MBTSA 

technology should include not only instantaneous capture effi-

ciency, but also sorbent ageing, regeneration completeness, 

steam parameters, cooling demand, heat losses during sorbent 

transport, internal heat recovery, leaks leading to the intake of 

cold and humid ambient air, and long-term operational stability 

[30]. 

Against the background of the international literature, it 

should only be noted that mature amine absorption processes, 

such as Shell CANSOLV [4] and moving-bed systems devel-

oped by Kawasaki [19,20], confirm the key importance of 

sorbent type, regeneration strategy and thermal integration for 

the achieved CO2 capture performance. 

At the same time, the results obtained in the present MBTSA 

installation cannot be directly compared on a one-to-one basis 

with results reported for other pilot and demonstration CO2 cap-

ture installations [25−30]. These installations were based on dif-

ferent capture methods, including primarily amine absorption 

and cyclic adsorption processes, and they also differed in pro-

cess configuration, scale, operating pressure, regeneration strat-

egy, heat source, gas pretreatment requirements and perfor-

mance assessment indicators. Moreover, the experimental cam-

paign described in this study revealed a number of design and 

construction imperfections in the investigated installation that 

may have adversely affected the measured capture efficiency 

and specific energy consumption. These include excessive heat 

losses during sorbent transport, possible air intake through flex-

ible connections and sealing elements, non-uniform heating of 

the circulating activated carbon, incomplete regeneration, limi-

tations of the internal heat recovery system and process sensitiv-

ity to sorbent ageing and dosing stability. Therefore, before the 

obtained results can be used for a reliable quantitative compari-

son with other demonstration studies, the identified design and 

construction problems should be eliminated, and the installation 

should be retested under repeatable operating conditions with 

clearly defined boundary parameters. 
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1. Introduction 

All buildings occupied by people must be equipped with a ven-

tilation system, whose primary function is to supply fresh air and 

remove used one [1,2]. However, the requirements for ventila-

tion performance vary depending on building function and oc-

cupancy characteristics [3]. Providing adequate indoor air qual-

ity (IAQ) represents one of the central challenges of contempo-

rary building engineering. High occupant density combined with 

extended occupancy periods leads to rapid deterioration of in-

door air quality, manifested primarily through elevated concen-

trations of CO₂ and particulate matter. Transitioning to mechan-

ical supply-and-exhaust ventilation resolves the IAQ problem 

but introduces substantial heating energy penalties, which can 

reach 35−40 kWh/m² annually at the building level [4]. Among 

available heat recovery technologies, fixed bed regenerators 

(FBR) based on ceramic fill represent an alternative to the 

widely used rotary and crossflow plate heat exchangers [5,6]. 

The effectiveness of heat exchangers in heat recovery systems 

depends on airflow rate, temperature differences, and the mois-

ture content of the air streams [7]. Figures 1 and 2 show the ac-

tual heat recovery effectiveness for crossflow and rotary heat 

exchangers, respectively, for the full ranges of available prod-

ucts [8]. 
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Mechanical supply-exhaust ventilation systems are increasingly required in newly constructed residential buildings, yet their 
higher primary energy consumption remains a key challenge, particularly given the growing demands of energy efficiency and 
unchanged fresh air requirements. Existing solutions based on recuperators achieve heat recovery efficiencies of 40−70%, 
whereas regenerative systems can exceed 90%, but their performance under real operating conditions and integration with heat 
pump technology has not been sufficiently investigated. This study presents an experimental analysis of a compact ventilation 
unit, dedicated to classrooms, operating in reversible mode with a rotary regenerator and an integrated R290 (propane) air-to-
air heat pump. Measurements were conducted across an outdoor temperature range from 0.6°C to 8.6°C. The regenerator-only 
mode achieved heat recovery efficiency exceeding 90% throughout the entire tested temperature range. When the R290 heat 
pump was activated to sustain operation during periods of lower outdoor temperatures without an auxiliary heat source, the 
system yielded COP values between 3.70 and 4.31, substantially higher than 2.0−2.5 values typically reported for conventional 
air-to-air heat pumps. These results demonstrate that the proposed integration of regenerative heat recovery with a dedicated 
R290 heat pump constitutes a technically viable and energy-efficient solution for both heating and ventilation needs. 
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Nomenclature 

i – specific enthalpy, J/kg 

ṁ – air mass flow rate, kg/s 

p ‒ gauge pressure, bar 

P  – electrical power, W 

q – air mass flow rate 

Q  – heat, J 

Q̇  – heat capacity, W 

RH – relative humidity, % 

t – time, s 

W – electrical energy, J 

 

Greek symbols 

η  – regenerator effectiveness,  

θ  – air temperature, °C  

τ  – time period, s 

 

Subscripts and Superscripts 

1,2,3,4 – process periods 

11   – exhaust at inlet of regenerator 

21   – supply at inlet of regenerator 

22  – supply at outlet of regenerator 

I   – indoor air  

II   – condenser air side  

III  – outdoor air  

IV  – evaporator air side 

cycle – amount for one cycle 

el  – electric 

n  – number of cycles 

 

Abbreviations and Acronyms 

IAQ – indoor air quality 

COP – coefficient of performance 

FBR – fixed bed regenerators  

R290 – propane refrigerant 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Each line corresponds to one heat exchanger from the prod-

uct range. Results show that for rotary heat exchangers, effec-

tiveness ranges from 40% to 66%. For each heat exchanger in 

the product range, effectiveness decreases when airflow in-

creases (thus airflow speed). Similar results are obtained for ro-

tary heat exchangers, but with higher effectiveness levels rang-

ing from 65% to 86%. 

Ceramic regenerators are characterised by a significantly 

greater heat transfer surface area per unit volume compared with 

recuperators, combined with the ability to recover both sensible 

and latent heat through adsorption and desorption of moisture 

on the porous ceramic surface [9]. The reversible operation of 

such devices, in which a single duct alternately serves as supply 

and exhaust, driven by a reversing fan, allows deployment with-

out the need for separate supply and exhaust duct networks, 

making them particularly well-suited for retrofit applications in 

existing buildings. Commercial implementations of ceramic 

FBR ventilation units are currently offered by many manufac-

turers; however, systematic experimental characterisation of 

their performance under controlled conditions remains limited 

in the open literature. 

A further improvement in energy efficiency can be achieved 

by integrating the ceramic regenerator with a heat pump. Ex-

haust air heat pumps (EAHP), which utilise the warm exhaust 

air stream as the heat source for the refrigeration circuit, repre-

sent an emerging class of ventilation and heating systems capa-

ble of simultaneously fulfilling the ventilation and space heating 

functions of a building [10]. The use of exhaust air at approxi-

mately 20°C as the heat source, rather than cold outdoor air, re-

sults in significantly more favourable evaporator operating con-

ditions compared to conventional air-source heat pumps 

(ASHP), which translates directly into higher coefficients of 

performance [11]. The refrigerant R290 (propane) is an increas-

ingly preferred working fluid for such applications due to its fa-

vourable thermodynamic properties and near-zero global warm-

ing potential (GWP) [12].  

Despite the growing commercial interest in integrated venti-

lation – heat pump systems, published experimental data on sys-

tems combining a ceramic FBR regenerator with a heat pump 

 

Fig. 1. Crossflow heat exchangers effectiveness (each line corresponds 

to one heat exchanger from the product range) [18]. 

 

Fig. 2. Rotary heat exchangers effectiveness (each line corresponds  

to one heat exchanger from the product range) [18]. 
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circuit are scarce. Niemierska and Jadwiszczak [5] investigated 

a ceramic FBR regenerator in a decentralised reversible ventila-

tion system, reporting temperature effectiveness values above 

80%, but without integration with a heat pump. Aktershev  

et al. [6] conducted a parametric numerical study of regenerative 

heat exchangers with periodic flow reversal. To the authors' 

knowledge, no experimental study has so far reported the com-

bined performance of a ceramic fixed-bed regenerator integrated 

with an R290 air-to-air heat pump. The present paper addresses 

this gap. A laboratory test stand was constructed at the Institute 

of Heat Engineering, Warsaw University of Technology. The 

system was tested in both regenerator-only mode and heat pump 

mode. The primary objectives of this study were to develop  

a method for determining the temperature and total effectiveness 

of the ceramic FBR regenerator that accounts for the cyclic na-

ture of its operation, and to experimentally characterise the heat-

ing capacity and coefficient of performance of the integrated 

system under varying outdoor conditions. 

2. Materials and methods  

Figure 3 shows the experimental laboratory setup and the loca-

tions of the temperature and relative humidity sensors. The pur-

pose of the stand was to test the heat regeneration effectiveness 

of ceramic blocks and the operation of a heat pump with an in-

corporated regenerator. Propane (R290) was used as the work-

ing refrigerant. The total charge of propane was equal to 800 g. 

Although R290 is classified as a class A3 flammable refrigerant 

according to the PN-EN 378 standard, this charge quantity is 

permissible for rooms that meet the minimum space require-

ments or are equipped with a leak detection system that activates 

additional ventilation [13]. 

The stand is composed of:  

 ventilation duct, inside of which is a  reversible  fan  (which  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

allows for the airflow to alternate between directions using 

a specialised guide vane);  

 heat regenerator in a form of ceramic blocks; 

 two heat exchangers associated with a heat pump;  

 compressor with an inverter;  

 4-way valve;  

 an expansion valve;  

 refrigerant receiver;  

 air filters at the inlet and outlet of the duct.  

The test stand is equipped with an automation system that 

enables changing airflow direction, airflow rate, compressor ro-

tational speed, heat exchangers operating mode (evapora-

tor/condenser) and storing the refrigerant in a receiver.  

Inside the device, there are two rows of ceramic blocks,  

30 in total. The top row consists of 15 blocks with dimensions 

of 150  150  300 mm, whereas the bottom row has 15 shorter 

blocks measuring 150  150  72 mm. The masses are equal to 

6.15 kg and 1.39 kg, respectively. The blocks are supported by 

thin-walled metal tubes. The total mass of the regenerator 

amounts to 113.1 kg, whereas the theoretical thermal capacity 

amounts to 99 528 J/K. The open flow area through each ce-

ramic block is equal to approximately 0.01778 m². The physical 

layout of the ceramic blocks is presented in Fig. 4, while a pho-

tograph of the ceramic regenerator is shown in Fig. 5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Fig. 3. Schematic diagram of the laboratory setup. 

 

Fig. 4. Physical layout of ceramic blocks. 

 

Fig. 5. Ceramic regenerator. 
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The device operates in two alternating modes. In an air sup-

ply phase, outdoor air flows through the ceramic regenerator, 

previously heated by the exhaust air removed from the room. As 

a result, the air supplied to the indoor space is preheated. During 

the air exhaust phase, indoor air is discharged to the outside 

while flowing through the said regenerator, which results in 

charging the heat storage. Additionally, incorporating a four-

way valve allows the heat pump to operate in cooling mode dur-

ing summer months. 

NTC thermistors of accuracy class B were used for measur-

ing temperature. In accordance with IEC 60539-1, the measure-

ment tolerance of these sensors does not exceed ±0.425°C over 

the temperature range investigated in the device (from −10°C to 

25°C) [14]. The relative humidity measurement accuracy is ±3% 

over the range of 20–80%, increasing linearly to ±4.5% for val-

ues outside this interval. An Iris-type damper (IRIS 250) was 

used to measure the airflow rate. The pressure difference was 

defined by two HK Instruments DPT250-R8 differential pres-

sure transmitters, for which the measurement error is ±1%, cor-

responding to a maximum of ±8 Pa. The device also incorpo-

rated two Carel SPKT0041-DO pressure transducers on the re-

frigerant side, positioned at the discharge and suction ports of 

the compressor, corresponding to the condensation and evapo-

ration pressures, respectively. Knowledge of the phase-transi-

tion pressures allows unambiguous determination of the conden-

sation and evaporation temperatures. For this type of transducer, 

the measurement error does not exceed ±1%, which translates to 

a deviation of ±0.182 bar. To quantify the energy consumption 

of the control system, a Lumel N27P energy meter was em-

ployed, offering a measurement accuracy of 0.2% of the meas-

uring range for active power, corresponding to approximately 

2−3 W. The measurement instruments used in the experimental 

setup and their associated uncertainties are presented in Table 1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.1. Ceramic regenerator effectiveness 

In the first step, regenerator’s effectiveness was tested for dif-

ferent temperature levels. Research was conducted in accord-

ance with the norm: PN-EN 13141-8:2014-09 „Ventilation of 

buildings — Testing of performance of components/products 

for residential ventilation — Part 8: Testing of performance of 

ductless mechanical supply and exhaust units (including heat re-

covery) for mechanical ventilation systems” [10]. The device 

works periodically (supply/exhaust modes), and its cycle stages 

are shown in Fig. 6, where: τ1  time of air flow from the build-

ing to the outside, [s]; τ2  dwell time, [s]; τ3  time of air flow 

from the outside into the building, [s]; τ4  dwell time, [s]; 

𝑚̇22  mass flow rate of supply air at the outlet, [kg/s]; 

𝑚̇11  mass flow rate of exhaust air at the inlet, [kg/s]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Times τ1 and τ3 correspond to the half time required for the 

fan guide vane to turn. The measured dwell time is equal to 4 s, 

therefore: τ2 = 2.0 s and τ4 = 2.0 s. This is the result of the de-

vice’s design. The fan runs continuously, while the direction of 

airflow is changed by a guide vane; the fan is not turned off.  

Therefore, the time to complete one full cycle is expressed 

as: 

 𝜏𝑐𝑦𝑐𝑙𝑒 =  𝜏1 +  𝜏2 + 𝜏3 + 𝜏4, [s]. (1) 

For this type of device, regenerator’s effectiveness is defined 

by [15]:  

 𝜂𝜃 =
∫(𝜃22−𝜃21)d𝑡

∫(𝜃11−𝜃21)d𝑡
∙

𝑚̇22

𝑚̇11
, (2) 

Table 1. Measurement instruments and associated uncertainties  

used in the experimental setup.  

Quantity Instrument Limit error 
Standard  

uncertainty 

Temperature NTC class B ±0.425°C 0.245°C 

Relative  
humidity 

SHT20 
±3% RH (20–80%), 

±4.5% outside 
this range 

1.732% RH 

Airflow rate IRIS250 ±5% 2.887% 

Air differential 
pressure 

DPT250-R8 ±1% of range ±8 Pa 

Refrigerant 
pressure 

Carel 
SPKT0041-DO 

±1% ±0.182 bar 

Electrical 
power 

Lumel N27P ±0.2% of range 1.732 W 

 

 

Fig. 6. Changes in the air mass flow rate as a function of time during one full cycle [19]. 
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where: θ22 – supply air temperature at the outlet of the heat re-

covery component, [°C]; θ21 – supply air temperature at the inlet 

of the heat recovery component, [°C]; θ11 – exhaust air temper-

ature at the inlet of the heat recovery component, [°C].  

Figure 7 presents regenerator’s effectiveness results ob-

tained during laboratory tests in accordance with Eq. (2) for the 

outside temperatures: −15°C, −7°C, +2°C, +7°C, and inside 

temperature equal to +20°C. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

In all analysed cases, the regenerator effectiveness exceeded 

90%. The energy efficiency is influenced by the cycle duration 

and the length of the regenerator. In this article, only the results 

for the optimal cycle duration of 240 s and the optimal regener-

ator length are presented. Importantly, no water condensation 

occurred in the regenerator, which is a fundamental problem in 

the case of rotary and crossflow heat exchangers. In recupera-

tors, electric preheaters are often used to preheat air to prevent 

condensation and water freezing. This solution significantly de-

creases heat recovery efficiency [16]. The absence of water va-

pour condensation in the ceramic regenerator can be attributed 

to two main factors. First, due to the short switching cycle in 

reversible operation mode, the ceramic mass is alternately 

heated and cooled at brief intervals, preventing its temperature 

from dropping to the dew point of the exhaust air. Second, the 

hygroscopic nature of the ceramic material allows moisture to 

be captured through adsorption rather than condensation, mean-

ing that water vapour is retained within the material structure 

without forming a liquid phase. 

2.2. Heat pump operation and performance 

The heat supplied to the air stream was calculated from the dif-

ference in specific enthalpy between the supply and exhaust air. 

The specific enthalpy was calculated based on the temperature 

and relative humidity. The volumetric flow rate was measured 

using an ISA-standard nozzle equipped with pitot-tube measure-

ments. The maximum supply air volumetric flow rate reached 

1380 m³/h. The total heat supplied to the room during one cycle 

is given by: 

 𝑄𝑐𝑦𝑐𝑙𝑒 = ∫ [𝑚̇(𝑡)(𝑖2(𝑡) − 𝑖3(𝑡))]
𝑡=𝑡ℎ𝑎𝑙𝑓 𝑐𝑦𝑐𝑙𝑒

𝑡=0
 𝑑𝑡, [J], (3) 

where t = 0 [s] and thalf,cycle [s] are, respectively, the time of be-

ginning and ending of the half-cycle, 𝑚̇(𝑡) [kg/s] is an air mass 

flow rate, i2(t) [kJ/kg] and i3(t) [kJ/kg] are, respectively, instan-

taneous specific enthalpies of the air supplied and removed. 

The electrical energy supplied in one cycle consists of the 

energy used by the compressor, fan and automation system: 

 𝑊𝑐𝑦𝑐𝑙𝑒 =  ∫ 𝑃𝑒𝑙 
𝑡=𝑡𝑐𝑦𝑐𝑙𝑒

𝑡=0
(𝑡)𝑑𝑡, [J], (4) 

where t = 0 [s] and tcycle [s] are, respectively, the beginning and 

ending times of the entire cycle, and Pel(t) is the total electrical 

power supplied at a given moment.  

This allows us to calculate the coefficient of performance 

(COP) during one cycle: 

 COP =
𝑄𝑐𝑦𝑐𝑙𝑒

𝑊𝑐𝑦𝑐𝑙𝑒
. (5) 

To determine the average heating capacity and electrical 

power, the total heat supplied and total electrical energy sup-

plied were divided by the analysed time period: 

 𝑄̇𝑐𝑦𝑐𝑙𝑒  =
𝑄𝑐𝑦𝑐𝑙𝑒

𝜏1 − 𝜏0 
 , [W], (6) 

 𝑃𝑐𝑦𝑐𝑙𝑒  =
𝑊𝑐𝑦𝑐𝑙𝑒

𝜏2 − 𝜏0 
 , [W]. (7) 

3. Results and discussion 

Studies of the vapour-compression heat pump with a regenerator 

were carried out for different outside temperatures in a range of 

0.6°C to 8.6°C. The indoor air temperature was maintained ap-

proximately at 22°C. Each half-cycle of air supply and exhaust 

lasted 60 s, giving a full cycle duration of 120 s. Figure 8 shows 

the temperature changes over 30 full cycles (equivalent to  

1 hour) at an outdoor temperature of 1.1°C. A close-up of tem-

 

Fig. 7. Obtained ceramic regenerator’s effectiveness. 
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perature changes during one cycle is shown in Fig. 9. The 

measured temperatures are: θI – indoor air temperature, [°C];  

θII – condenser air-side temperature, [°C]; θIII – outdoor air tem-

perature, [°C]; θIV – evaporator air-side temperature, [°C]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10 presents changes in relative humidity during the 

same cycle as shown in Fig. 8. Measured relative humidities are: 

RHI – indoor air relative humidity, [%]; RHII – condenser air-

side relative humidity, [%]; RHIII – outdoor air relative humid-

ity, [%]; RHIV – evaporator air-side relative humidity, [%]. The 

measuring points for temperature and relative humidity are 

shown in Fig. 3. 

Figure 11 shows the changes in heating capacity and electri-

cal power consumption during one full cycle for the outside tem-

perature of 0.6°C. The electric power consumption varied only 

slightly, from 1150 W to 1220 W. The average heating capacity 

of this cycle was equal to 5306 W with a peak value exceeding 

11 000 W, which is a result of accumulating heat in a ceramic 

regenerator. During the air exhaust phase, the heating capacity 

is equal to zero.  

The experimental investigation of the device operating in 

heat pump mode was carried out under outdoor air temperature  

conditions ranging from 0.6°C to 8.6°C. The indoor temperature 

was equal to approximately 20°C, while the indoor relative hu-

midity remained approximately 30% across all measurement se-

ries. The relatively low indoor relative humidity recorded 

throughout the experiments reflects the conditions of the labor-

atory facility in which the device was installed, rather than typ-

ical residential indoor climate conditions. The relative humidity 

of the outdoor air for the investigated measurement series as  

a function of outdoor temperature is presented in Fig. 12.  

Refrigerant parameters remained stable across the tested out-

side temperature range. The system was operated to keep the 

discharge pressure at 15 bar. Refrigerant condensation and evap-

oration pressures are shown in Fig. 13. As the outdoor tempera-

ture increases, the evaporation pressure rises. This reduces the 

pressure difference between the suction and discharge sides of 

the compressor, resulting in lower power consumption and 

a higher COP. 

 

Fig. 8. Temperature changes during 30 full cycles. 

 

Fig. 9. Temperature changes during one full cycle. 

https://www.editorialsystem.com/editor/aot/article/571083/view/
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Fig. 11. Heating capacity and electrical power changes during one full cycle. 

 

Fig. 10. Relative humidity changes during one full cycle. 

 

Fig. 12. Relative humidity vs. outside temperature.  
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The device’s electrical power demand ranges from 1039 W 

to 1387 W. The electricity consumption of the rotary fan and 

automation system remained unchanged across the entire range 

of outside temperatures, amounting to 460 W. The heating ca-

pacity supplied to the room ranges from 4180 W to 5735 W. The 

uncertainty of the electrical power measurement is practically 

negligible, as it is equal to ±0.45%. The calculated expanded un-

certainty of heating capacity, determined in accordance with the 

Guide to Uncertainty in Measurement (GUM) methodology 

[17], amounts to ±8.9% at a coverage factor of k = 2, correspond-

ing to a confidence level of approximately 95%.  

Heating capacity exhibited an increasing trend with decreas-

ing outdoor air temperature. This phenomenon is a consequence 

of the decreasing temperature difference between the indoor and 

outdoor air as the outdoor temperature rises, which, at a constant 

mass flow rate and under maintained constant condensation 

pressure, results in a reduced heat flux delivered to the condi-

tioned space. The electrical power consumption exhibits a slight 

decreasing trend with the increasing outdoor air temperature, 

driven by the gradual improvement in evaporator operating con-

ditions: as the outdoor temperature rises, the evaporation tem-

perature increases, reducing the pressure differential between 

the suction and discharge sides of the compressor, and thereby 

lowering the specific compression work.  

Figure 14 shows the heating capacity of the device and its 

electrical power consumption at different outdoor temperatures.  

Since both the heating capacity and the electrical power con-

sumption decrease with increasing outdoor temperature at com-

parable rates, their ratio (COP) remains relatively stable across 

the investigated temperature range as shown in Fig 15. How-

ever, given the limited number of measurement series available, 

no statistically robust trend in COP as a function of outdoor tem-

perature can be established from the present dataset, and this re-

lationship warrants further investigation over a wider range of 

operating conditions. The COP of the heat pump with a ceramic 

regenerator was on average 3.70, and it reached the maximum 

value of 4.31 for the outside temperature of 1.1°C.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 13. Suction and discharge refrigerant gauge pressures vs. outside temperature. 

 

Fig. 14. Heating capacity and electric power vs. outside temperature. 
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4. Conclusions 

This study experimentally characterised the performance of  

a compact reversible ventilation unit integrating a ceramic fixed-

bed regenerator with an R290 vapour-compression heat pump. 

The following conclusions can be drawn from this study:  

 Integration with an R290 vapour-compression heat pump 

enabled operation under the tested winter conditions with-

out an auxiliary heat source. COP values of 3.70−4.31 

were achieved at outdoor temperatures ranging from 0.6°C 

to 8.6°C, substantially exceeding 2.0−2.5 of conventional 

air-to-air heat pumps. The favourable evaporator condi-

tions provided by warm exhaust air (~20°C) directly ac-

count for this elevated performance. 

 Electrical power demand ranged from 1039 W to 1387 W, 

with the fan and automation contributing a constant 460 W. 

The average heating capacity ranged from 4180 to 5735 W, 

with characteristic double-capacity peaks during the sup-

ply phase from simultaneous regenerator and heat pump 

heat release. 

 No water vapour condensation was observed in the ceramic 

matrix under any of the tested conditions, indicating that 

no electric pre-heating or defrosting was required during 

the experiments. 

 The expanded COP uncertainty of ±8.9% (k = 2) is domi-

nated by airflow (IRIS 250, ±5%) and humidity (SHT20, 

±3% RH) measurements. Upgrading to a class 1 flowmeter 

and a  ±1.5% RH sensor would reduce this to ~±4%. Future 

work should extend on testing below 0°C and investigating 

variable compressor speed effects on COP. 

Acknowledgements  

This study was conducted within the framework of  

a 501230104217 project conducted at the Institute of Heat En-

gineering of the Warsaw University of Technology and funded 

by Respireco sp. z o.o. 

 

References 

[1] Ministry of Infrastructure. (2022). Regulation of the Minister of 

Infrastructure of 12 April 2002 on technical conditions to be met 

by buildings and their location (consolidated text). Dz.U. 2022 

item 1225 (in Polish) 

[2] Rucinski, A., Grzebielec, A., Jaworski, M., Laskowski, R., 

Barylka, A., & Rusowicz, A. (2021). The problem of smog-

particle removal in large cities  Experimental analysis of some 

filtration materials. Energies, 14(23), 8012. doi: 10.3390/ 

en14238012 

[3] Schumann, L., Hoerold, K.S., Tomaschewski, R.O., Cetin, Y.E., 

& Kriegel, M. (2026). Influence of a local ventilation system on 

patient and personnel protection in operating rooms. Journal of 

Hazardous Materials, 501, 140712. doi: 10.1016/j.jhazmat.2025. 

140712 

[4] Dodoo, A., Gustavsson, L., & Sathre, R. (2011). Primary energy 

implications of ventilation heat recovery in residential buildings. 

Energy and Buildings, 43(7), 1566–1572. doi: 10.1016/j.enbuild. 

2011.02.019 

[5] Niemierska, E., & Jadwiszczak, P. (2023). Experimental investi-

gation of a ceramic heat regenerator for heat recovery in a decen-

tralized reversible ventilation system. International Communica-

tions in Heat and Mass Transfer, 146, 106899. doi: 10.1016/j. 

icheatmasstransfer.2023.106899 

[6] Aktershev, S.P., Mezentsev, I.V., & Mezentseva, N.N. (2022). 

Parametric study of a regenerative heat exchanger for ventilation 

with a periodic change in the air flow direction. Applied Thermal 

Engineering, 202, 117831. doi: 10.1016/j.applthermaleng.2021. 

117831 

[7] Jedlikowski, A., Kanaś, P., & Anisimov, S. (2020). Heat and 

mass transfer inside the rotary heat exchanger operating under 

high speed rotor conditions. International Journal of Heat and 

Mass Transfer, 152, 119558. doi: 10.1016/j.ijheatmasstransfer. 

2020.119558 

[8] Ventia Sp. z o.o. Product catalog [accessed 19 Feb. 2026] 

[9] Kilkovský, B. (2020). Review of design and modeling of 

regenerative heat exchangers. Energies, 13(3), 759. doi: 10.3390/ 

en13030759 

[10] Liu, Z., Li, W., Chen, Y., Luo, Y., & Zhang, L. (2019). Review 

of energy conservation technologies for fresh air supply in zero 

energy buildings. Applied Thermal Engineering, 148, 544–566. 

doi: 10.1016/j.applthermaleng.2018.11.085 

 

Fig. 15. COP vs. outside temperature. 

https://doi.org/10.1016/j.jhazmat.2025.140712
https://doi.org/10.1016/j.jhazmat.2025.140712


Katana K., Grzebielec A., Szelągowski A., Kruk M., Bruzi, K. 
 

24 
 

[11] Mikola, A., & Kõiv, T.-A. (2014). The efficiency analysis of the 

exhaust air heat pump system. Engineering, 6(13), 1037–1045. 

doi: 10.4236/eng.2014.613093 

[12] Bani Issa, A.A., Liang, C., Groll, E.A., & Ziviani, D. (2025). Res-

idential heat pump and air conditioning systems with propane 

(R290) refrigerant: Technology review and future perspectives. 

Applied Thermal Engineering, 266, 125560. doi: 10.1016/j.ap-

plthermaleng.2025.125560 

[13] EN 378-1:2017-03. (2017). Refrigerating systems and heat 

pumps—Safety and environmental requirements – Part 1: Basic 

requirements, definitions, classification and selection criteria. 

European Committee for Standardization. 

[14] International Electrotechnical Commission. (2022). IEC 60539-

1:2022 Directly heated negative temperature coefficient 

thermistors – Part 1: Generic specification. Geneva, Switzerland.  

[15] EN 308:2022. (2022). Heat exchangers – Test procedures for 

establishing the performance of air-to-air heat recovery compo-

nents. Brussels, Belgium: European Committee for Standardiza-

tion. 

[16] Zawada, B. (2006). Control systems in ventilation and air-

conditioning systems. Oficyna Wydawnicza Politechniki War-

szawskiej (in Polish). 

[17] Joint Committee for Guides in Metrology. (2008). Evaluation of 

measurement data – Guide to the expression of uncertainty in 

measurement (JCGM 100:2008). BIPM. 

[18] Grzebielec, A. (2022). Investigation of a heat recuperator using 

ceramic inserts in winter and summer periods. Szkło i Ceramika, 

2, 30–33 (in Polish). 

[19] PN-EN 13141-8:2014-09. (2014). Ventilation for buildings – 

Testing of performance of components/products for residential 

ventilation – Part 8: Performance testing of unducted mechanical 

supply and exhaust ventilation units (including heat recovery) for 

mechanical ventilation systems. Polski Komitet Normalizacyjny, 

Warszawa, Poland (in Polish). 

 

https://www.editorialsystem.com/editor/aot/article/571083/view/
https://doi.org/10.1016/j.applthermaleng.2025.125560
https://doi.org/10.1016/j.applthermaleng.2025.125560


  

1. Introduction 

Today, one of the main techniques for reducing carbon emissions 

in the transportation sector is automobile electrification [1]. To 

align with the International Energy Agency’s agenda to limit the 

global temperature rise, it is required that the cumulative sale of 

electric vehicles (EVs) reach 1.8 billion by the year 2060 [2]. The 

escalating growth in the production and use of electrified vehicles 

is largely determined by energy storage technologies powering 

them like batteries and fuel cells. Compared to internal combus-

tion engine (ICE) vehicles, which are characterised by low power-

train efficiency (with a maximum of 40% due to intermediate con-

version into heat and associated thermodynamic losses) and sig-

nificant emissions, fuel cell vehicles have superior efficiencies 

(with a minimum of 50% due to the direct conversion of chemical 

energy into electrical energy) and produce zero local emissions 

[3]. Fuel cell-based EVs also have the advantages of shorter refu-

elling time and longer driving ranges compared to battery EVs. 

However, currently, fuel cell vehicles require research efforts to 

develop less costly catalyst and electrode materials, better humid-

ifiers, heat exchangers, etc., to improve the efficiency and dura-

bility of the system while reducing costs [4].  
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Abstract 

The current work examines the possibility of reducing the radiator size in high-temperature proton exchange membrane 

fuel cell vehicles by incorporating phase change material. Using pinch analysis optimisation, the research demonstrates that 

the radiator area in a Toyota Mirai car can be reduced by 4.7 times with the integration of D-mannitol (melting point 170°C) 

phase change material. The required quantity of D-mannitol accounts for only 0.62% of the vehicle’s curb mass. Addition-

ally, the work investigates the impact of operating temperature on radiator size, revealing that lower coolant inlet tempera-

tures increase the minimum radiator area needed for sufficient heat dissipation. A 40°C increase in the inlet coolant tem-

perature results in a 44% reduction in the radiator area. Consequently, a vehicle powered by low-temperature fuel cells 

(60−80°C) versus high-temperature fuel cells (120−180°C), under the same driving conditions, would require minimum 

radiator areas of 1.07 m2 and 0.26 m2, respectively. These results are expected to aid in the development of techno-econom-

ically feasible cooling systems in fuel cell vehicles. 

Keywords: Thermal management; PEMFC; PCM; Radiator; Electric vehicle 
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Nomenclature 

a ‒ acceleration, m/s2 

A ‒ frontal area, m2 

Cd ‒ drag coefficient 

fr ‒ rolling friction 

g ‒ gravitational acceleration, m/s2 

m ‒ vehicle curb mass, kg 

υ ‒ vehicle speed, m/s 

 

Greek symbols 

α ‒ road slope, ° 

ρ ‒ air density, kg/m3 

 

Abbreviations and Acronyms 

EV ‒ electric vehicle 

FCEV ‒ fuel cell electric vehicle 

ICE ‒ internal combustion engine 

PCM ‒ phase change material 

PEMFC‒ proton exchange membrane fuel cell 

TDR ‒ turn-down ratio  

TMS ‒ thermal management system 

 

Effective thermal management of fuel cells in vehicles is im-

portant to operate the system at maximum efficiency. Literature 

reports that fuel cells generate a considerable amount of thermal 

energy, proportional to their electrical output. For example, 

a fuel cell with an efficiency of 50% and a capacity of 10 kW 

will produce 10 kW of electrical energy and 10 kW of thermal 

energy by electrochemical reactions [5]. This makes tempera-

ture regulation essential to prevent performance degradation in 

fuel cells that may happen due to the breakdown of the mem-

brane and catalyst at elevated temperatures [6].  

A proper thermal management system dissipates the gener-

ated heat and establishes a uniform temperature distribution 

across the fuel cell stack. Liquid cooling, typically with water 

and excess heat rejection via radiators, is the most widely 

adopted cooling strategy in fuel cell electric vehicles (FCEVs) 

[7,8]. However, compared to ICE vehicles for the same vehicle 

platform, fuel cell vehicles require a radiator with a 2−4 times 

larger frontal area [9,10]. A 60 kW Ford fuel cell vehicle pow-

ered by a proton exchange membrane fuel cell (PEMFC) is re-

ported to require 1.5 times higher radiator area than a conven-

tional vehicle to maintain the fuel cell within its optimum oper-

ating temperature range [11]. Similarly, Ahluwalia and group 

[12] reports the need for 125% higher frontal area in fuel cell 

vehicles as a result of their study on heat rejection from the ve-

hicle with respect to stack temperature. The need for large radi-

ators in fuel cell vehicles is primarily because of the minimal 

heat carried away by exhaust gases. 

A large radiator necessitates a large frontal area, which in-

creases the overall vehicle power demand. Various recent stud-

ies have researched improving the thermal management system 

compactness without compromising its efficiency. Prabakaran 

et al. [13,14], Su et al. [15] and Mohamed et al. [16] have pro-

posed to improve the heat transfer via radiators by coupling 

spray cooling. Modifications in radiator design, such as improv-

ing the shape of the radiator intake grill and alternate fin struc-

ture have also been proposed by researchers [17,18]. However, 

the majority of these works report results of computational eval-

uations and require further optimisations and experiments be-

fore being commercialised. 

Recent works have introduced the concept of phase change 

material (PCM) radiator thermal management system for fuel 

cell vehicles, where a PCM of suitable mass serves as a thermal 

reservoir, allowing for radiator size reduction [19,20]. PCMs 

can absorb and release large amounts of thermal energy 

(150−250 kJ/kg) during phase change. They are broadly catego-

rised into three: organic PCMs, inorganic PCMs, and eutectic 

PCMs. Organic PCMs (e.g. paraffins, fatty acids) are biode-

gradable with low environmental impact, have good chemical 

stability as well as low toxicity, but exhibit low thermal conduc-

tivity (0.1−0.3 W/(m K)) and high flammability (limiting oxy-

gen index ~ 17%). Meanwhile, inorganic PCMs (e.g. salt hy-

drates, metallic PCMs) have higher latent heat and thermal con-

ductivity, non-flammability (limiting oxygen index ~60 %), and 

are 3−10 times cheaper compared to organic PCMs, but they 

show corrosiveness, supercooling issues, and potential environ-

mental issues (harm soil/water if leaked, eutrophication risks). 

Eutectic PCMs are organic-organic, organic-inorganic, or inor-

ganic-inorganic combinations that offer tailored melting points 

for specific applications [21,22].  

The selection of PCMs for EV applications depends on key 

properties such as high latent heat, high thermal conductivity, 

high specific heat, melting point in the desired temperature 

range, minimum volume change during phase transition, stabil-

ity, non-flammability, cost-effectiveness, etc. [13]. PCMs can 

easily integrate into existing vehicular thermal management sys-

tems (TMS) via encapsulation in polymer/aluminium modules, 

panels or shells with no major redesign. The high volumetric en-

ergy density of PCMs (180−300 MJ/m3) allows compact place-

ment in space constrained areas. Their near-isothermal operation 

allows rapid, effective buffering of transient heat loads, and their 

passive operation ensures minimal parasitic power requirement. 

The stored thermal energy has the potential to improve the en-

ergy efficiency of the system in scenarios such as cold start.  

The current work investigates the potential for size reduction 

in radiators by implementing a PCM-based TMS in a high-tem-

perature PEMFC-powered electric vehicle. High-temperature 

PEMFC vehicles are advantageous owing to enhanced electro-

chemical kinetics, higher carbon monoxide (CO) tolerance and 

simplified water management. Additionally, these systems also 

expel waste heat at a higher temperature, which can be recovered 

and utilised for direct heating [22,23]. 

In this study, the size optimisation of the PCM-radiator sys-

tem components is carried out using pinch analysis. The key 

contributions of this research are: (i) determining the minimum 

radiator size for dissipating the heat from a high-temperature 

PEMFC stack, (ii) identifying appropriate commercial PCM and 

the mass necessary to compensate for the reduced radiator area, 
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(iii) defining a design space of feasible radiator sizes and corre-

sponding PCM masses, allowing users to select the most suitable 

combination based on specific requirements, and (iv) analysing 

the effect of operating temperature on the TMS size. 

2. Materials and methods  

The study considers a light-duty 5-seater vehicle (Toyota Mirai) 

operated by a high-temperature PEMFC. For this work, it is as-

sumed that PEMFC is the only power source in the vehicle. The 

vehicle specifications are given in Table 1. The vehicle follows 

a standard driving cycle (worldwide harmonised light duty test 

cycle − WLTC), so the analysis’s results would also apply to 

real-world driving conditions. The power demanded by the 

light-duty vehicle can be estimated using the following formula 

[24]:  

  𝑃𝑣 = (0.5𝜌𝐶𝑑𝐴𝑣
2 + 𝑓𝑟𝑚cos𝛼 + 𝑚𝑎 +𝑚𝑔sin𝛼)𝑣, (1) 

where: A ‒ frontal area, a ‒ acceleration, Cd ‒ drag coefficient,  

fr ‒ rolling friction, g ‒ gravitational acceleration, m ‒ vehicle 

curb mass, υ ‒ vehicle speed, α ‒ road slope, ρ ‒ air density. To 

calculate the load demand by the vehicle, a road slope of zero is 

assumed. 

Estimation of the power demand by the automobile gives an 

insight into the thermal energy generated by the fuel cell. The 

proposed thermal management system primarily consists of the 

PEMFC, coolant, radiator and heat exchanger containing PCM. 

The coolant exiting the PEMFC stack passes into a radiator and 

then through the PCM system to dissipate the thermal energy 

generated in the PEMFC stack. This ensures a uniform temper-

ature for the coolant entering back into the stack. The drive cycle 

considered in this work and a schematic of the TMS are depicted 

in Fig. 1. 

The pinch analysis technique adopted in this study is an al-

gebraic optimisation method, by which the thermal management 

needs of the vehicle can be met with minimum resources. For 

this, the thermal energy generation by the PEMFC stack is com-

pared with the heat rejected by the radiator size of the user’s 

choice, to obtain the minimum PCM mass required for satisfac-

tory thermal management. By using PCM, the excess thermal 

energy can be stored and reused at later periods to ensure the 

thermal regulation of the coolant. This maintains the coolant 

temperature entering the PEMFC stack in the range of the de-

sired operating temperature of the fuel cell. The PCM consid-

ered for this study is D-mannitol, which has a melting point of 

170°C and a latent heat capacity of 297 kJ/kg [25]. 

The optimisation is subject to the constraints listed below: 

1) The energy in the PCM unit at the start and finish of the 

driving cycle should be the same. 

2) The minimum state of charge in the PCM unit at any 

given time should not be less than 0. 

3) The overall heat transfer coefficient of the radiator unit 

lies between a lower limit (influenced by radiator turn-

down ratio) and an upper limit. 

The implementation of pinch analysis involves three major 

steps: calculation of thermal energy generated by the PEMFC 

stack, calculation of the cooling capacity of the radiator, and cal-

culation of PCM mass. The parameters to be calculated in each 

step are summarised in Fig. 2 [19]. The software used for opti-

misation was the GRG Non-Linear Engine in Microsoft Excel. 

 

Table 1. Specifications of system. 

Parameter Value 

Mass of vehicle (kg) 1930 

Frontal area of vehicle (m2) 2.35 

Coefficient of drag 0.29 

Rolling friction coefficient 0.01 

Coolant temperature at the inlet of fuel cell (°C) 170 

Maximum rate of flow of a coolant (kg/s) 0.20 

Specific heat of a coolant (kJ/(kg °C)) 4.20 

Environmental temperature (°C) 50 

Allowed temperature rise in the stack (°C) 10 

Overall heat transfer coefficient for radiator (kW/(m2°C)) 0.30 

Fuel cell TDR (%) 20 

 

 

Fig. 2. Component-wise parameters to be evaluated for optimisation. 

 

Fig. 1. (a) Worldwide harmonised light duty test cycle, 

(b) Illustration of the thermal management system. 
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3. Results and discussion  

The present study uses a PCM-based TMS to reduce the radiator 

size in fuel cell-powered vehicles. For this, a pinch analysis-

based optimisation algorithm was adopted and applied to 

a standard drive cycle to study the effectiveness of the PCM sys-

tem when used in a FCEV. A 1980 kg light-duty vehicle that 

follows a WLTC class-3 drive cycle (duration: 0.5 h) is consid-

ered here. 

3.1. Sizing curve for the thermal management system  

Sizing curves that depict the radiator area and corresponding 

PCM requirement are plotted to illustrate the feasible and infea-

sible operating regions. Each point on the sizing curve (Fig. 3) 

is the result of pinch analysis optimisation performed for a par-

ticular value of minimum radiator area. In each case, the mis-

match between the cumulative thermal energy generated and the 

cumulative thermal energy dissipation by the chosen radiator 

size represents the cumulative thermal energy to be stored in the 

PCM unit. The points on the sizing curve and the region above 

it represent the feasible region. However, the region on the left 

and lower part of the sizing curve represents infeasible combi-

nations of the radiator area and PCM mass either because of in-

sufficient radiator size or due to limited PCM mass. It is seen 

that with respect to the constraints considered in this study, to 

ensure adequate heat dissipation through the radiator-PCM sys-

tem, the radiator area should not be less than 0.26 m2. Hence, 

the results show the possibility of decreasing the radiator area in 

a high-temperature powered PEMFC by 4.7 times when com-

plemented with a suitable thermal energy storage system. 

Pinch analysis results show that to dissipate the thermal en-

ergy generated by the stack with a radiator of area 0.26 m2, 

11.97 kg of D-mannitol PCM is essential. The required PCM 

mass corresponds to only about 0.62% of the vehicle’s curb 

mass. The higher the radiator area, the lower the thermal energy 

to be stored and hence, the lower the PCM mass required. On 

investigating the sizing graphs for various radiator turn-down 

ratios (TDR), it is also evident that after a local minimum, there 

is a need for higher PCM mass despite the high radiator areas. 

The TDR constraint necessitates using additional PCM to store 

additional heat and ensure appropriate temperature regulation of 

the coolant. 

3.2. Effect of operating temperature on the size  

of thermal management system  

To understand the influence of the operating temperature of the 

fuel cell on the TMS size of the vehicle, it is required to perform 

a pinch analysis with different coolant temperatures. The TMS 

sizing is studied for cases of different inlet coolant temperatures 

entering the fuel cell unit. The analysis shows that the lower the 

inlet coolant temperature, the higher the minimum required ra-

diator area for adequate heat dissipation. Furthermore, an in-

crease in the inlet coolant temperature from 120°C to 180°C pro-

duces a drastic drop in the minimum required radiator area by 

44.18%, while the required PCM mass declines by about 2%. 

Figure 4 shows the sizing curve for the radiator-PCM system for 

 

 

Fig. 3. (a) Sizing curve; (b) Sizing curves for various radiator 

turn-down ratios. 

 

 

Fig. 4. Sizing curves for TMS in (a) high temperature PEMFC 

at various inlet coolant temperatures, 

(b) in high and low temperature PEMFCs.  
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the inlet coolant temperatures of 130°C, 150°C and 170°C. An 

increase in the coolant temperature by 40°C decreases the re-

quired radiator area by 0.12 m2. This is because a greater tem-

perature difference between the coolant and ambient air allows 

the same heat rejection with a smaller radiator area. Also, for 

a constant radiator area, PCM requirement increases with a re-

duction in the inlet coolant temperature. For instance, if we con-

sider the TMS with the radiator areas of 0.5 m2 and 1.0 m2, it is 

evident that PCM requirement increases by ~2.0 kg (for 0.5 m2) 

and ~0.80 kg (for 1.0 m2) for every 20°C reduction in inlet cool-

ant temperature.  

In the same context, a comparison between the TMS (radia-

tor-PCM) sizes for proton exchange membrane fuel cells, which 

work at low temperatures (60°C to 80°C) and high temperatures 

(120°C to 180°C) is also presented (Fig 4b). Due to the low dif-

ference between fuel cell operating temperature and ambient 

temperature, low-temperature PEMFCs require higher radiator 

areas when compared to high-temperature PEMFCs. To reduce 

the radiator size in these systems, paraffin wax and D-mannitol 

PCMs were selected for the low-temperature and high-tempera-

ture systems, respectively. The temperatures of the coolant en-

tering the fuel cell were taken as 70°C (low-temperature 

PEMFC) and 170°C (high-temperature PEMFC). Pinch analysis 

optimisation was performed for the two systems for the same 

vehicle and driving conditions and the results are shown in 

Fig. 4b. From the figure, it is seen that while the minimum area 

requirement for the radiator in a high-temperature PEMFC sys-

tem is 0.26 m2, the low-temperature PEMFC system requires 

a radiator with at least 4.12 times larger area (1.07 m2), even 

with the usage of maximum PCM. However, the mass of PCM 

required for the low-temperature PEMFC is only 11.70% higher 

than the mass of PCM required for the high-temperature 

PEMFC. Hence, irrespective of the type of PEMFC chosen for 

the FCEV, the mass of PCM required for maximum radiator area 

reduction does not exceed 0.70% of the vehicular curb mass. 

4. Conclusions 

The study explores the potential for reducing the size of the ra-

diator in Toyota Mirai cars powered by a high-temperature pro-

ton exchange membrane fuel cell by incorporating a phase-

change material into its thermal management system. This re-

search makes a key contribution by using pinch analysis to de-

termine the minimum size of radiator required to dissipate heat 

from a high-temperature PEMFC stack and defining a design 

space comprising radiator sizes and the corresponding masses of 

phase change material. The results show that by integrating 

11.97 kg of D-mannitol PCM, the radiator area in the high-tem-

perature fuel cell-powered vehicle can be reduced by 4.7 times. 

Additionally, the impact of fuel cell operating temperature on 

the vehicle’s TMS size was also assessed. The analysis reveals 

that lower inlet coolant temperatures necessitate a larger mini-

mum radiator area for effective heat dissipation. For instance, 

on increasing the inlet coolant temperature from 120°C to 

180°C, there is a 44% reduction in the radiator area and a 2% 

decrease in the required PCM mass. Furthermore, if we analyse 

the same vehicle powered by a low-temperature fuel cell, the 

thermal management system would need a radiator with an area 

4.12 times larger at minimum and a PCM mass 11.70% greater 

for appropriate heat dissipation.  

The present study assesses the advantage of adding a PCM-

based thermal energy storage unit in the TMS of a fuel cell ve-

hicle. In addition to eliminating the disadvantages of using large 

radiators such as larger frontal area and increased fuel consump-

tion, the usage of PCM can also improve the energy efficiency 

of the system through the utilisation of stored heat. The findings 

of this study are expected to contribute to the development of 

techno-economically feasible cooling systems for fuel cell vehi-

cles, enabling more efficient and compact thermal management 

solutions. 
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1. Introduction 

The specific heat of materials is one of the basic thermo-physical 

properties, important both from the point of view of scientific 

research and engineering applications [1,2]. Accurate know-

ledge of this quantity allows for effective modelling of thermal 

processes, optimisation of technological parameters, and design 

of materials and devices operating in variable temperature con-

ditions. In the case of metals undergoing phase transitions, such 

as iron (Fe) and nickel (Ni), it is particularly important to take 

into account changes in specific heat as a function of tempera-

ture and the characteristics of these transitions, and research has 

been conducted for almost 100 years [3,4].  

Differential scanning calorimetry (DSC) is one of the most 

commonly used methods for testing specific heat [5−9]. It is 

characterised by high sensitivity, the ability to perform measure-

ments over a wide temperature range, and relatively simple la-

boratory procedures with an error of less than 3% [8,10]. Despite 

the popularity of this method, the results obtained may vary de-

pending on the apparatus  used,  the  measurement  methodology 
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Abstract 

This study presents comparative experimental investigations of the specific heat of materials undergoing phase transitions, 
with the aim of assessing the capabilities and metrological limitations of differential scanning calorimetry methods and instru-
mentation. Nickel and iron were selected as reference materials due to the availability of reliable literature data for verification. 
Two approaches to determining heat flux density in differential scanning calorimetry were compared using three calorimeters: 
Pyris 1 (PerkinElmer), DSC 3 (Mettler Toledo), and DSC 404 F1 Pegasus (Netzsch). Measurements were conducted in a pro-
tective atmosphere over a temperature range up to 600°C on samples that had been thermally stabilised prior to testing. For 
the Pyris 1 calorimeter, a proprietary measurement procedure based on heating and cooling cycles with isothermal holds was 
applied, enabling reliable determination of specific heat during heating and cooling. In contrast, for the DSC 3 and DSC 404 F1 
instruments, the analysis was primarily based on heating data. The obtained results allowed analysis of the second-order phase 
transition in nickel, including determination of the transition end temperature and the temperature corresponding to the maxi-
mum differential scanning calorimetry peak. The phase transition in iron was characterised solely using data from the 
DSC 404 F1 instrument, due to measurement limitations of the remaining equipment. Additionally, three independent temper-
ature-dependent specific heat characteristics were compared, obtained using a relative method with identical reference stand-
ards and standard differential scanning calorimetry signal conversion procedures. The results contribute to improved under-
standing of calorimetry methodology and measurement uncertainty in materials undergoing phase transitions. 

Keywords: Specific heat capacity; Ferromagnetic phase transition; Heat-flow calorimetry; Power-compensation calorimetry 
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Nomenclature 

cp ‒ specific heat capacity, J/(kg·K) 

f – thermogram data 

m ‒ mass, kg 

t ‒ time, s 

T – temperature, °C 

 

 

Subscripts and Superscripts 

base – baseline date 

C – Curie 

ref – reference 

sp – specimen 

 

Abbreviations and Acronyms 

DSC − differential scanning calorimetry 

and the method of data processing, in this case, thermograms. It 

is therefore advisable to conduct comparative studies to assess 

the consistency and precision of specific heat measurements per-

formed with different devices and techniques within the DSC 

method. 

This article presents the results of comparative experimental 

studies of the specific heat of iron and nickel, conducted using 

three different scanning calorimeters: PerkinElmer Pyris 1, Met-

tler Toledo DSC 3 and Netzsch DSC 404 F1 Pegasus. Iron and 

nickel were selected due to their ferromagnetic properties at 

room temperature and their loss in the second type of phase tran-

sition after exceeding the characteristic Curie temperature. Iron 

is additionally characterised by the occurrence of a first-order 

transition. These phenomena make it possible to use the charac-

teristic temperature as an additional metrological parameter. The 

analysis examined the impact of measurement conditions and 

declared temperature change programmes, in particular the use 

of isothermal stops, on the measurement results. In addition to 

mutual comparison, the consistency of the obtained results with 

the literature data was also checked. Particular attention was 

paid to the characteristics of second-order phase transitions and 

the assessment of the metrological capabilities and limitations 

of individual devices. 

Regardless of the specific objectives mentioned above, the 

research project is based on general methodological principles 

that focus on key issues across the entire field of modern thermal 

analysis. Very often, the measurement accuracy reported by au-

thors is simply a repetition of data provided by manufacturers. 

The problem is that this information mainly concerns the repeat-

ability of measurements and compliance with reference data ob-

tained under specific experimental conditions. Not all of these 

conditions can be maintained during routine experiments. The 

results of the round-robin tests described in this article are in-

tended to indicate the reliability of measurement results obtained 

under typical conditions, in terms of both qualitative and quan-

titative data.  

2. Research equipment and subject of study 

Although one might initially think that the research issue de-

scribed above is limited solely to the problem of equipment, it 

should be noted at the outset that the measuring equipment was 

selected in such a way as to represent three different types of 

methods for implementing the idea of scanning calorimetry [11]. 

The Pyris 1 calorimeter from PerkinElmer is an example of the 

use of the heat flux compensation method (power compensated). 

The other two, Mettler Toledo DSC 3 and Netzsch DSC 404 F1 

Pegasus, are heat flux calorimeters with different heat flux 

measurement methods. On the one hand, the design differences 

affect the diversity of measurement procedures, but on the other 

hand, they create the possibility of highlighting a different pa-

rameter or property determined in the measurements.  

In this case, a comparison was made of the capabilities of 

three selected scanning calorimeters in terms of their suitability 

for testing the specific heat of metals undergoing second-order 

phase transitions. The analysis covered the effectiveness and 

limitations of individual devices in determining the thermal 

characteristics of nickel (Ni) and iron (Fe), with particular em-

phasis on the temperature range, DSC signal resolution and re-

peatability of results. 

2.1. PerkinElmer Pyris 1 power compensated DSC 

PerkinElmer Pyris 1 DSC is a power compensated differential 

scanning calorimeter designed for thermal analyses and precise 

determination of the thermal properties of materials, in particu-

lar specific heat (cp), in a temperature range up to 710°C. This 

limitation results from the use of resistive temperature sensors 

and compensating resistance heaters in the measuring head to 

implement the idea of power compensation. The apparatus ena-

bles quantitative determination of specific heat based on the 

analysis of the heat flow signal recorded during controlled heat-

ing of the sample relative to a reference material with known 

thermal parameters according to a so-called three-curve meth-

od [12]. This method involves using data from three test series 

 a baseline series, a series using a standard, and a series using 

the test sample  to determine the specific heat based on the 

equation: 
 

 𝑐𝑝,sp(𝑇) = 𝑐𝑝,ref(𝑇)
𝑚ref

𝑚

𝑓sp(𝑇)−𝑓base(𝑇)

𝑓ref(𝑇)−𝑓base(𝑇)
, (1) 

 

where: sp − indicates a specimen, ref – reference, and base – 

baseline data.  

The function f represents thermograms signal data that could 

be recorded in mW in the case of an enthalpy calibrated instru-

ment or in arbitrary units in the case of an only temperature cal-

ibrated apparatus. Typical measurements are performed on sam-

ples weighing from 5 mg to 100 mg, placed in standard alumin-

ium encapsulated crucibles with lids. A single crystal of sap-

phire (Al2O3), characterised by a well-defined cp value, is usu-

ally used as a reference standard. The mass of both the test sam-

ple and the standard is determined with a resolution of 0.01 mg 

and recorded in the Pyris software. 

The measurement is carried out in a protective atmosphere, 

most often purified nitrogen, with a controlled carrier gas flow  
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in the range of 20–50 ml/min. The standard heating rate is  

5–20 K/min, but it is possible to use non-standard temperature 

profiles, including procedures with isothermal stops, which al-

low the elimination of dynamic effects such as the thermal iner-

tia of the system. 

The calorimeter's measuring range covers temperatures from 

room temperature to approximately 600°C, depending on the 

configuration of the apparatus and the crucibles used. As part of 

extended testing procedures, it is possible to use a cyclic heating 

and cooling regime with short isotherms between temperature 

steps. This approach allows for: 

 improved accuracy of the determined cp values, 

 reduction of the impact of irreversible phenomena and ther-

mal instabilities, 

 independent analysis of the DSC signal in heating and cool-

ing cycles, which increases the reliability and repeatability 

of the results. 

The specific heat values are calculated using dedicated Pyris 

software. The programme compares the heat flow signals from 

the sample and the standard, taking into account their masses, 

and allows direct determination of cp as a function of tempera-

ture. The data obtained are presented in the form of graphs and 

tabular summaries of cp(T) values, which can be exported for 

further analysis. 

Baseline correction and signal smoothing functions are 

available as part of the data analysis. In the case of materials 

undergoing phase transitions, it is also possible to determine the 

characteristic transition temperatures and calculate the enthalpy 

of heat transitions. 

2.2. Mettler Toledo DSC 3 

The Mettler Toledo DSC 3 differential calorimeter is an ad-

vanced heat-flux DSC device used, among other things, for the 

precise determination of the thermal properties of materials, in 

particular specific heat capacity (cp) as a function of tempera-

ture. The measurement is based on the analysis of the difference 

in heat flow signals recorded during the controlled heating of the 

sample and a reference standard with known thermal properties. 

The samples for analysis usually weigh from a few to several 

milligrams and are placed in standard aluminium crucibles, usu-

ally with a lid, without a seal. A sapphire disc (Al2O3) is usually 

used as a reference standard, as its thermal properties are well 

known and documented. Both the sample and the standard are 

weighed accurately (with a resolution of 0.01 mg and an accu-

racy depending on the type of balance) and then placed in two 

identical measuring chambers of the calorimeter. The test pro-

cedure data are as follows: 

 the measurement is carried out in a controlled protective 

atmosphere, usually in a stream of nitrogen or argon, with 

a fixed gas flow, 

 the standard heating rate is 10 K/min, although it can be 

adjusted to the specific characteristics of the material being 

tested, 

 the measurement range covers temperatures from room 

temperature to approximately 600–700°C, depending on 

the configuration of the apparatus and the crucibles used. 

The device determines the difference in heat flow between 

the sample and the reference standard as a function of tempera-

ture. Based on this data, the dedicated STARe software calcu-

lates the direct value of the sample's specific heat, taking into 

account the previously performed calorimetric calibrations. The 

results are presented in the form of a cp(T) graph and in tabular 

form, taking into account measurement uncertainty. The soft-

ware allows baseline correction to be applied to compensate for 

any DSC signal drift. The results obtained can be compared with 

literature data or used for further analysis, such as calculating 

the enthalpy of phase transitions, analysing the thermal proper-

ties of composites, or modelling thermal processes in engineer-

ing systems. 

2.3. Netzsch DSC 404 F1 Pegasus 

The Netzsch DSC 404 F1 Pegasus differential scanning calorim-

eter is a high-temperature heat-flux DSC device designed for 

precise study of the thermal properties of substances, including 

specific heat capacity (cp) determination, in a wide temperature 

range – up to 1600°C. The apparatus allows the use of the three-

run method (the three-curve method presented in paragraph 2.1 

[12]), which is the standard procedure for determining cp in re-

lation to a sapphire standard. 

The analysis is carried out on samples weighing typically 

from a few to several milligrams, placed in cylindrical crucibles 

made of a suitable material. Platinum-rhodium (Pt/Rh), alumin-

ium oxide (Al2O3) or graphite crucibles are used for specific heat 

measurements, depending on the expected temperature range 

and chemical properties of the sample material. A certified sap-

phire disc (Al2O3) with a well-defined specific heat, supplied by 

the manufacturer (Netzsch), is used as a standard. The mass of 

all measuring elements is determined with a resolution of 

0.01 mg and entered into the Proteus® Thermal Analysis soft-

ware. 

Determination of specific heat using the three-measurement 

method involves the following steps: 

 baseline measurement – recording the thermal background 

of the system with empty crucibles in the sample (S) and 

reference (R) positions, 

 standard test – recording the reference thermogram for the 

standard material sample, most often sapphire – crystalline 

aluminium trioxide, in crucible S and reference crucible R, 

 sample testing – measurement with the tested material in 

crucible S and the reference crucible in position R, which 

allows the recording of a thermogram that forms the basis 

for determining the specific heat capacity of the tested ma-

terial. 

All three measurements must be carried out under identical 

conditions, which means: 

 using the same measuring vessels – crucibles, 

 maintaining the same heating rate (e.g., 10 K/min), 

 ensuring an identical protective atmosphere (usually nitro-

gen or argon) and the same volume flow rate, typically 

50−70 ml/min, 
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 application of the same temperature change programme 

typically defined in the range from −170°C or 20°C to 

1000°C or 1600°C, depending on the system equipment. 

Specific heat calculations are performed by Proteus® Ther-

mal Analysis software, which uses signal differences obtained 

from three measurements (baseline, reference, sample) applying 

appropriate calorimetric relationships. The results are presented 

in the form of cp(T) graphs and tables, with the possibility of 

further data processing: smoothing, mathematical model fitting 

and export to external analytical formats. The software enables 

the assessment of the repeatability and precision of measure-

ments, as well as advanced thermal analysis of materials under-

going phase transitions, including the determination of transition 

enthalpy and characteristic temperatures.  

The system is particularly suitable for testing construction 

materials, ceramics, metal alloys and functional materials used 

at elevated temperatures. 

2.4. Subject of research 

Given the methodological objective of the study, it was decided 

to attempt to determine the specific heat of pure elements for 

which reliable literature data on specific heat are available – 

samples of pure metals: nickel (Ni) and iron (Fe) [13]. These 

materials were selected not only due to their well-documented 

thermo-physical properties, including specific heat, but also 

with regard to a second-order phase transition within the tem-

perature range available in standard DSC calorimetry. This al-

lows for the comparison of experimental results with literature 

data and the assessment of the accuracy and sensitivity of the 

measurement methods used. The following metals were there-

fore selected for the study: 

 Nickel (Ni) – the material used had a purity of ≥ 99.9%. 

Nickel is a metal undergoing a second-order phase transi-

tion – ferromagnetic-paramagnetic ordering – at a Curie 

temperature ranging from approximately 355°C (628 K) 

[14], through 357°C (630 K) [15], 358°C (631 K) [16,17] 

to 360°C (633 K) [13] (Fig. 1). Due to its relatively sharp 

peak, this transition is particularly useful as a reference sig-

nal in DSC measurements. The presented reference posi-

tions of the Curie point (TC) of nickel, both in terms of the 

abscissa, i.e. the temperature TC, as shown  both along the 

x-axis (i.e., the temperature) and the y-axis (i.e., the corre-

sponding specific heat value)  define the range to which 

the position of this point, as determined in these experi-

ments, should be referenced. In fact, almost all TC position 

test results fall within the range of 355℃ ≤ TC ≤ 360℃. 

 Iron (Fe): the iron used was also characterised by high pu-

rity (≥ 99.5%). In the analysed temperature range, Fe un-

dergoes a ferromagnetic-paramagnetic phase transition 

with a Curie temperature close to 770°C (1043 K) [13,18]. 

Due to the temperature limitations of some devices, full pa-

rameterisation of this transformation was only possible us-

ing the Netzsch DSC 404 F1 Pegasus high-temperature de-

vice. However, the measurement range of the tests per-

formed with this device also covered the first order α 

phase transformation. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The nickel and iron samples were taken from a larger sample 

used for precise measurements of thermal expansion as a mate-

rial with established thermal properties [19]. They were de-

signed to ensure that the largest possible surface area of the bot-

tom makes good contact with the bottom of the sample crucibles. 

The sample weights were selected to ensure compliance with the 

instruments' sensitivity requirements. All samples used in com-

parative tests are shown in Fig. 2. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Prior to measurement, the materials were subjected to ther-

mal stabilisation (preliminary annealing) in a protective atmos-

phere in order to remove residual moisture and surface contam-

inants and to reduce the effects of history (e.g. stresses or oxida-

tion). The temperature change programmes used are presented 

later in this paper. 

3. Experimental research 

3.1. Research methodology 

The experiments using the three different differential calorime-

ters mentioned above were conducted using two temperature-

change programs, which were compared in this study. The first 

program, developed for the PerkinElmer Pyris 1 DSC, utilised 

heating and cooling rate of 20 K/min applied in the temperature 

range from 40°C to 570°C in the range of 570−600°C, the rate 

was changed to 10 K/min in order to ensure stable conditions of 

 

Fig. 1. Dependence of specific heat on temperature, showing the  

position of the Curie point as the peak of the second-order phase  

transition – measurements of specific heat for Ni [13,17] and Fe [18]. 

 

Fig. 2. View of the samples used in the comparative tests. 
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transition between the heating and cooling phases, in accordance 

with the dynamic characteristics of the apparatus (Fig. 3). 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The temperature programme included two minutes of iso-

therm at the end of each heating and cooling stage in order to 

stabilise the temperature conditions and limit the impact of in-

strument equilibration time. The use of isotherms is an author's 

modification of the measurement procedure, aimed at improving 

the accuracy of determining the specific heat at constant pres-

sure cp [20,21]. The same program was used to conduct part of 

the research using the DSC 3 Mettler Toledo instrument. The 

measurements were carried out in a protective argon atmosphere 

at a constant flow rate of 20 ml/min (PerkinElmer) and in  

a protective nitrogen atmosphere at a constant flow rate of  

150 ml/min (DSC 3 Mettler Toledo). The study also employed 

a standard heating and cooling program with a single ramp of 

linear temperature changes at a rate of 20 K/min in the range 

from room temperature to 600 °C (Ni: DSC F1 Pegasus 404  

Netzsch and DSC 3 Mettler Toledo) or to 950°C (Fe: DSC F1 

Pegasus 404 Netzsch; Fig. 3). When taking measurements with 

the Pegasus instrument, an argon flow rate was set to 70 ml/min. 

Data analysis was based on a standard calibration procedure us-

ing the so-called three-curve method and, additionally, the direct 

method (Mettler Toledo) including measurements for the refer-

ence system (empty aluminium vessels), reference material 

(sapphire) and the tested Ni and Fe samples. In accordance with 

the adopted methodology, the final results were obtained on the 

basis of DSC signals from the second or third heating and cool-

ing cycle, i.e. after reaching a steady state in the sample-vessel-

atmosphere system, as well as for the entire temperature range 

in order to present the discrepancies between individual temper-

ature cycles.  

3.2. Specific heat determination results 

For calorimetric tests using DSC aimed at determining specific 

heat at constant pressure, two samples of Fe: with a mass of 

230.72 mg in the shape of a cylinder with a diameter of approx-

imately 4 mm (DSC 3 Mettler-Toledo tests), and an irregular in 

shape of 56.48 mg (PerkinElmer Pyris 1 and Netzsch DSC 4 F1 

Pegasus studies) were applied. Two studied Ni samples were ir-

regular in shape. The masses were equal to 63.90 mg (DSC 3) 

and 53.77 mg (Pyris 1 and DSC 4 F1 Pegasus). In both material 

cases, the investigated specimens were separated from a larger 

fragment of iron and nickel samples, respectively. It should be 

mentioned that the use of irregularly shaped samples is accepta-

ble in DSC analysis, provided that the influence of the shape on 

the measurement uncertainty is taken into account and remains 

within the acceptable range of this uncertainty [22]. In the case 

of investigation of bulk metallic samples, these effects are neg-

ligible. 

First, the temperature-dependent specific heat of the Fe sam-

ple, as determined in the experiments, will be analysed. The re-

sults are shown in Fig. 4.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)  

b)  

c)  

Fig. 3. Sample temperature programme for testing  

Ni (a, b) and Fe (c) materials on individual devices. 

 

Fig. 4. Temperature characteristics of the specific heat of iron (Fe)  

determined using three different calorimeters,  

compared with reference data [13]. 
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In addition to the measurement data collected within a tem-

perature range limited to 600°C, the figure shows the results of 

measurements conducted using a DSC F1 Pegasus 404 calorim-

eter at temperatures up to about 950°C. When analysing these 

data, it is worth noting the significant deviation of the cp values 

from those reported in the literature at temperatures above 

850°C, which may indicate equipment limitations in this tem-

perature range. In the ferromagnetic-paramagnetic transition re-

gion (TC = 770°C [13]), the data consistency is more than satis-

factory. Only this device made it possible to obtain data within 

the temperature range in discussion. For comparison, the results 

obtained using other calorimeters (Pyris 1, DSC 3) in the range 

up to 600°C are also presented, which show good agreement 

with the reference values. 

For a more detailed analysis of the measurement results,  

Fig. 5 shows the variation of specific heat as a function of tem-

perature over a narrower temperature range. The graph shows  

a high degree of consistency between the results obtained using 

Pyris 1 and DSC 3 calorimeters and the reference data. The data 

obtained using the F1 Pegasus 404 apparatus show a systematic 

underestimation of values compared to the other measurements. 

The results presented come from the third heating and cooling 

cycle, i.e. after the measurement conditions in the sample-ves-

sel-atmosphere system had stabilised.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The results of comparative studies on the specific heat of 

nickel as a function of temperature are shown in Fig. 6. The 

graph shows the results of measurements taken using three dif-

ferent calorimeters in the temperature range up to 600°C. It is 

important to note the significant deviation of the cp value from 

the literature data in the case of measurements obtained using 

the DSC 3 calorimeter with the direct calculation method. The 

reason for this effect is difficult to identify, but the result itself 

illustrates the scale of problems that can be encountered in ex-

perimental studies of specific heat even for such well-defined 

materials as metallic elements.  

Greater consistency between our test results and the data in 

the literature was achieved by using the three-curve procedure, 

referred to in the instrument’s user manual as the “sapphire ref-

erence”. This is illustrated by the comparison of the results of 

both types of measurements shown in Fig. 7.  It  should  be  noted  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

that the graph presents raw experimental data, which exhibit an 

artefact caused by irregular heating regime heat transfer in the 

form of apparent peaks at the extremes of the temperature range. 

Based on the results of the specific heat measurements  

of nickel, the Curie temperature can be determined  

(TC = 352°C [13]). The ferromagnetic transition is manifested 

by a characteristic lambda-shaped peak. The results of determin-

ing the position of the maximum of the temperature dependence 

of specific heat for the test results obtained using Pyris 1 and F1 

Pegasus 404 devices are shown in Fig. 8a, and for the DSC 3 

device in Fig. 8b. 

The raw test results were further processed using a special 

computational procedure for approximation with B-spline 

curves [23] for cases where the range of the approximated data 

contained discontinuities in the first derivative of the tempera-

ture characteristic cp. The test data for iron up to 600°C were 

approximated using a third-degree polynomial. This allowed us 

to determine representative specific heat characteristics as 

a function of temperature for each individual measurement. At 

the same time, the characteristic features of the peaks of the fer-

romagnetic phase transition were preserved. The results of the 

approximation, providing a summary illustration of the pre-

sented results in the context of their possible discrepancies, are 

shown in Fig. 9. 

 

Fig. 5. The temperature characteristics of the specific heat of iron (Fe), 

determined using three different calorimeters, compared  

with reference data available in the literature [13]. 

 

Fig. 6. The temperature characteristics of the specific heat  

of nickel (Ni), determined using three different calorimeters,  

compared with reference data available in the literature [13]. 

 

Fig. 7. Temperature characteristics of the specific heat of nickel (Ni) 

determined using a DSC 3 Mettler Toledo calorimeter by the three-

curve method in comparison with reference data [13,18]. 
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At the same time, these data provide an indirect answer to 

the question of measurement uncertainty. In thermal analysis 

studies, the emphasis is placed on the reproducibility of results 

and, where applicable, on agreement with data from reference 

materials [11]. It is possible to achieve better agreement than 

that shown in the data presented here. The results discussed 

above were obtained using standard procedures. Repeating 

measurements multiple times, using several samples, statistical 

averaging, and other such measures will yield a more satisfac-

tory final result. However, this requires more effort and time. 

Therefore, the actual needs should be taken into account in each 

individual case. 

It is also possible to estimate measurement uncertainty more 

accurately without resorting to interlaboratory comparisons. The 

problem, however, is that the necessary calculations must be 

performed for each individual case. And this time, it is not about, 

for example, the individual data of the tested samples, but rather 

about a set of data hidden within the calibration parameters. And 

when, for example, temperature calibration is involved, account-

ing for drift would require checking the calibration data each 

time. A case where temperature calibration data is critical is that 

of high-temperature-resolution measurements in the vicinity of 

phase transitions, as characterised in the monograph [20] and 

publication [24]. 

4. Conclusions  

The aim of the study was to compare the metrological capabili-

ties of selected methods and devices for determining the specific 

heat of materials undergoing second-order phase transitions, 

with particular emphasis on nickel and iron. The data obtained 

using three different differential scanning calorimeters (DSC), 

using both standard procedures and proprietary measurement 

methods, were analysed. In the course of the experiments, the 

influence of the test procedures used and the declared tempera-

ture change programmes on the specific heat values obtained 

and the results of the Curie point location identification were 

assessed. Particular attention was paid to comparing the results 

with available literature data and analysing the course of phase 

transitions. Based on the results obtained, the following conclu-

sions were drawn: 

 The tests showed that it is possible to obtain reliable spe-

cific heat measurements using the DSC method, even with 

irregularly shaped samples, provided that the measurement 

a)             b)  

Fig. 8. Determination of the Curie temperature TC for nickel: a) from measurements taken with Pyris 1 and DSC 404 F1 Pegasus devices, 

b) from calorimetric tests performed with a Mettler Toledo DSC 3 calorimeter. 

a)             b)  

Fig. 9. Temperature-dependent specific heat at constant pressure characteristics for nickel (a) and iron (b) – B-spline [23] approximation results. 
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conditions and uncertainty analysis are repeated. This is 

important from the point of view of industrial applications, 

where it is not always possible to prepare samples that com-

ply with standard requirements. 

 A comparison of three independent calorimeters (Perki-

nElmer Pyris 1, Mettler Toledo DSC 3 and Netzsch DSC 

404 F1 Pegasus) allowed for an assessment of their metro-

logical capabilities and the impact of device design and 

conversion algorithms on data quality. The Pyris 1 device 

ensures the highest repeatability and accuracy of results; 

the DSC 404 F1 Pegasus device allows satisfactory meas-

urement results to be obtained in the high temperature 

range, while the DSC 3 device, despite the observed differ-

ences in results compared to the literature data, proved to 

be a device ensuring repeatable results of Curie point iden-

tification. 

 The introduction of a proprietary measurement procedure 

with isothermal stops in the Pyris 1 apparatus made it pos-

sible to obtain consistent results in both heating and cooling 

regimes. This procedure can be a useful tool in further stud-

ies of phase transition materials, increasing the amount of 

available reference data. 

 Analysis of the cp(T) data allowed the determination of 

characteristic parameters of the second type of phase tran-

sition for nickel. The convergence of the peak maximum 

temperature and the end of the transition in various meas-

urements confirms the correctness of the methods used. 

This, of course, applies to the repeatability and accuracy of 

the measurement results that can be obtained. 

 For iron, reliable mapping of the phase transition curve was 

only possible when using the DSC 404 F1 Pegasus appa-

ratus. Slightly larger deviations in the low-temperature test 

results obtained with this device confirm the need for com-

plementary tests. 

 The specific heat values obtained were in satisfactory 

agreement with the literature data in the range up to 600°C. 

The test results obtained with the DSC 404 F1 Pegasus de-

vice show large differences from the reference data in the 

range above 850°C. Considering the difficulties in accu-

rately determining the temperature characteristics of all 

thermo-physical quantities in the vicinity of phase transi-

tions, especially of the first kind [19−21], this effect cannot 

be treated as a basis for questioning the correctness of the 

apparatus or the correctness of the measurement proce-

dures. On the contrary, it is necessary to consider continu-

ing this type of research using comprehensive complemen-

tary testing procedures. This will allow data to be obtained 

in the form of temperature dependencies of other thermo-

physical quantities [24], which will enable accurate identi-

fication of the issue and determination of reliable reference 

data. 

The results of this research contribute to the methodology of 

calorimetry, providing both comparative data and practical 

guidelines for interpreting and verifying measurement results 

for metallic materials undergoing phase transitions. The results 

of the single-sample tests presented in this study provide de-

tailed information regarding the selection of measurement pro-

cedures. This applies to the measurement procedure and the se-

lection of the method for determining specific heat. Indirectly, 

they also provide guidance on the possible need to expand the 

project  by including a larger number of samples and cycles  

in order to achieve statistical representativeness. 
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1. Introduction 

In recent years, the study of mixed convection in non-Newtonian 

or rheologically complex fluids has attracted considerable atten-

tion due to its importance in numerous engineering and industrial 

applications, including metal casting, enhanced oil recovery, glass 

manufacturing, biomedical devices and food processing. While 

many investigations have concentrated on forced convection in 

power-law fluids where flow is predominantly driven by external 

forces, researchers have also examined their thermal and flow be-

haviour around confined geometries, such as cylinders and ducts 

with different cross-sectional shapes. These studies often incorpo-

rate enclosures with adiabatic walls, structured inlets and outlets, 

or partially porous regions to better mimic real systems [1–3]. 

Complementary work has been devoted to natural convection, 

which arises solely from buoyancy forces induced by temperature 

gradients. Such investigations have considered power-law fluids 

within trapezoidal or wavy enclosures, typically featuring heated 

bases and either cooled or insulated boundaries [4,5]. 

Other studies have focused on rectangular and shallow cavi-

ties to evaluate how non-Newtonian rheology affects the onset of 

flow, velocity distribution, temperature fields and overall heat 

transfer efficiency under various thermal conditions [6,7]. 
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Abstract 

This study numerically investigates mixed-convection heat transfer of non-Newtonian power-law fluids in the annular 
space between a rotating outer cylinder and a stationary finned inner cylinder filled with a porous medium. The outer 
cylinder rotates at constant angular velocity and is maintained at a temperature lower than the finned inner cylinder, pro-
ducing combined forced and buoyancy-driven flow. The governing equations were solved using the finite volume method 
implemented in Ansys CFX, with the fluid’s rheology modelled by the Ostwald’s law model. Parametric ranges include: 
Reynolds numbers from 5 to 35, Richardson numbers from 0 to 3, Darcy numbers from 10‒5 to 10‒2, and power-law indices 
of 0.6, 1.0 and 1.6. The results show a transitional behaviour at a Richardson number of approximately 2.6 (for a Darcy 
number of 10‒2), beyond which the average Nusselt number becomes almost independent of the power-law index. Increas-
ing rotational forcing enhances circulation and heat transfer, and under strong buoyancy the shear-thinning fluid (power-
law index 0.6) yields up to 15–20% higher average heat transfer compared with the Newtonian case. The novelty of this 
work lies in the joint investigation of internal fins, outer-wall rotation and porous resistance in non-Newtonian media, 
which produces distinct flow regimes and offers practical guidance for porous heat exchanger and rotating-machine cooling 
designs.  

Keywords: Complex fluid; Mixed convection; Porous media; Numerical investigation; Nusselt number; CFD 
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Nomenclature 

A ‒ surface area of the inner cylinder, m2 

Cp ‒ heat capacity of fluid, J/(kg K) 

d ‒ diameter of the inner cylinder, m 

Gr – Grashof number 

g – gravitational acceleration, m/s 

I2 ‒ second invariant function of strain rate tensor 

K – permeability, m2 

m – consistency index, Pa sn 

n – power-law index 

Nu  – Nusselt number (average value) 

NuL– Nusselt number (local value) 

p – pressure, Pa 

Pr – Prandtl number 

Re – Reynolds number 

Ri – Richardson number 

T – temperature, K 

 

 

u, υ  – velocity components along x- and y-directions, m/s 

x, y – Cartesian coordinates, m 

 

Greek symbols 

βT – coefficient of volume expansion 

η – dynamic viscosity, Pa s 

ρ – density of fluid, kg/m3  

τ – stress tensor, Pa 

Ω – rotation speed, 1/s 

 

Subscripts and Superscripts 

c – cold 

h – hot  

* – dimensionless quantity 

 

Abbreviations and Acronyms  

ANN – artificial neural network 

CFD – computational fluid dynamics 

 

The interplay between forced and natural convection, known 

as mixed convection in power-law fluids, has also been widely 

analysed using numerical simulations. These studies emphasise 

the key influence of dimensionless parameters, such as the 

Reynolds number (Re), Richardson number (Ri) and power-law 

index (n) on both flow structures and heat transfer mechanisms. 

Investigations have been carried out in different geometries, in-

cluding lid-driven and wall-driven cavities with isothermal, ad-

iabatic or combined boundary conditions [8–13]. Configurations 

featuring internally heated blocks or asymmetric heating have 

revealed how geometric and thermal non-uniformities can mod-

ify flow circulation and enhance heat transfer [14–21]. 

Another aspect of growing interest is internal rotation within 

non-Newtonian domains. The presence of rotating components, 

such as cylinders, significantly affects streamlines, isotherms 

and the overall heat transfer rate, often characterised through the 

Nusselt number [22–27]. Further complexity has been intro-

duced in studies involving triangular or inclined cavities filled 

with power-law nanofluids subjected to magnetic fields, where 

changes in parameters, such as Re, Ri, n and magnetic inclina-

tion, were found to strongly influence both heat and mass 

transport [28,29]. 

Recent numerical and experimental works have also ex-

plored complex geometries and non-uniform heating conditions, 

such as lid-driven cavities with embedded obstacles [30], com-

pound cavity–channel systems incorporating multiple heat 

sources [31,32], and enclosures containing hemispherical heat-

ers [33]. Investigations on micropolar and magnetised fluids 

have further demonstrated that localised magnetic effects can 

generate secondary vortices, enhancing flow mixing and thermal 

regulation [34]. Moreover, studies of double-lid cubic enclo-

sures with distributed heat sources have highlighted the sensi-

tivity of heat transfer and flow structures to variations in Re, Ri 

and nanoparticle concentration [35]. 

Recent developments in reliability engineering have empha-

sised the integration of machine learning with statistical model-

ling to improve predictive accuracy and system assessment. In 

[36,37], reliability analyses were conducted for the generalised 

exponential and generalised Rayleigh distributions, respec-

tively, by incorporating the inverse power-law model within an 

artificial neural network (ANN) framework using Bayesian reg-

ularisation. These studies demonstrated that the combination of 

ANN-based learning and Bayesian regularisation significantly 

enhances the reliability prediction capability by minimising 

overfitting and improving model generalisation. The results con-

firmed that this hybrid approach provides more accurate lifetime 

estimation and better captures the complex reliability behaviour 

of engineering systems. Overall, [36,37] illustrate the growing 

potential of intelligent computational methods for advancing re-

liability modelling and analysis in modern industrial applica-

tions. 

Despite this extensive literature, there remains a notable re-

search gap concerning mixed convection in configurations that 

integrate rotating enclosures, internal fins and porous media. 

Most previous studies have addressed simpler geometries or ne-

glected the presence of internal fins, even though fins play a vital 

role in modifying thermal performance by increasing the heat 

transfer surface area and disrupting flow symmetry. In addition, 

the effects of porous media on convective transport in non-New-

tonian fluids have often been overlooked, limiting the practical 

relevance of existing models. 

To address these gaps, the present study investigates mixed 

convection of power-law fluids in a complex annular configura-

tion consisting of a rotating outer cylinder and a stationary 

finned inner cylinder embedded in a porous medium. This con-

figuration is of particular interest for applications, such as rotat-

ing machinery, advanced cooling systems and compact heat ex-

changers. By systematically varying the Reynolds, Richardson, 

and Darcy numbers, as well as the power-law index, this work 

aims to clarify the coupled effects of rotation, non-Newtonian 

rheology, and porous resistance on fluid flow and heat transfer 

characteristics. 

Numerical simulations are conducted using the finite volume 

method, providing detailed insights into the thermo-fluid dy-

namics within the enclosure. The results presented herein aim to 
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extend existing knowledge and offer a comprehensive frame-

work for analysing non-Newtonian mixed convection in geo-

metrically and physically complex systems relevant to modern 

thermal engineering applications. 

2. Physical problem and mathematical  

formulations  

Figure 1 presents the physical and computational configuration 

of the problem, consisting of a horizontal finned inner cylinder 

enclosed within a concentric outer cylinder. The inner cylinder, 

featuring uniformly distributed radial fins, is maintained at 

a higher temperature (Th), while the outer boundary is held at 

a lower temperature (Tc), ensuring a consistent thermal gradient 

(Th > Tc). The outer cylinder rotates counterclockwise with 

a constant angular velocity (Ω). The space between the two cyl-

inders is filled with a porous medium saturated with a non-New-

tonian power-law fluid. Three distinct power-law indices  

(n = 0.6, 1.0, and 1.6) are investigated to represent shear-thin-

ning, Newtonian and shear-thickening behaviours, respectively. 

Mixed convection arises when both natural and forced con-

vection mechanisms contribute to heat transfer. In this study, 

forced convection is induced by the rotation of the outer cylin-

der, while natural convection is driven by the temperature dif-

ference between the surfaces of the two cylinders. The Reynolds 

number determines the cylinder’s rotational velocity value, 

while the Richardson number quantifies the balance between 

forced and natural convection effects. Four Richardson numbers 

are analysed: 0, 1, 2 and 3. The medium’s permeability, repre-

sented by the Darcy number (Da), is investigated within the 

range of 10‒5 to 10‒2. 

The assumptions of laminar and non-Newtonian flow, steady 

state, mixed convection and constant fluid properties are 

adopted in this study. The equations of continuity, momentum 

and energy, subject to the Boussinesq approximation and the ef-

fect of negligible dissipation, are written in their dimensionless 

form as follows: 

‒ the equation of continuity: 

 
∂𝑢∗

∂𝑥∗ +
∂𝑣∗

∂𝑦∗ = 0, (1) 

‒ the equation of momentum along the x-direction: 

 𝑢∗ (
∂𝑢∗

∂𝑥∗) + 𝑣∗ (
∂𝑣∗

∂𝑦∗) = −
∂𝑝∗

∂𝑥∗ +
1

Re
(

∂τ𝑥𝑥
∗

∂𝑥∗ +
∂𝜏𝑦𝑥

∗

∂𝑦∗ ), (2) 

‒ the equation of momentum along the y-direction: 

 𝑢∗ (
∂𝑣∗

∂𝑥∗) + 𝑣∗ (
∂𝑣∗

∂𝑦∗) = −
∂𝑝∗

∂𝑦∗ +
1

Re
(

∂𝜏𝑥𝑦
∗

∂𝑥∗ +
∂𝜏𝑦𝑦

∗

∂𝑦∗ ) + Ri 𝑇∗, (3) 

‒ the equation of energy: 

 𝑢∗ (
∂𝑇∗

∂𝑥∗) + 𝑣∗ (
∂𝑇∗

∂𝑦∗) =
1

Pe
(

𝜕2𝑇∗

∂𝑥∗2 +
𝜕2𝑇∗

∂𝑦∗2), (4) 

where Re and Pe are the Reynolds and Peclet numbers, Ri is the 

Richardson number, u∗ and υ∗ are the fluid dimensionless veloci-

ties in the x∗- and y∗-directions, and dimensionless pressure and 

temperature are represented by p∗ and T∗, respectively. The fol-

lowing represent the dimensionless variables: 

  𝑥∗= 
𝑥

𝑑
,    𝑦∗= 

𝑦

𝑑
, (5) 

 𝑢∗ =
𝑢

𝛺𝑑
,    𝑣∗ =

𝑣

𝛺𝑑
, (6) 

 𝑝∗ =  
𝑝

𝜌(𝛺𝑑)2 ,     𝑇∗ =   
𝑇−𝑇𝑐

𝑇ℎ−𝑇𝑐
 , (7) 

 Pe = RePr. (8) 

where Pr is the Prandtl number and d is the inner cylinder’s di-

ameter.  

The following equation represents the power-law fluid’s be-

haviour: 

 𝜏𝑖𝑗 = 2𝜂𝜀𝑖𝑗, (9) 

where the viscous stress tensors and the rate of deformation are 

represented, respectively, by εij and τij. (i, j = x, y). Furthermore, 

for power-law fluids, the fluid viscosity, denoted by 𝜂, is defined 

(in dimensional form) as follows: 

 𝜂 = 𝑚 (
𝐼2

2
)

(
𝑛−1

2
)

, (10) 

where I2 is the second invariant of the rate of deformation tensor, 

m is the consistency index, and n is the power-law index. A fluid 

that is shear-thinning is represented by n < 1, a Newtonian limit 

by a value of n = 1, and a shear-thickening fluid by n > 1. The 

following equation gives I2 in Cartesian coordinates: 

 (
𝐼2

2
) = 2 (

∂𝑢

∂𝑥
)

2

+ 2 (
∂𝑣

∂𝑦
)

2

+ [(
∂𝑢

∂𝑦
) + (

∂𝑣

∂x
)]

2

. (11) 

Generally, Grashof number, Richardson number and Darcy 

number for power-law fluids are computed as follows: 

 Gr = 𝑔𝛽𝑇∆𝑇𝑑3 (
𝜌

𝑚
𝛺1−𝑛)

2

, (12) 

 Ri =
𝑔𝛽𝑇∆𝑇𝑑3

(𝛺𝑑)2 =
Gr

Re2, (13) 

 

Fig. 1. Diagrammatic representation of the problem. 
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 Da =
K

𝑑2, (14) 

where ρ, g, βT, and K are the density of the fluid, the gravitational 

acceleration, volumetric expansion coefficient and permeability, 

respectively. 

The Nusselt number, or average Nusselt number, is calcu-

lated by integrating local values along the inner cylinder’s sur-

face. The following are the local and average values of Nu, re-

spectively: 

 Nu𝐿 = (
𝜕𝑇∗

𝜕𝑛
)

𝑤𝑎𝑙𝑙
,     Nu =

1

𝐴
∫ Nu𝐿𝑑𝐴

 

𝑠
, (15) 

where n is the normal vector to the wall and S represents the 

surface of the heated inner cylinder. 

3. Numerical procedure 

The numerical simulations in this study were carried out using 

Ansys-CFX, a commercial computational fluid dynamics (CFD) 

tool that transforms the governing equations of fluid flow and 

heat transfer into algebraic form. These equations were discre-

tised using the finite volume method, with boundary conditions 

applied throughout the computational domain. To ensure high 

solution accuracy, a convergence criterion of 10‒6 was adopted 

for both the momentum and energy equations. The high-resolu-

tion scheme was utilised to accurately capture convection ef-

fects, while the SIMPLEC (semi-implicit method for pressure 

linked equations-consistent) algorithm was implemented to ef-

ficiently couple pressure and velocity fields, offering enhanced 

stability for steady-state analyses. 

To validate the accuracy of the numerical results, a grid in-

dependence study was conducted, acknowledging the signifi-

cant influence of mesh resolution on simulation precision. The 

computational domain was discretised using a hybrid mesh 

structure with refined quadrilateral elements in the vicinity of 

the inner and outer walls to better resolve boundary layer gradi-

ents. As illustrated in Fig. 2 and detailed in Table 1, three pro-

gressively refined mesh configurations were examined: M1 

(coarse), M2 (medium) and M3 (fine). The average Nusselt 

number along the heated cylindrical surface was calculated 

under representative conditions: n = 1.6, Re = 25, Ri = 3 and 

Da = 10‒3. The comparison showed that the medium-resolution 

mesh (M2) produced results nearly identical to those of the fin-

est mesh (M3), confirming that M2 offers an optimal compro-

mise between computational efficiency and solution accuracy. 

Hence, M2 was selected for all subsequent simulations, balanc-

ing computational cost and numerical precision. 

The accuracy and robustness of the present numerical model 

were verified through comparisons with established benchmark 

studies. The first validation involved comparing results with the 

classical work of Kuehn and Goldstein [38] and the study by 

Matin and Khan [39], both of which examined buoyancy-driven 

flow in annular enclosures. For this case, the working fluid was 

considered Newtonian (n = 1) with properties of air (Pr = 0.71), 

and the Rayleigh number was varied from 103 to 106. As shown 

in Fig. 3A, the predicted variation of the average Nusselt number 

with Rayleigh number (Ra = Pr Gr) for Pr = 0.71 and n = 1 closely 

matches the reference data, confirming the model’s ability to cap-

ture natural convection phenomena accurately. 

A second comparison assessed the model’s capability to rep-

resent non-Newtonian fluid behaviour, focusing on the influence 

of the power-law index. Results were compared to those re-

ported by Matin et al. [40] under conditions of Pr = 100 and 

a blockage ratio of 0.25. The present model reproduced the same 

trend of heat transfer enhancement for shear-thinning fluids 

(n < 1) and suppression for shear-thickening fluids (n > 1), con-

sistent with theoretical expectations. Figure 3B illustrates strong 

agreement in the Nusselt number variation with respect to n, val-

idating the model’s treatment of fluid rheology and ensuring ac-

curate representation of non-linear viscosity effects. 

Lastly, validation was extended to the study by Sheikhole-

slami [41], which investigated natural convection between con-

centric cylinders filled with a porous medium and subjected to 

a temperature difference between the inner and outer walls. The 

comparison was made at Da = 10‒3 and Ra = 105. As seen in 

Fig. 3C, the present results show excellent consistency with the 

benchmark, further supporting the reliability of the adopted nu-

merical approach. The close match across multiple validation 

cases confirms that the current CFD model is robust and capable 

of accurately resolving complex coupled effects of buoyancy, ro-

tation and non-Newtonian fluid rheology in porous media. 

4. Results and discussion 

This study investigates the heat transfer and flow behaviour of 

a power-law fluid in a porous medium confined between a sta-

tionary finned inner cylinder and a rotating outer cylinder. The 

analysis focuses on the influence of key parameters: the Reynolds 

number (Re = 5, 15, 25 and 35), Richardson number (Ri = 0, 1, 2 

 

Fig. 2. The structure of the grid used for the calculations. 

Table 1. Grid independency test for n = 1.6, Re = 25, Ri = 3  

and Da = 10‒3.  

Mesh Elements Nusselt number Difference, % 

M1 122 000 1.50581 1.53 

M2 244 000 1.48278 0.0112 

M3 488 000 1.48294 − 
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and 3), Darcy number (Da = 10‒5 to 10‒2) and power-law index 

(n = 0.6, 1 and 1.6), with a fixed Prandtl number (Pr = 50). Flow 

dynamics and thermal performance are explored using stream-

lines, isotherms and the Nusselt number. Some parameter values 

are selected based on a previous study [42]. 

Mixed convection arises when both forced and natural con-

vection mechanisms coexist. In this study, natural convection is 

driven by the temperature difference between the two cylinders, 

while forced convection results from the rotation of the outer 

cylinder. When Ri = 0, the flow is purely governed by forced 

convection. As Ri increases, buoyancy forces (representing nat-

ural convection) gradually become more significant. Simultane-

ously, the rotational speed of the outer cylinder, which governs 

the magnitude of forced convection, increases with Reynolds 

number. 

Figure 4 illustrates the flow patterns represented by stream-

lines for various Reynolds numbers and power-law indices. At 

low Re, viscous forces dominate, resulting in smooth, symmet-

ric streamlines around the finned inner cylinder. The flow re-

mains relatively weak, with minimal recirculation. As Re in-

creases, inertial effects become more pronounced, leading to the 

formation of a closed counter-rotating vortex on the left side of 

the domain. The streamlines extend further outward and form 

larger vortices, reflecting intensified flow activity around the 

fins. 

At higher Re, the centrifugal force generated by the rotating 

outer cylinder significantly enhances momentum transfer, re-

sulting in asymmetric vortical structures that extend toward the 

upper region of the enclosure. The secondary vortices near the 

fin tips indicate localised shear-layer separations, which en-

hance local mixing and amplify heat exchange along the finned 

surfaces. 

For shear-thinning fluids (n = 0.6), the apparent viscosity de-

creases with increasing shear rate, which enhances fluid motion 

and results in more elongated and active recirculation zones, es-

pecially at higher Re. In contrast, as the power-law index in-

creases (n = 1.6, shear-thickening behaviour), viscosity in-

creases with shear rate, damping the fluid motion. This sup-

presses vortex formation, leading to smaller and less intense re-

circulation zones compared to the shear-thinning case. 

Figure 5 displays the thermal fields (isotherms) under the 

same parameter conditions. The temperature distribution closely 

mirrors the fluid flow patterns. At low Re, nearly concentric iso-

therms are observed around the heated inner cylinder, indicating 

weak convective effects and localised thermal gradients. As Re 

increases, convection dominates, distorting the isotherms and 

pushing them outward due to intensified fluid motion. 

This outward displacement signifies a transition from con-

duction-controlled to convection-dominated transport. The 

stretching of isotherms in the direction of rotation reflects en-

hanced azimuthal heat transport, while compression near stag-

nation zones reveals localised temperature build-up due to lim-

ited mixing. 

The rotational direction of the outer cylinder enhances the 

effect of buoyancy on the right side of the domain, promoting 

heat transfer. On the upper part of the inner cylinder, the iso-

therms are further stretched and distorted, indicating stronger 

convective mixing. On the left side, however, the presence of 

recirculating flow thickens the isotherms and reduces thermal 

transport efficiency. A more detailed observation shows that the 

region downstream of the fin tip experiences a local thermal 

wake, where thermal diffusion dominates due to reduced local 

velocity magnitude. A notable feature is the tongue-like struc-

ture in the thermal boundary layer at the top of the inner cylin-

der. This structure reflects reduced fluid mixing, which limits 

 

 

Fig. 3. Validation tests. 
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convective heat dispersion. As n increases, this tongue splits into 

two branches due to altered flow patterns. This bifurcation rep-

resents a competition between viscous damping (which stabi-

lises the thermal layer) and centrifugal enhancement (which 

destabilises it). The higher viscosity of shear-thickening fluids 

suppresses upward motion above the finned cylinder, leading 

to localised heat accumulation and bifurcated thermal zones 

around the fins. 

Figure 6 illustrates the flow patterns represented by stream-

lines for various Richardson numbers and power-law indices, 

at fixed values of Reynolds number (Re = 25) and Darcy num-

ber (Da = 10‒2). When Ri is low, forced convection is domi-

nant, resulting in a stable rotational flow between the cylin-

ders. As Ri increases, buoyancy forces become more signifi-

cant, giving rise to vertically oriented flow structures and the 

development of counter-rotating vortices. At intermediate  

Ri (= 1–2), the flow field exhibits mixed characteristics; the 
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Fig. 4. Streamlines for various values of Re and n at Da = 10‒2 and Ri = 3.  
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upper vortex strengthens as buoyancy lifts hot fluid upward, 

while the lower region remains rotation-driven. This dual 

mechanism introduces asymmetry in the streamline topology, 

redistributing shear stresses along the finned surface. 

For the shear-thinning fluid (n = 0.6), the enhanced flow 

mobility leads to more elongated and active recirculation 

zones. In contrast, increasing n suppresses these features: the 

shear-thickening fluid (n = 1.6) exhibits higher apparent vis-

cosity, which dampens the flow and yields smaller, weaker 

vortices. This demonstrates that buoyancy–viscosity coupling 

is nonlinear: buoyancy-induced motion is amplified in low-

viscosity regions (shear-thinning), but strongly suppressed in 

high-viscosity zones (shear-thickening), leading to distinct 

thermal stratifications. 
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Fig. 5. Isotherms for various values of Re and n at Da = 10‒2 and Ri = 3.  
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Figure 7 presents the corresponding isotherms under the 

same conditions. At Ri = 0, the isotherms remain nearly paral-

lel, showing that forced convection dominates. As Ri in-

creases, the isotherms distort vertically, indicating a growing in-

fluence of buoyancy-driven flow. The upward migration of iso-

therms at higher Ri indicates the formation of a thermal plume 

above the inner cylinder, characteristic of buoyancy-dominated 

convection. The left–right asymmetry intensifies with Ri in-

crease, showing that buoyancy breaks rotational symmetry and 

creates preferential heat pathways along the upward direction. 

For n = 0.6, the higher mobility produces thinner thermal 

boundary layers and more dispersed temperature fields. In con-

trast, for n = 1.6, reduced motion thickens the thermal layers, 

limiting heat diffusion and causing localised heat build-up near 

the inner cylinder. This inverse relationship between viscosity 

  

 

 

Ri = 0 

 
 

 
 

 

 

 

 

Ri = 1 

 
 

 
 

 
 

 

 

 

Ri = 2 

 
 

  

 

 

 

Ri = 3 

  
 

 
 

 n = 0.6 n = 1 n = 1.6 

 
 

 

Fig. 6. Streamlines for various values of Ri and n at Da = 10‒2 and Re = 25.  
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and boundary-layer thickness confirms that rheological proper-

ties govern not only momentum diffusion, but also the thermal 

resistance adjacent to the heated surfaces.  

Figure 8 shows the streamline patterns for various Darcy 

numbers and power-law indices, at fixed Re = 25 and Ri = 3. At 

low Da, the porous matrix restricts fluid motion, resulting in 

weak, localised recirculation around the finned cylinder. As Da 

increases, permeability improves, allowing stronger motion and 

larger vortices to form. At intermediate Da values (10‒4–10‒3), 

the competition between viscous drag and porous resistance 

yields a partially developed circulation where flow leakage 

through the porous matrix modifies vortex symmetry. This in-

terplay introduces a mixed conduction–convection regime that 

is highly sensitive to n. 

For n = 0.6, shear-thinning behaviour intensifies recirculation, 

especially at higher Da, while for n = 1.6, higher viscosity inhibits 
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Fig. 7. Isotherms for various values of Ri and n at Da = 10‒2 and Re = 25. 
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vortex development, producing smaller and weaker zones. This 

behaviour underscores that the porous structure modulates the in-

fluence of non-Newtonian viscosity; permeability enhancement 

magnifies rheological effects, whereas low Da dampens them.  

Figure 9 displays the associated isotherms for the same Da, 

Re and Ri conditions. At low Da, limited flow mobility yields 

nearly concentric isotherms, reflecting conduction-dominated 

heat transfer. As Da increases, enhanced convection stretches 

and distorts the isotherms outward, especially for n = 0.6, which 

exhibits thinner boundary layers and better heat dispersion. The 

deformation of isotherms indicates a transition from localised 

conduction to bulk convection. At high Da, the temperature con-

tours align with the dominant flow direction, confirming that 

fluid advection becomes the main heat transport mechanism. 

For n = 1.6, high viscosity reduces fluid motion, producing 

thicker isotherms and localised thermal accumulation near the 

heated surface. These results emphasise the complex interaction 

between fluid rheology and porous-medium permeability in 
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Fig. 8. Streamlines for various values of Da and n at Re = 25 and Ri = 3. 
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governing thermal transport. From a design standpoint, increasing 

Da enhances heat transfer up to a threshold, beyond which exces-

sive permeability may shorten fluid residence time and slightly 

diminish local heat exchange. 

Figure 10 illustrates how the average Nusselt number varies 

with Richardson number, power-law index and Reynolds number, 

at a fixed Darcy number (Da = 10‒2). At Re = 5, Nu remains nearly 

constant across Ri values, indicating that viscous effects dominate 

and suppress convective mixing. In this low-Re regime, heat 

transfer occurs mainly through conduction-like mechanisms, with 

negligible contributions from buoyancy forces. 

As Re increases to 15 and 25, Nu rises more noticeably with 

Ri, reflecting the strengthening interaction between forced and 

natural convection. In these regimes, forced convection provides 

the baseline flow, while buoyancy-driven motion enhances mix-

ing and promotes more effective thermal transport. The highest 
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Fig. 9. Isotherms for various values of Da and n at Re = 25 and Ri = 3. 
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Nu values are typically observed for n = 1 (Newtonian fluid), 

which balances fluid mobility and thermal diffusion most effec-

tively. 

For n = 0.6 (shear-thinning fluid), Nu values are generally 

lower than those for Newtonian fluids under most conditions, par-

ticularly at lower Re or Ri. Although reduced viscosity promotes 

flow mobility, it may reduce thermal gradients and limit effective 

mixing. However, at higher Re and Ri (where inertial and buoy-

ancy effects dominate) this enhanced mobility can improve ther-

mal performance. For example, at Re = 25 and Ri = 3, Nu for  

n = 0.6 surpasses that of n = 1. On the other hand, for n = 1.6 

(shear-thickening fluid), increased viscosity restricts motion and 

leads to the lowest Nu values across all conditions examined. 

Figure 11 presents the variation of Nu with Ri, n and Da, at 

fixed Re = 25. The influence of Da is strongly dependent on fluid 

rheology, indicating nonlinear interactions between permeability, 

viscosity behaviour and thermal gradients. At Da = 10‒5, the po-

rous medium resists flow significantly, resulting in conduction-

dominated heat transfer, where Nu remains low and nearly con-

stant across all values of n and Ri. As Da increases to 10‒4  

(a) Re = 5  

 
(b) Re = 15 

 
 

 

(c) Re = 25 

 

Fig. 10. Values of Nu vs. Ri and n at Da = 10‒2 for: 

(a) Re = 5, (b) Re = 15 and (c) Re = 25. 

(a) Da = 10‒5 

 
(b) Da = 10‒4 

 
(c) Da = 10‒3 

 
(d) Da = 10‒2 

 
 

Fig. 11. Values of Nu vs. Ri and n at Re = 25 for: 

(a) Da = 10‒5, (b Da = 10‒4, (c) Da = 10‒3 and (d) Da = 10‒2. 



Rheological and porous effects on mixed convection: Power-law fluid flow... 

 

53 
 

and 10‒3, permeability improves, allowing more vigorous convec-

tion and higher Nu values. Interestingly, the highest Nu values at 

these intermediate Da levels are observed for n = 1.6 (shear-thick-

ening fluid). This suggests that, under moderate resistance, the in-

creased shear-dependent viscosity promotes stronger temperature 

gradients and localised heat transfer enhancement. 

At Da = 10‒2, the porous medium offers minimal resistance 

to flow, leading to robust convective heat transfer. Under these 

conditions, Newtonian fluids (n = 1) exhibit the highest Nu, ben-

efiting from an optimal trade-off between flow and heat disper-

sion. Shear-thickening fluids (n = 1.6) underperform in this re-

gime due to their higher viscosity, which limits motion and ther-

mal mixing. Although shear-thinning fluids (n = 0.6) benefit 

from enhanced flow mobility, they do not achieve the highest 

Nu under any condition shown. This indicates that, despite faster 

flow, their reduced viscosity may hinder the development of 

strong thermal gradients, which are essential for efficient heat 

transfer. 

A particularly noteworthy observation in Fig. 11 (for 

Da = 10‒2) is the critical Richardson number around Ri = 2.6, 

where the Nu values for the shear-thinning fluid (n = 0.6) and 

the Newtonian fluid (n = 1) intersect. This intersection marks 

a shift in the dominant heat transfer mechanism. For Ri < 2.6, 

Newtonian fluids outperform due to their balanced viscosity, 

which supports both momentum and thermal diffusion in mixed 

convection. As Ri increases and buoyancy dominates, the low 

viscosity of shear-thinning fluid allows for stronger buoyancy-

driven flows and more effective convective mixing. Beyond 

Ri = 2.6, Nu for n = 0.6 exceeds that for n = 1, indicating better 

thermal performance in natural convection regimes. This finding 

highlights the nonlinear interaction between rheological proper-

ties and buoyancy forces, with important implications for opti-

mising thermal systems involving non-Newtonian fluids in po-

rous enclosures. 

5. Conclusions 

This study presented a numerical investigation of mixed convec-

tion heat transfer in a porous annulus formed by a stationary 

finned inner cylinder and a rotating outer cylinder, filled with 

a non-Newtonian power-law fluid. The governing equations 

were solved using the finite-volume method implemented in An-

sys-CFX, with the fluid’s rheology represented by the Ostwald’s 

law model. The analysis systematically examined the combined 

influence of four key dimensionless parameters − the Reynolds 

number (Re), the Richardson number (Ri), the power-law index 

(n) and the Darcy number (Da) − on flow behaviour and heat 

transfer performance. The main conclusions are summarised as 

follows: 

1) Increasing the Reynolds number from 5 to 25 enhances 

the flow circulation and convective strength, leading to 

a nearly 300% rise in the average Nusselt number at  

Ri = 3. 

2) Shear-thinning fluids promote more vigorous recircula-

tion and outperform Newtonian fluids (n = 1.0) under 

buoyancy-dominated conditions (Ri ≥ 2), while shear-

thickening fluids (n = 1.6) suppress motion and reduce 

thermal transport due to their elevated apparent viscosity. 

3) A transitional Richardson number of about Ri = 2.6 (for 

Da = 10‒2) marks the point where the Nusselt number be-

comes nearly independent of the power-law index. Be-

yond this value, shear-thinning fluids achieve 15–20% 

higher heat transfer than Newtonian fluids due to 

stronger buoyancy-driven circulation. 

4) Porous permeability (Da) strongly affects the convection 

regime. Low Da values produce conduction-dominated 

flow, while higher Da (≥10‒3) enhances convective mix-

ing and results in substantially larger Nusselt numbers 

through the combined effect of rotation and buoyancy. 

5) Flow and thermal structures demonstrate nonlinear cou-

pling among rheology, porous resistance and rotation, 

which controls the balance between forced and natural 

convection and defines the system’s overall heat transfer 

efficiency. 

These findings provide practical design insights for engi-

neers developing compact thermal systems, including porous 

heat exchangers, geothermal units and rotating machinery cool-

ing devices. The results enable the optimised selection of work-

ing fluids and operating parameters to achieve efficient perfor-

mance under different flow and thermal conditions. Moreover, 

the integration of machine learning and optimisation techniques 

offers promising opportunities for the next generation of energy 

and cooling systems, particularly in applications where the in-

teraction between non-Newtonian fluids and porous media plays 

a crucial role in determining system efficiency and reliability. 
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1. Introduction 

Determining the thermal parameters of electrical installations, 

including cable ratings, aroused the interest of researchers al-

ready at the end of the 19th century [1]. Currently, the main at-

tention is paid to the continuous current-carrying capacity of 

power cables/wires, which depends on many factors, as stated in 

[2]. A general overview of the basic heat transfer concepts for 

cable systems and associated current-carrying capacity is given 

in [3]. There are different methods for determining this capacity. 

As presented by the authors of the paper [4], these include 

mainly the finite element method (FEM), which is extensively 

analysed in [5] with respect to buried power cables in contact 

with native soil or thermal backfill, as well as the IEC 60287 

method [6,7], but the latter is usually used in practice.  

Standard IEC 60287-1-1 [6], along with the second part  

IEC 60287-2-1 [7], provides relationships that precisely indi-

cate what the current-carrying capacity depends on. In the con- 
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Abstract 

Modern power networks contain a large number of distributed energy sources, particularly photovoltaics. In the case of 
photovoltaic sources, the associated electrical installation components, including cables installed in free air, are exposed 
to solar radiation and significant ambient temperature variability. In the classical approach to calculating the current-
carrying capacity of power cables in free air, a constant ambient temperature is assumed and the direct influence of solar 
radiation is usually not considered. Such an approach, under certain conditions for a given country, may lead to an under-
estimation of this capacity (a cold region of the country) or an overestimation (an exceptionally warm region of the coun-
try). This paper proposes an alternative approach for determining the current-carrying capacity of power cables. The 
concept takes into account daily and annual fluctuations in ambient temperature. This is based on actual data obtained 
from measurements with a measurement step of one hour. As a case study, the results of calculations for sample weather 
scenarios for northern Poland are shown. The analysis indicates that under certain real-world conditions, cables may be 
overheated, which reduces the durability of their insulation. For the case of non-rated ageing of cable insulation due to 
high temperature, a current-carrying capacity correction factor was determined. This approach, different from the norma-
tive scheme, allows for determining the thermal exposure of cables that is close to the real one. The analysis results can 
be useful in designing electrical installations, particularly when components are located on the building facade or roof. 

Keywords: Electrical installations; Heat transfer; Power cables; Solar radiation 
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Nomenclature 

Idd ‒ current-carrying capacity of the cable, A 

Idd-cor ‒ current-carrying capacity of the cable with the effect 

of solar radiation, A 

Ln ‒ rated insulation durability at temperature dd, year 

Lx ‒ insulation durability at temperature x, year 

Lxi ‒ insulation durability corresponding to a given 

   temperature in a time interval ti, year 

Ltot ‒ resultant durability of insulation, year 

Re ‒ electrical resistance of the core of a power cable,  

Rc ‒ thermal resistance related to the heat emitted by the cable, K/W 

ti ‒ relative partial interval of insulation operating time 

   at a specific temperature 

 

Greek symbols 

dd – highest permissible temperature rise of the power cable, K  

dd-cor – corrected permissible temperature rise of the power cable, K  

s – temp. rise of the power cable caused by solar radiation, K  

 – change in temperature which causes a twofold change 

   in the durability of the insulation, K  

dd – highest permissible long-term temperature of the power 

   cable, C 

o – ambient temperature, C 

x – temperature other than the highest permissible long-term 

   temperature, C 

 

Abbreviations and Acronyms 

FEM – finite element method 

IMGW-PIB– Institute of Meteorology and Water Management – 

                      National Research Institute  

PV – photovoltaic  

PVC – polyvinyl chloride 

 
 

text of the relationships indicated there, many publications ana-

lyse the detailed impact of various factors on cables. 

Paper [8] indicates that underground cables are affected by 

the temperature distribution around the cables, the burial depth 

of the cables, distances between the cables, the thermal resistiv-

ity of the soil, as well as the material for cable backfilling. The 

influence of soil parameters and soil structure on cable current-

carrying capacity is also analysed in [9,10]. These papers em-

phasise the accuracy of the capacity calculations when cables 

are laid in multi-layered soils or within stabilised/thermal back-

fill. Good modelling results for such systems have been 

achieved in these papers. Paper [11] considers the temperature 

distribution of cables arranged in layers in cable channels. The 

layered arrangement affects the uneven temperature distribution 

of the cable layers, which can lead to local overheating of the 

cable’s insulation. As shown in [12], for high-voltage cables, the 

bonding method of the metal sheaths is also crucial. Currents 

circulating in the metal sheaths may significantly heat the ca-

bles, reducing their current-carrying capacity. The authors of the 

paper [13] draw attention to the specific heat transfer character-

istics when cables are placed in ducts. Previous standard-com-

pliant approaches may lead to unacceptable inaccuracies, so 

their paper proposes a more precise approach that is simple 

enough to implement in computer calculations. The permissible 

load of underground cables is also associated with the phenom-

enon of local drying out of the soil (due to heat emission from 

the cables or the influence of local heat sources). This issue is 

discussed in detail in [14]. In [15], the phenomenon of drying 

out of the soil is also considered, but in a different scheme – it 

is assumed that the top layer of soil near the ground surface dries 

out, while the layer of soil under the cables does not dry out. 

This is related to some extent to the effect of solar radiation on 

the ground surface. An important factor determining the current-

carrying capacity is the ambient temperature [16] – as the au-

thors note, it has been changing around the world in recent years 

and even in one country it may result in different permissible 

loads for the same cable systems. Very high air temperatures in 

summer may affect the drying out of the soil around the cables 

and, consequently, the deterioration of the current-carrying ca-

pacity of the cables, as discussed in [17]. The authors point out 

that in some regions the temperatures may exceed 50°C. High 

summer temperatures and solar radiation may result (following 

strong heating of the ground surface) in a significant increase in 

the temperature of the soil surrounding the cable – it affects the 

permissible current of this cable, which is also raised in [18]. In 

some cases, a forced cooling system is used to improve the ther-

mal conditions of buried power cables [19]. In advanced analy-

sis using the FEM-based Arrhenius thermal aging model in-

cluded in [20], the authors draw attention to the unfavourable 

thermal conditions of the cable environment as well. They point 

out possible solar irradiance and high ambient temperature lev-

els, which should be taken into account when determining the 

current-carrying capacity of cables. In [21], the FEM-based Ar-

rhenius approach is applied again; here, to assess the durability 

of cable lines exposed to thermal effects of a heating pipeline 

and several different types of pavements (for different levels of 

thermal conductivity, emissivity and solar absorptivity). Power 

cables may be laid in free air for some sections and exposed to 

direct solar radiation. This radiation is the source of the temper-

ature increase of the cable insulation [22], even if cables are laid 

in protective pipes [23]. Particularly strong exposure of electri-

cal installation elements, including cables, to high temperatures 

occurs in the case of photovoltaic (PV) systems, which are nu-

merically demonstrated in [24] and measured in [25]. Paper [26] 

notes that PV cable systems are exposed to harsh operating con-

ditions, among others, ultraviolet radiation and thermal stress. 

As a result, the cable insulation degrades, both in terms of elec-

trical and mechanical properties. To decrease the temperature of 

the PV modules, cooling systems are applied [27,28] – this may 

beneficially reduce the temperature of the cable connectors in 

these modules.  

A review of the literature and international standards allows 

us to draw the following conclusions: 

 analyses of the current-carrying capacity of power cables 

usually concern the case when these cables are laid in the 

ground; 

 previous studies have considered the direct impact of so-

lar radiation on outdoor cables to a limited extent, but 

with the increasingly widespread use of PV systems, this 

issue has become highly relevant and large-scale; 
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 ambient temperature of cables (initial temperature before 

current loading) for a given region of the world is usually 

assumed to be constant throughout the year, as specified 

in the standard [29], however, in real conditions for elec-

trical devices placed in the air, the ambient temperature 

can vary significantly throughout the day and throughout 

the year. 

In the context of the above-mentioned observations, a re-

search gap can be identified regarding a more detailed analysis 

of the thermal conditions of cables laid in the air – it is mainly 

about the direct impact of solar radiation and the daily-annual 

variability of ambient temperature. The exposure of cables to 

direct solar radiation, as well as the actual ambient temperature, 

is strongly related to the durability of cable insulation. It should 

be remembered that unexpected rapid ageing of this insulation 

reduces its insulating properties and may be the cause of fire and 

electric shock. 

Therefore, this paper, being a modified and extended version 

of the conference paper [30], presents the results of measure-

ments of daily-annual variability of ambient temperature for 

a selected region of Poland and the results of numerical calcula-

tions of the solar radiation effect. Based on this, sample scenar-

ios of cable temperature changes throughout the day for differ-

ent seasons are presented, enabling the assessment of the actual 

thermal exposure of cables in sunny locations. Having the ex-

pected temperatures of cable insulation throughout the year, 

their thermal durability is calculated. A correction factor for the 

current-carrying capacity of power cables is also determined to 

achieve insulation ageing at the rated level. 

The concept proposed by the authors, based on numerical 

modelling of solar radiation and taking into account daily and 

annual ambient temperature variations, is an alternative ap-

proach to the design of cable systems. This concept can be used 

when designing power systems located outdoors and exposed to 

solar radiation. 

2. Current-carrying capacity of cables and nume- 

rical calculations of the solar radiation effect 

2.1. Current-carrying capacity of power cables  

according to the standards 

The current-carrying capacity Idd of power cables/wires for low-

voltage systems can be determined based on the standards [6,7] 

and presented in the following simplified form [30]: 

 𝐼dd = √
Δ𝛩dd

𝑅𝑒𝑅𝑐
= √

𝜏dd−𝜏𝑜

𝑅𝑒𝑅𝑐
, (1) 

where: dd – the highest permissible temperature rise of the 

power cable, dd – the highest permissible long-term temperature 

of the power cable, o – ambient temperature, Re – electrical re-

sistance of the core of a power cable, Rc – thermal resistance 

related to the heat emitted by the cable to the environment. 

For further considerations, the key parameters in Eq. (1) are 

temperatures dd and o. The temperature dd is related to the in-

sulation material, and for polyvinyl chloride (PVC) insulated ca-

bles commonly used in electrical installations, it is dd = 70°C. 

For design purposes, the ambient temperature in Poland is as-

sumed to be o = 25°C [29], and it is stated that the analysed 

element of the electrical installation is not exposed to solar radi-

ation. Under such conditions, the maximum permissible temper-

ature rise is dd = 45 K (70°C – 25°C). In the case of solar 

radiation, the current-carrying capacity Idd should be corrected, 

taking into account the temperature rise of the conductor caused 

by this radiation. This is presented in the following relation: 

 𝐼dd-cor = √
Δ𝛩dd-cor

𝑅𝑒𝑅𝑐
= √

(𝜏dd−𝜏𝑜)−Δ𝛩𝑠

𝑅𝑒𝑅𝑐
, (2) 

where: Idd-cor ‒ current-carrying capacity of the cable with the 

effect of solar radiation, dd-cor – corrected permissible tem-

perature rise of the power cable, s – temperature rise of the 

power cable caused by solar radiation. 

The main difficulty in determining the current-carrying ca-

pacity according to Eq. (2) is calculating the temperature rise 

caused by solar radiation. This rise depends, among other things, 

on solar irradiance, which in turn depends on latitude, season 

and time of the day. The temperature rise of the conductors 

caused by solar radiation has been estimated based on the devel-

oped numerical model. 

2.2. Numerical calculations of the effect of solar radia-

tion on cables 

Numerical calculations were performed for a sample single-core 

low-voltage cable having a cross-sectional area of the core equal 

to 35 mm2 (a cable with copper conductors, insulation and 

a PVC sheath, 2 m long), which is buried for half its length and 

arranged in free air for the remaining half (Fig. 1).  

Since the ground surface is not perfectly smooth, a small ob-

stacle (0.1 m high) is modelled in front of the cable. Computer 

simulations are intended to show, among other things, the ca-

ble’s most vulnerable areas to overheating. The calculations 

 

Fig. 1. Temperature distribution around a vertically placed cable 

exposed to solar radiation. The cable is not loaded with current. 

Maximum temperature: 73.40°C [30]. 
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were performed for atmospheric conditions that often occur dur-

ing summer in Poland or at similar latitudes. The air temperature 

was assumed to be 25°C, and the soil temperature at a depth of 

1.2 m was taken as 12°C (consistent with geological data [31]). The 

calculations were performed for a wind speed of 1 m/s. The thermal 

conductivity of the soil was assumed to be 0.4 W/(m.K), which cor-

responds to a thermal resistivity of 2.5 (m.K)/W. It is considered to 

be quite unfavourable from the point of view of determining  

the continuous current-carrying capacity of power cables/wires 

[32,33]. The numerical model assumed solar radiation with an in-

tensity of 1000 W/m2 incident at an angle of 45° on the vertical ca-

ble – this angle reflects average summer conditions. The absorption 

coefficient of solar radiation for the cable insulation surface was set 

at 0.9. It was also assumed that the cable is not loaded with current. 

In this way, the effect of solar radiation alone on the cable temper-

ature rise can be determined.  

Stationary calculations were performed in Ansys Fluent, tak-

ing into account the effect of gravity. The k-ε standard turbulence 

model was used with the ‘enhanced wall treatment’ function acti-

vated, and ‘full buoyancy effects’ were enabled in the additional 

options to correctly model the effect of buoyancy during free con-

vection modelling. The energy equation was activated to model 

thermal phenomena and obtain the temperature distribution in the 

computational domain. Air density varied with temperature ac-

cording to the ideal gas equation of state. The airflow velocity was 

specified at the inlet, and the ‘pressure outlet’ boundary condition 

was applied at the outlet. 

The temperature of the warmest points of the cable is as high 

as 73.40°C (Fig. 1), even though the cable is not loaded with cur-

rent. The highest temperature area occurs just above the ground 

(the area above the ground is shielded from the wind by the afore-

mentioned 0.1 m obstacle) on the side facing the incident sun.  

Analysing the cable cross-section and the surrounding area at 

a height of 0.5 m above the ground, the simulation data shows that 

it is slightly over 51°C, which is significantly lower than for the 

section just above the ground, because air movement caused by 

the wind (cable cooling) is important. The exact temperature dis-

tribution in the cross-section at a height of 0.5 m is shown in Fig. 2. 

Numerical analyses indicate that solar radiation can cause 

a cable temperature rise of: 

• almost 50 K (73.40°C – 25°C) under very unfavourable con-

ditions (intense sunlight, cable surrounded by still air, e.g. in 

a roof recess), 

• 26 K (51°C – 25°C) under more favourable conditions (in-

tense sunlight, but cable is cooled by wind). 

The results of numerical analyses of the temperature increase 

of cable insulation caused by solar radiation were used to calculate 

the expected temperatures of this insulation for a selected region 

of Poland and assumed weather scenarios. The expected temper-

atures of the cables at specific times of day and year were used to 

determine the expected durability of the insulation. 

3. Annual ambient temperature variation 

and cable thermal rating  

Design calculations for cable current-carrying capacity and insu-

lation durability usually refer to standard temperature conditions, 

which are generally considered to be the highest possible (most 

unfavourable) during the considered period of operation of the 

electrical installation. Design assumptions are generally known 

and available, but actual temperature conditions can vary signifi-

cantly depending on the time of day and season. To provide a re-

alistic estimate of the assumed ambient temperature variability for 

power cables installed outdoors, the authors of the study compiled 

daily temperatures for 2024, considering three weather scenarios: 

 Scenario 1 (the most restrictive) – the highest tempera-

ture was assumed for each day considered; 

 Scenario 2 – the average temperature was assumed for 

each day considered; 

 Scenario 3 – the lowest temperature was assumed for 

each day considered. 

The data regarding ambient temperature comes from the 

Gdańsk Świbno weather station, in northern Poland, and was pro-

vided by the Institute of Meteorology and Water Management – 

National Research Institute (Instytut Meteorologii i Gospodarki 

Wodnej – Państwowy Instytut Badawczy, IMGW-PIB).  

As a result of the analysis of the distribution of the highest 

temperatures throughout the year (Scenario 1 – the most restric-

tive of those considered, Fig. 3), one warmest day was identified 

in each quarter of the year. The selected days and their tempera-

ture distributions are presented in Fig. 4 (bars ‘A’). It was then 

assumed that electric current flowing through the power cables is 

equal to the current-carrying capacity, resulting in a 45 K increase 

in the cable insulation temperature (bars ‘B’ in Fig. 4).  

Furthermore, it was assumed that for half of each quarter, solar 

radiation affects the power cables and causes a specific increase 

in insulation temperature – elevated ‘C’ columns relative to ‘B’ 

columns at selected times of the day. Table 1 provides, for exam-

ple, a detailed summary of temperatures on a given/selected 

warmest day in the third quarter of 2024 – this is a numerical rep-

resentation of the data from Fig. 4c. Column 2 in Table 1 contains 

a summary of the maximum hourly ambient temperatures based 

on meteorological data. Column 3 contains the cable insulation 

temperatures, assuming that the current flowing through the cable 

is equal to the current-carrying capacity – then the cable insulation 

  

Fig. 2. Temperature fields in the cable cross-section at a height  

of 0.5 m above the ground. The arrangement is as in Fig. 1. 

The cable is not subjected to any current. The maximum 

temperature in the analysed cross-section is 51.05°C. 
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temperature increase is 45 K. This corresponds to conditions with-

out solar radiation lasting half of the quarter (assumed to be  

45 days). In the case of solar radiation (the remainder of the 

quarter – also assumed to be 45 days), a further increase in insu-

lation temperature is assumed at individual hours (column 4 in 

Table 1; Note: there is no column 4 for days without solar radi-

ation). The resulting temperature values are shown in column 5. 

Similar calculations as in Table 1 were made for the remaining 

quarters of 2024. 

The rated durability of the insulation (Ln) is assumed to be 

25 years. The long-term permissible temperature dd for PVC in-

sulation is 70C. The temperature x was determined for each 

hour of the day (Fig. 4 and sample detailed data in Table 1), with 

45 days without solar radiation and 45 days with radiation at 

specific times assumed for each quarter.  

Based on the assumptions made above, the durability of the 

insulation at temperature x was calculated according to the fol-

lowing relationship: 

 𝐿𝑥 = 𝐿𝑛2
𝜏dd −𝜏𝑥

𝛥𝜏 , (3) 

where Ln is the rated insulation durability at temperature dd,  

dd – the highest permissible long-term temperature of the power 

cable, x – temperature other than the highest permissible long-

 

Fig. 3. The highest temperature for each day in 2024. Data from the IMGW-PIB Gdańsk Świbno station. 

Own elaboration based on data from IMGW-PIB [30]. 

a) b) 

           
 

c) d) 

             
 

Fig. 4. Daily variation of air and cable insulation temperatures for selected days of 2024 in each quarter (Scenario 1): a) March 31 b) June 30,  

c) August 30, d) October 10. Bars: A – air temperature (IMGW-PIB data from the Gdańsk Świbno measuring station); 

B – calculated temperature of cable insulation in places shielded from direct solar radiation, cable loaded with current (Idd); 

C – calculated temperature of cable insulation in places exposed to direct solar radiation, cable loaded with current (Idd) [30]. 
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term temperature,  – a change in temperature which causes 

a twofold change in the durability of the insulation (assumed 

8 K). Sample calculation results based on Eq. (3) are included in 

Table 2. 

Due to the estimated variation of the cable insulation tem-

perature over time, it is necessary to use the relationship for the 

resultant insulation durability: 

 𝐿tot =
1

∑ (
𝑡𝑖

𝐿𝑥𝑖
)𝑁

𝑖=1

, (4) 

where Lxi ‒ insulation durability corresponding to a given tem-

perature in the considered partial time interval ti, ti ‒ relative par-

tial interval of insulation operating time at a specific tempera-

ture. 

By applying Eq. (4), using the data presented in Fig. 4 and 

other assumptions, it was calculated that the insulation durabil-

ity for the analysed conditions is 17.1 years. The calculations 

show that the expected actual insulation durability is signifi-

cantly lower than the rated durability (25 years). Therefore, to 

maintain the rated insulation durability, the load should be re-

duced by 5.3% compared to the standard current-carrying capac-

ity of power cables in the analysed case. Table 3 presents the 

results of the current-carrying capacity correction, for example, 

PVC-insulated cables with data included in the standard [33]. 

This correction allows for reducing the temperature rise of the 

cables caused by the flowing current from 45 K to approxi-

mately 40 K, which is sufficient to achieve an insulation dura-

bility of 25 years.  

For a different weather scenario, the correction factor will 

have a different value and can be estimated based on tempera-

ture data for the analysed region of the country/world using the 

methodology presented in this study.  

In order to better illustrate the usefulness of the indicated 

calculation method for determining the correction factor, two 

further scenarios were used, based on the actual average temper-

atures (Scenario 2) and lowest temperatures (Scenario 3) from 

the Gdańsk Świbno station, and based on operating time at 

a specific temperature in the year 2024. 

Scenario 2 focuses on the use of average temperatures 

throughout each analysed day. The annual distribution of aver-

age (median) temperatures throughout the year is shown in 

Fig. 5. Similarly to Scenario 1, in Scenario 2, each representa-

tive day in each quarter was selected. The selection was based 

on the temperature in each quarter, as shown in Fig. 6.  

Bars ‘A’, ‘B’ and ‘C’ presented in Fig. 6 were determined 

similarly to Scenario 1. Based on the assumptions made in Sce-

nario 1, the insulation durability at a given temperature was cal-

culated. Example results are provided in Table 4. By applying 

Eq. (4) and the assumptions previously described, the resulting 

insulation durability is 35.31 years. The calculated durability is 

therefore significantly higher than the assumed rated durability 

of 25 years of the insulation.  

To fully utilise the technically assumed durability of cables, 

it is possible to increase the current-carrying capacity of power 

cables. For the assumed weather  Scenario 2,  the  current-carrying  

Table 1. Hourly temperature distribution (°C) for the warmest day 

in the third quarter of 2024 (Scenario 1) – representative day 2024-

08-30 (data from IMGW-PIB). Bars ‘A’, ‘B’, and ‘C’ from Fig. 4. 

 

Time  

of the 

day,  

h 

Ambient 

temp. 

(bars ‘A’), 

°C 

Temperature 

of the cable 

loaded with 

current (Idd), in 

places not ex-

posed to solar 

radiation (bars 

‘B’), °C 

Assumed in-

crease in ca-

ble tempera-

ture due to 

solar radia-

tion, °C 

Temperature of 

the cable loaded 

with current (Idd), 

in places exposed 

to solar radiation 

(bars ‘C’), °C 

0:00 19.5 64.5 0 64.5 

1:00 18.9 63.9 0 63.9 

2:00 18.4 63.4 0 63.4 

3:00 18.3 63.3 0 63.3 

4:00 18.2 63.2 0 63.2 

5:00 18.8 63.8 0 63.8 

6:00 21.7 66.7 0 66.7 

7:00 24.1 69.1 3 72.1 

8:00 25.0 70.0 6 76.0 

9:00 27.7 72.7 9 81.7 

10:00 29.9 74.9 12 86.9 

11:00 31.8 76.8 15 91.8 

12:00 32.5 77.5 18 95.5 

13:00 32.2 77.2 21 98.2 

14:00 25.3 70.3 24 94.3 

15:00 24.0 69.0 27 96.0 

16:00 23.8 68.8 24 92.8 

17:00 22.7 67.7 21 88.7 

18:00 22.4 67.4 18 85.4 

19:00 21.4 66.4 15 81.4 

20:00 20.7 65.7 12 77.7 

21:00 20.2 65.2 9 74.2 

22:00 19.5 64.5 6 70.5 

23:00 18.9 63.9 3 66.9 

 

Table 3. Correction of the current-carrying capacity of PVC-insu-

lated cables to achieve the rated insulation durability (25 years). 

Cables installed in locations exposed to solar radiation. Scenario 1.  

Cross-section of 

conductor, mm2 
2.5 2.5 4 4 6 6 

Number of loaded con-

ductors 
2 3 2 3 2 3 

Current-carrying capa-

city without correction, 

A (according to [33])  

23 19.5 31 26 39 33 

Correction factor 1⨯0.947 

Current-carrying capa-

city after correction, A 
21.8 18.5 29.4 24.6 36.9 31.3 

 

Table 2. Example calculation results based on Eq. (3); Scenario 1.  

Parameter Value Lx, year Comments 

τo, °C 29.9 − − 

τdd, °C 70 − − 

Δτ, K 8 − − 

Δτdd, K 45 − − 

τx1,°C 74.9 16.35 
places not exposed 
to solar radiation 

Δs, K 12 − − 

τx2, °C 86.9 5.78 
places exposed to 

solar radiation 
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capacity of power cables can be adjusted/increased by 4.1%. Ex-

ample values of the current-carrying capacity of power cables be-

fore and after applying the correction factor are given in Table 5. 

The next scenario, i.e. Scenario 3, is based on the use of the 

lowest temperatures throughout each considered day. It is the 

most optimistic and somewhat risky scenario. The annual distri-

bution of the lowest temperatures throughout the year is shown 

in Fig. 7. Similar to the previous two scenarios, each representa-

tive day in each quarter was selected.  

 

Fig. 5. The average temperature for each day in 2024. Data from the IMGW-PIB Gdańsk Świbno station. Own elaboration based on data from IMGW-PIB. 

a) b) 

           
 

c)  d) 

             

Fig. 6. Daily variation of air and cable insulation temperatures for selected days of 2024 in each quarter (Scenario 2):  

a) February 20, b) June 9, c) July 12, d) November 17. Bars: A – air temperature (IMGW-PIB data from the Gdańsk Świbno measuring  

station); B – calculated temperature of cable insulation in places shielded from direct solar radiation, cable loaded with current Idd;  

C – calculated temperature of cable insulation in places exposed to direct solar radiation, cable loaded with current Idd. 

Table 4. Example calculation results based on Eq. (3); Scenario 2.  

Parameter Value Lx (y) Comments 

τo, °C 22.1 − − 

τdd, °C 70 − − 

Δτ, K 8 − − 

Δdd, K 45 − − 

τx1, °C 67.1 32.14 
places not exposed to 

solar radiation 

Δs, K 12 − − 

τx2, °C 79.1 11.36 
places exposed to so-

lar radiation 
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The selection was based on the coldest day in each quarter, 

as shown in Fig. 8. Bars ‘A’, ‘B’ and ‘C’ presented in Fig. 8 

were determined similarly to Scenario 1 and Scenario 2. Based 

on the assumptions made in the example presented, the insula-

tion durability at a given temperature was calculated. The results 

of a sample calculation are provided in Table 6. The resultant 

durability of insulation was obtained as 81.23 years. Similarly 

to Scenario 2, the resulting durability of insulation is higher than 

the rated durability of 25 years. Hence, it is possible to increase 

the current-carrying capacity of power cables by as much as 

12.4%. Further, theoretically, it is possible to introduce a correc-

tion (in this case a significant increase) of the current-carrying 

capacity (Table 7). 

It is obvious that for scenarios 2 and 3 there is no need to 

correct/increase the current-carrying capacity – it can remain at 

the normative level (to maintain a high margin of safety).  

The presented results should be interpreted with consideration 

of the uncertainty associated with the adopted input data and mod-

elling assumptions. First, the numerical analysis was performed 

for a selected set of environmental conditions, including air tem-

perature of 25°C, soil temperature of 12°C, wind speed of 1 m/s, 

solar irradiance of 1000 W/m2, solar incidence angle of 45°, soil 

thermal conductivity of 0.4 W/(m·K), and solar absorptivity of the 

cable surface equal to 0.9. Therefore, the obtained temperature 

rises should be treated as representative for the assumed scenario 

and may vary under different local operating conditions. 

An additional source of uncertainty results from the simplifi-

cations adopted in the numerical model. The calculations were 

carried out as steady-state simulations using the standard k-ε tur-

bulence model with enhanced wall treatment and full buoyancy 

effects. In real outdoor conditions, however, airflow and solar ex-

posure reveal transient behaviour and may change over short peri-

ods. Consequently, the model should be regarded as an engineering 

approximation of the thermal effect rather than reproducing every 

instantaneous operating condition exactly. The uncertainty of the 

cable’s durability calculations is also related to the adopted 

Table 5. Correction of the current-carrying capacity of PVC-insu-

lated cables to achieve the rated insulation durability (25 years). 

Cables installed in locations exposed to solar radiation. Scenario 2.  

Cross-section of 

conductor, mm2 
2.5 2.5 4 4 6 6 

Number of loaded con-

ductors 
2 3 2 3 2 3 

Current-carrying capa-

city without correction, 

A (according to [33])  

23 19.5 31 26 39 33 

Correction factor 1⨯1.041 

Current-carrying capa-

city after correction, A 
23.9 20.3 32.3 27.1 40.6 34.4 

 

 

Fig. 7. The lowest temperature for each day in 2024. Data from the IMGW-PIB Gdańsk Świbno station. Own elaboration based on data from IMGW-PIB. 

Table 6. Example calculation results based on Eq. (3); Scenario 3.  

Parameter Value Lx, year Comments 

τo, °C 9.9 − − 

τdd, °C 70 − − 

Δτ, K 8 − − 

Δdd, K 45 − − 

τx1, °C 54.9 16.35 
places not exposed 
to solar radiation 

Δs, K 6 − − 

τx2, °C 60.9 54.99 
places exposed to 

solar radiation 

 

Table 7. Correction of the current-carrying capacity of PVC-insu-

lated cables to achieve the rated insulation durability (25  years). 

Cables installed in locations exposed to solar radiation. Scenario 3.  

Cross section of conduc-

tor, mm2 
2.5 2.5 4 4 6 6 

Number of loaded  

conductors 
2 3 2 3 2 3 

Current-carrying capa-

city without correction, 

A (according to [33])  

23 19.5 31 26 39 33 

Correction factor 1⨯1.124 

Current-carrying capa-

city after correction, A 
25.9 21.9 34.8 29.2 43.8 37.1 
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thermal-ageing model. In particular, the insulation lifetime was 

estimated using the assumed temperature interval causing a two-

fold change in durability, equal to 8 K, and by applying repre-

sentative daily temperature profiles for selected quarters of the 

year. Thus, the calculated insulation lifetime/durability should be 

interpreted as an estimate of expected long-term thermal exposure 

under the assumed scenarios, rather than as an exact prediction for 

every installation site. Despite these limitations, the proposed 

methodology remains useful for engineering analysis because it 

captures the dominant factors affecting free-air cable thermal 

loading, namely solar radiation and time-varying ambient tem-

perature. The results are therefore suitable for comparative as-

sessments, conservative design studies, and the determination of 

practical correction factors for cable current-carrying capacity. 

4. Conclusions 

The standard and practical determination of the current-carrying 

capacity of power cables assumes a constant design ambient 

temperature throughout the year. The authors of this paper, how-

ever, have proposed an alternative approach based on daily-an-

nual variability of ambient temperature with a step of one hour, 

and accounting for the  direct solar radiation. 

The presented method for determining the expected cable 

temperature and associated insulation durability can be applied 

to electrical installations located in selected regions of the coun-

try or world, knowing, among other things, the local daily and 

annual ambient temperature variability. Taking into account lo-

cal weather conditions, including expected solar radiation, al-

lows for an estimate of cable insulation durability that is close 

to this realistic one. The approach proposed is particularly suit-

able for electrical installations placed on the facade or roof of 

a building. 

The results obtained clearly demonstrate that solar radiation 

may significantly affect the thermal conditions of power cables 

installed in free air, which is consistent with previous findings 

reported in the literature. According to the obtained numerical 

modelling results, the authors’ study indicates that under unfa-

vourable local conditions (e.g. limited airflow), the temperature 

rise may reach values of up to 50 K above the ambient, which is 

comparable to or even exceeds typical design assumptions used 

in standard approaches. 

In comparison with studies focusing on underground cables, 

where the thermal behaviour is strongly governed by soil prop-

erties and relatively stable boundary conditions, cables installed 

in free air are subject to much higher variability of environmen-

tal parameters. This variability is particularly related to insola-

tion level, as well as daily and seasonal changes in ambient tem-

perature, which are usually not taken into account in standard-

based calculations (e.g., IEC 60287), where constant ambient 

temperature is assumed.  

The results obtained in this paper are also consistent with 

other studies analysing the effect of ambient temperature pro-

files on cable current-carrying capacity, which indicate that the 

a) b) 

           
 

c)  d) 

             
 

Fig. 8. Daily variation of air and cable insulation temperatures for selected days of 2024 in each quarter (Scenario 3): a) January 8, b) April 21,  

c) September 30, d) November 23. Bars: A – air temperature (IMGW-PIB data from the Gdańsk Świbno measuring station); 

B – calculated temperature of cable insulation in places shielded from direct solar radiation, cable loaded with current Idd; 

C – calculated temperature of cable insulation in places exposed to direct solar radiation, cable loaded with current Idd. 
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use of constant design temperature may lead to inaccurate esti-

mation of permissible current. However, the present study ex-

tends this approach by combining real hourly temperature data 

with the effect of solar radiation and linking these thermal con-

ditions directly with insulation ageing. 

The contribution of this work is the analytical evaluation of 

insulation durability under realistic operating conditions. While 

previous studies have mainly focused on temperature distribu-

tion or current-carrying capacity calculations, the present ap-

proach demonstrates that neglecting natural environmental var-

iability may lead to a substantial reduction of insulation life-

time/durability (e.g. from 25 years to 17.1 years in the most re-

strictive scenario). This finding highlights the importance of 

considering both solar radiation and time-dependent ambient 

temperature in the design of outdoor electrical installations. 

Furthermore, the proposed methodology allows for the de-

termination of current-carrying capacity correction factor levels 

based on actual climatic data. This represents an advancement 

over standard approaches, which typically do not provide tools 

for such adjustments under variable environmental conditions. 

The obtained correction values (from approximately −5.3% to 

+12.4%, depending on the scenario) indicate that both conserva-

tive and optimised design strategies can be developed using the 

presented method. 

Among the presented scenarios/assumptions for calculating 

the resultant durability of insulation of power cables, the meas-

urement data leading to the determination of the lowest durabil-

ity should be selected. Regarding the data analysed by the au-

thors, it is suggested to adopt Scenario 1 (the most restrictive, 

but the safest) as a representative scenario for determining the 

current-carrying capacity of cables. If the cable system is criti-

cal, one may consider analysing historical temperature data from 

the last few years and taking the least favourable year. 
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1. Introduction 

Since the dawn of civilisation, humans have created and em-

ployed tents constructed from natural materials. These tents 

function as a critical form of emergency shelter [1]. The Inter-

national Federation of Red Cross and Red Crescent Societies 

(IFRC) continuously invests in upgrading tents [2], pointing out 

the significance of tents as essential tools in the initial phases of 

humanitarian assistance. Temporary shelters must be used when 

calamities strike, and there are not enough facilities to house the 

displaced. Shelter is a human right and a necessity for the popu-

lation's physical and mental well-being [3]. 

The unstable global situation, changing weather and climate 

conditions, medical risks, and natural disasters have necessitated 

the need for temporary housing alternatives for the affected pop-

ulation. In addition, well over 42 million individuals have been 

forcibly displaced due to conflicts over the past decade, while 

2.9 billion people have been affected by natural disasters in the 

first twelve years of this century [4−6]. Relief organisations, as 

international aid is estimated in 2019, offer emergency shelter to 

numerous affected individuals [7,8]. 

Thermal comfort refers to being content with ambient tem-

peratures. The absence of adverse sensations associated with 

heat impacts is also assessed. Thermal comfort necessitates a ba- 
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Abstract 

The adjustable tent is utilised in construction sites, military camps, tourist locations, disaster relief efforts, rescue operations, 
nomadic living, and other situations. Current methods offer thermal comfort in tents but may elevate weight, expense and 
complexity. This study introduces a design for a passive solar heating tent that controls internal temperatures using renewable 
solar energy. This tent was designed using SolidWorks, featuring a Nylon 6.6 cover and a metal frame. The study's results 
indicate that the aperture area of the sun's trajectory is essential for the tent's energy harvesting capability. The design's 
principal characteristic is the rectangular prism-shaped air containers, comprising three passive solar containers (PSAC) and 
two insulation containers (ISC). These containers (PSAC and ISC) can be utilised during the winter and stored during the 
summer. To determine the minimum necessary aperture area, we computed the tent's maximum thermal losses, representing 
the required space heating load of 1000 W. We formulated an equation to determine the aperture area of the three-sided tent 
on the sun-exposed sides based on the azimuth and elevation angles that affect the solar collectors. The integration of the five 
containers (PSAC and ISC) with the tent enhances thermal insulation by reducing the heat transfer coefficient from 
6.5 W/(m2‧K) to 0.168 W/(m2‧K). 
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Nomenclature 

A ‒ area, m2 

EoT‒ equation of time 

F ‒ factor 

h ‒ convection heat transfer coefficient, W/(m2‧K) 

H ‒ heat gain, W 

I ‒ rate of solar radiation, W/m2 

K ‒ thermal conductivity, W/(m‧K) 

l ‒ window length, m 

L ‒ tent length, m 

Lat ‒ latitude, o 

Lon ‒ longitude, o 

LT ‒ local time, s 

n ‒ number of the day within the year 

N ‒ number of persons 

Q ‒ power, W 

𝑄̇ ‒ heat flow rate, W 

R ‒ thermal resistance, (m2‧K)/W 

ST ‒ solar time 

STM‒ standard time meridian, o 

th ‒ time hour angle, o 

T ‒ temperature, °C 

U ‒ overall heat transfer coefficient, W/(m2‧K) 

𝑉̇ ‒ volumetric air flow rate, m3/s 

w ‒ window height, m 

W ‒ tent height, m 

Z ‒ azimuth angle, o 

 

Greek symbols 

α ‒ elevation angle, o 

δ ‒ declination, o 

η – conversion efficiency of the black paint 

 

Subscripts and Superscripts 

a  – aperture 

am  – ambient 

c  – cross section 

e  – equipment 

ex  – external 

gain– gain 

h  – harvested energy 

hg  – heat gain 

i  – internal static air 

in  – internal 

inf  – infiltration 

l  – latent 

loss  – heat losses 

o  – outer moving air 

P  – persons 

r  – required power  

S  – sensible 

sp  – space 

t  – total  

u  – usage 

 

Abbreviations and Acronyms  

CLF – cooling load factor 

CPVC– chlorinated polyvinyl chloride 

IAC – insulation air containers 

PMV – predicted mean vote 

PPD – predicted percentage of dissatisfied 

PSAC– passive solar air containers  

lance between body heat production and loss [9−11]. The pre-

dicted mean vote (PMV) and predicted percentage of dissatis-

fied (PPD) indices are frequently employed to assess thermal 

comfort; however, some studies [12,13] suggest that the PPD 

index may not adequately represent individual perceptions in hot 

and humid environments, and PMV-PPD models exhibit certain 

limitations. Yang et al. [14] performed a supplementary study in 

Tianjin to corroborate this assertion. Environmental elements 

and tent attributes, such as materials, heating systems, location, 

and ventilation options, affect thermal comfort [15].  

Conventional solar and non-solar air-conditioning tents 

combine renewable energy with temporary shelter, enhancing 

outdoor comfort. Air conditioning units in these tents maintain 

a stable temperature. Efficient air circulation, which means air-

flow that quickly distributes cooled or heated air, is key to en-

ergy savings and user comfort. High-quality thermal insulation 

materials that slow heat loss or gain, and advanced solar panel 

technology that uses solar cells to convert sunlight into usable 

electricity, are essential. Furthermore, materials that retain heat 

(store warmth for later use), resist fire (are non-flammable), and 

provide waterproofing (prevent water entry) further ensure 

safety and comfort [19]. Solar panels exchange sunlight for elec-

trical energy, which powers air conditioning. Other tents use air-

supply pipes (ducts that guide air) and ventilation fans (devices 

that move air) to boost airflow [20].  

Although these approaches promise the thermal comfort of 

conventional solar and non-solar air-conditioning tents, they 

may also increase the tent's weight, cost, electrical consumption 

and complexity. This study presents a novel theoretical ap-

proach to design a passive solar heating tent that utilises free and 

renewable solar energy to maintain interior temperatures effec-

tively. Using SolidWorks, we were able to design and simulate 

this tent, which has a metal base and a Nylon 6.6 cover. Addi-

tionally, the tent employs a sustainable passive solar system, 

making it environmentally friendly. Furthermore, this study 

highlights the vital effect of the varying aperture area resulting 

from the sun's trajectory on the energy harvested by the tent. 

2. Materials and methods 

We designed a four-person tent featuring a passive solar heating 

system utilising the SolidWorks software. The structure consists 

of a metal frame; it also features an outer layer made of nylon 

6.6 fabric, known for its distinctive properties [21] and com-

monly utilised in parachutes because of its excellent air insula-

tion. The design comprises a rectangular prism consisting of five 

containers – passive solar air containers and insulation air con-

tainers (PSAC and IAC) that can be assembled in the winter and 

disassembled in the summer: three coated passive solar air can-

isters (PSAC) for the walls and two insulating air containers 

(IAC) for the doorway and roof. PSACs are covered with black 
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nitrocellulose paint on one external side of each PSAC to im-

prove solar radiation absorption efficiency. 
The uncoated sides of these PSACs, on the other hand, fea-

ture openings at the top and bottom. The openings at the top and 

bottom of the tent match with the openings on either side of the 

containers. All containers are secured to the tent with adhesive 

tapes bonded to both the tent and the containers. When installed 

within the tent, each painted side of the containers is oriented 

towards the east, south and west, respectively, to optimise solar 

energy collection on their surfaces. Figure 1 (a and b) displays 

the setting.  

 

 

 

 

 

 

 

 

 

 

 

 

 
The tent's entrance is located on the northern side, which is 

the fourth side. The variation in density will result in the energy 

absorbed from solar radiation heating the air within the PSAC, 

causing it to ascend to the top, where it will enter the tent 

through the upper openings, while cooler air will enter the con-

tainer through the lower openings. The air circulation system el-

evates the tent's temperature during the day by employing the 

thermosiphon principle. This study aims to propose a theoretical 

design for an emergency tent with a novel solar heating system. 

This design is ready to be installed at any time, and all necessary 

mathematical calculations to validate it will be presented.  

2.1. Space heating load and harvested energy 

The required heating load is calculated by subtracting the heat 

obtained from occupants and objects within the tent while con-

sidering the heat losses through the tent's walls, ceiling and 

floor, with an internal temperature set at 22°C and an outside 

temperature of 0°C. The heat losses depend on the air properties, 

and the thermal resistances (Rt) are displayed in Fig. 2.  

 

 

 

 

 

 

 

 

 

 

 

 

While the thermal conductivity (k) of the concrete floor 

equals 1.35 W/(m‧K) [22], simultaneously, presuming the soil 

temperature to be between 10ºC and 14ºC. This study highlights 

two layers in the ground: the concrete layer (first) and the un-

derlying soil layer (second). It is worth mentioning that this tent 

can also be set up directly on the ground without the use of 

a concrete layer. 

2.1.1. Total amount of required power (Qr) 

The variation between heat losses (Qloss) and heat gains (Qgain) 

specifies the quantity of heat that must be supplied to the tent for 

the heating load (Qr), which is:  

 𝑄𝑟 = 𝑄𝑙𝑜𝑠𝑠 −  𝑄𝑔𝑎𝑖𝑛, (1) 

where Qr is the total amount of the required power in W. 

 Energy losses (Qloss) 

Load estimation is predicated on the assumption that the energy 

losses (Qloss) of a tent are directly proportional to the temperature 

variation between its interior and exterior. In addition, the tent's 

wall cross sections that face the sun are involved in the calcula-

tions; despite the heat gain from the three PSAC, the calculations 

were based on the maximum thermal losses from the tent's walls, 

ceiling and floor: 

 𝑄𝑙𝑜𝑠𝑠 = 𝑈𝐴𝑐(𝑇𝑠𝑝 − 𝑇𝑎𝑚), (2) 

where Ac denotes the cross-sectional area of each layer. The 

overall heat transfer coefficient (U) for each element of the outer 

casing is obtained by the thermal resistance method, which ac-

counts for the resistance of the convectional heat transfer on the 

inner and outer surfaces and the thermal conductivity resistance 

of all the layers of the material. 

The overall heat transfer coefficient is given by [23]: 

 𝑈 =  
1

𝑅𝑡
=

1
1

ℎ𝑖
+∑

𝑥

𝑘
+

1

ℎ𝑜 

, (3) 

where X is the nylon 6.6 fabric thickness (0.8 mm); the thermal 

conductivity (k) of nylon used in the walls and roof is  

0.25 W/(m·K), whereas the thermal conductivity of air is  

0.0257 W/(m·K), the containers' thickness is 15 cm. The floor 

thickness is specified as 10 cm for concrete and 1 m for soil.  

The convection heat transfer coefficient for internal static air 

is 8.29 W/(m2·K), while the coefficient for moving air in winter 

is 34.1 W/(m2·K) [22].  

The total losses can be calculated as: 

 𝑄𝑙𝑜𝑠𝑠 = 𝑄1 + 𝑄2 + 𝑄3 + 𝑄4 + 𝑄5 + 𝑄6 +  𝑄7 + 𝑄𝑖𝑛𝑓 , (4) 

Taking into account thermal losses: through the tent walls  

(Q1, Q2, Q3), windows (Q4), door (Q5), ceiling (Q6), floor (Q7), 

and through infiltration (Qinf). The notations (1−7) correspond to 

the values of Ac listed in Table 1.  

 Energy gain (Qgain) 

Persons residing in air-conditioned environments experience 

a loss of sensible heat that fluctuates according to their condi-

 

Fig. 1. (a) PSAC and IAC elements, and  

(b) PSAC and IAC assembled in the tent.  

 

Fig. 2. Thermal resistances across the wall [23]. 
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tion. This occurs because their bodies release heat when exposed 

to the tent's inner air, which is at 37°C. Furthermore, latent heat 

is generated from sweat on the body's surface and the evapora-

tion of water in the lungs, which contributes thermal energy and 

decreases the heating load, along with the heat gain from elec-

trical equipment: 

 𝑄𝑔𝑎𝑖𝑛 =  𝑄𝑃 + 𝑄𝑒. (5) 

The sensible heat gained by individuals (QS) can be calcu-

lated using the equation [22]: 

 𝑄𝑆 =  𝑁𝑃  𝐻𝑆  𝐶𝐿𝐹. (6) 

In refrigeration calculations, CLF denotes the cooling load 

factor, but in this context, it refers to the heat gain load factor 

per person. The value of Hs is dependent upon the person’s ac-

tivities within the tent and its magnitude. The latent heat gain 

from occupants (Ql) in a space is expressed by the subsequent 

equation: 

 𝑄𝑙 =  𝑁𝑃 𝐻𝑙  . (7) 

Hl denotes the latent heat rate for an individual within the 

space, with its value dependent upon the nature of the person’s 

activity.  

The total heat gain due to the presence of people inside the 

tent (Qp) was calculated from the following equation: 

 𝑄𝑃 =  𝑄𝑆 + 𝑄𝑙, (8) 

When calculating the heat gain load from equipment in the 

tent, references equate this gain to the power consumption of the 

devices, taking into account usage factors, and calculate the heat 

gains as follows [22]: 

 𝑄𝑒 = 𝑃𝑒  𝐹𝑢 𝐹ℎ𝑔, (9) 

where Qe is the heat gain from equipment (W), Pe is the equip-

ment power (W), Fu is the usage factor 

 𝐹𝑢 =  
𝐴𝑐𝑡𝑢𝑎𝑙 𝑜𝑝𝑒𝑟𝑎𝑡𝑖𝑛𝑔 𝑡𝑖𝑚𝑒

𝐷𝑒𝑠𝑖𝑔𝑛 𝑝𝑒𝑟𝑖𝑜𝑑
; (10) 

Fhg is the heat gain factor, and the design period is 10 hours.  

2.2. The main components of the tent and solar  

heating system 

2.2.1. The main metal structure assembly 

Figure 3 illustrates a primary metal framework of the tent (of 

size 4 m  4 m  2 m) designed for fast assembly and disassem-

bly, which utilises metal assemblies secured at each of its eight 

corners with screws and nuts. The subsequent assemblies are as 

follows: for each tent, two symmetrical side metal components, 

fabricated from 40 mm  40 mm  1.25 mm square hollow sec-

tion tubes, are employed. The symmetrical complexes on the 

right and left are interconnected at the top by ribs made of  

a square hollow section, with bond plates at the ends that attach 

the components affixed to the aforementioned complexes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

The next phase includes affixing the door frame to the pri-

mary construction of the tent utilising a door hinge. Subse-

quently, a body constructed from nylon 6.6 fabric is sewn and 

positioned over the framework in accordance with Fig. 4.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Finally, the door fabric is attached to the door structure and 

metal frame using connecting belts and a fabric label. This con-

nection allows air to pass between the frame and the fabric, ef-

fectively eliminating the effect of heat conduction between 

them. 

2.3. PSAC and IAC  

During this step, we have connected PSAC, specifically the left, 

right and rear, along with IAC for the door and roof. This pro-

cedure is illustrated in Fig. 5, which depicts the connections us-

ing belts and fabric sticker labels around the windows and their 

edges. PSAC and IAC are equipped with valves for the primary 

purpose of air filling. In order to take the form of a parallel rec-

tangular shape, it employs an assembly of plastic tubes  

(2” C.P.V.C SCH 80) as illustrated in Fig. 6 to maintain their 

shapes by linking them at the outer corners and ends of the con-

tainers (PSAC and IAC), as depicted in Fig. 5. 

 

 

 

 

  

Fig. 4. The fabric framework of the tent. 

 

Fig. 3. The tent metal assemblies and their connections. 
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2.4. Sun trajectory calculations  

Static solar containers (PSACs) capture solar radiation through 

their variable aperture area, defined as the section of PSAC ori-

ented toward the sun that receives incident solar radiation. This 

mechanism controls the amount of solar energy harvested. The 

aperture area of PSAC varies from sunrise to sunset as the solar 

angles (azimuth and elevation) change. To compute the chang-

ing aperture of three PSACs facing the sun as a function of ele-

vation and azimuth solar angles, the following mathematical re-

lation was developed, Eq. (11): 

 𝐴𝑎 (𝑧, α) = 𝐿 cos(90 + 𝑍) 2 cos(90 − 𝛼) +  

 +𝑊 cos(𝑍) 2 cos(𝛼). (11a) 

When subtracting the area of the tent windows, the equation 

becomes as follows:  

 𝐴𝑎 (𝑧, α) = 𝐿 cos(90 + 𝑍) 2 cos(90 − 𝛼) +  

 −2𝑙 cos(90 + 𝑍) 𝑤 cos(90 − 𝛼) +  

 +𝑊 cos(𝑍) 2 cos(𝛼). (11b) 

where Z denotes the azimuth angle, α represents the elevation 

angle. L and W indicate the length and height of PSAC, while  

l and w identify the length and height of the windows. The ele-

vation angle (α) is determined according to [24]: 

 𝛼 = 𝑠𝑖𝑛−1(cos(𝐿𝑎𝑡) cos(𝛿) cos(𝑡ℎ) + sin(𝐿𝑎𝑡) sin(𝛿)),  

(12) 

𝑤here th is the time hour angle, Lat is the position's latitude 

(33.27°), and δ is the declination. These parameters can be de-

termined as [24–27]: 

 𝛿 = 23.45 sin (
360

365
(284 + 𝑛)), (13) 

where n represents the number of the day within the year, and 

 𝑡ℎ = 15(𝑆𝑇 − 12). (14) 

The solar time (ST) can be determined from [19]:  

 𝑆𝑇 = 𝐿𝑇 + 4(𝐿𝑜𝑛 − 𝑆𝑇𝑀) + 𝐸𝑜𝑇, (15) 

where LT is the local time, Lon is the local longitude (44.4°E), 

STM is the standard time meridian (45°E), EoT is the equation 

of time, which reads as [28]: 

𝐸𝑜𝑇 = 9.87 sin(2𝛽) − 7.53 cos(𝛽) − 1.5 sin (𝛽), (16) 

 𝛽 =
360

364
(𝑛 − 81), (17) 

 𝑍 = arcsin(sec(𝛼) cos(𝛿) sin(𝑡ℎ)). (18) 

3. Results and discussion 

3.1. Energy losses and energy gain 

 Energy losses (Qloss) 

First, we have to set the values for the overall heat transfer  

coefficients using Eq. (3): U1 = 0.168 W/(m2‧K) for the right, 

left and rear walls and also for the door wall and ceiling,  

U2 = 6.5 W/(m2‧K) for the door, U3 = 6.27 W/(m2‧K) for the 

windows, U4 = 5.14 W/(m2‧K) for the floor.  
Using Eq. (2) to calculate the heat losses yields the results 

presented in Table 1 for the floor concrete thickness of 10 cm 

and for dry soil of thickness 1 m (effective depth). 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Note that the air infiltration (𝑄̇inf) is a contributing factor to 

heat loss and can be calculated using the method [22]: 

 𝑄̇𝑖𝑛𝑓 =  1.22 𝑉̇(𝑇𝑠𝑝 − 𝑇𝑎𝑚), (19) 

where 𝑉̇ represents the volumetric rate of air exchange, deter-

mined as: 

  𝑉̇ =
𝑉 𝑛

3600
. (20) 

 

Fig. 5. Tent structure incorporating PSAC and IAC  

with CPVC tubing assembly. 

 

Fig. 6. Outer support tube assembly. 

Table 1. Details of heat losses calculations. 

Heat  
losses 

Cross section 
area, m2 

Values, 
W 

Details 

Q1 7.52 55.58 right and left tent walls 

Q2 8 29.6 rear wall 

Q3 6.2 22.9 door wall 

Q4 0.96 132.4 windows 

Q5 1.8 257.4 door 

Q6 16 59.1 ceiling 

Q7 
16 
16 

822.4 
80 

floor (concrete) 
floor (dry soil) 
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The value n indicates the quantity of air changes. Assuming 

one-time air change (1), V represents the volume of a tent cov-

ering 32 m³. Applying the preceding formula, we derive: 

  𝑉̇ =  0.00889 m3/s.  

By substituting values of Tsp = 22°C and Tam = 0°C into  

Eq. (19), we obtain: 

 𝑄̇𝑖𝑛𝑓 =238.8 W.  

Placing the data from Table 1 and 𝑄̇inf into Eq. (4) gives:  

 𝑄𝑙𝑜𝑠𝑠 = 1618 W.  

 Energy gain (Qgain) 

In the context of minor activities such as sitting or light work, 

the CLF value is 0.65, while the CLF value varies according to 

the duration of an individual's presence, with a range of 0.5−0.79 

for a 4-hour presence [22]. Inputting the values of HS, CLF and 

the number of individuals, NP, into the aforementioned Eq. (6) 

yields: 

 𝑄𝑠 = 182 W.  

In addition, for sitting or light work, Hl is measured at  

55 W [22]. Substituting values of Hl and the number of individ-

uals into Eq. (7) yields: 

 𝑄𝑙 = 220 W.  

Finally, substituting the values of QS and Ql into Eq. (8) re-

sults in: 

 𝑄𝑃 = 402 W.  

Assuming that the devices operate at completely full power, 

the heat gain factor is equal to 1, and the usage factor is based 

on actual operating time of the equipment. The calculations of 

the heat gain by the equipment using Eq. 9 are detailed in  

Table 2. The total heat gain by the equipment is 216 W. 

 

 

 

 

 

 

 

 

 

 

 

 

 

By substituting values of Qp = 402 W and Qd = 216 W in  

Eq. (5), we obtained the following: 

 Qgain = 618 W.  

 

 

3.2. Total amount of required power (Qr) 

From Eq. (1): Qr = 1000 W. Now the total energy (Qt) required 

to heat the tent for a duration of 10 hours is as follows:  

 𝑄𝑡 =  𝑄𝑟 𝑢𝑠𝑒𝑑 ℎ𝑜𝑢𝑟𝑠 𝑜𝑓 𝑑𝑎𝑦, (21) 

 𝑄𝑡 =  1000  10 hours  3600 = 36000 kJ = 10 kWh.  

3.3. Harvested energy and optical calculations 

The energy collected from the sun via the PSAC is called har-

vested energy (Qh). This energy can be expressed as: 

 𝑄ℎ = 𝐼 𝐴𝑎 𝜂. (22) 

To find the minimum aperture area (Aa) of the passive solar 

energy collector that must be exposed to solar radiation to meet 

the required load (as much as possible), we must assume that the 

calculated total energy (36000 kJ) is equal to the harvested en-

ergy (Qh). Now: 

 𝐴𝑎 =
𝑄𝑡

𝐼𝜂
. (23) 

Between October and March, the average solar radiation for 

the winter, over a six-month duration of 10 hours daily, is 

3.868 kWh/m2 [29]. The absorptance of the black paint (cellu-

lose nitrate) is 0.78, representing η [30]. Consequently, the re-

quired aperture area for the passive solar collector is: 

 𝐴𝑎 =
10 kWh

3.868 kWh/m2 x  0.78
= 3.31 m2.  

Applying a cumulative method with spatial adjustments 

based on the sun's trajectory (azimuth and elevation) as detailed 

in Eqs. (11)−(18), Table 3 presents the amount of harvested en-

ergy obtainable over a nine-hour period. Measurements were 

recorded every ten minutes (see the appendix); however, for 

simplicity, the data presented in Table 3 represents hourly aver-

ages throughout the day. The coordinates for Baghdad, Iraq 

(33.27°N, 44.38°E) were employed in the calculations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 2. Details of the heat gain load for the equipment. 

Equipment 
Device 

number 
Total  

Power, W 

Actual  
operating  

time, h 

Usage 
factor 

Heat 
gain, 
 W 

Laptop  
and charger 

2 130 4 0.4 52 

Mobile charger 4 40 0.5 0.05 2 

Kettle 1 2000 0.5 0.05 100 

Monitor LED 1 70 6 0.6 42 

Lighting LED 2 20 10 1 20 

 

Table 3. The detailed data of harvested energy and actual aperture area 

with corresponding azimuth and elevation angles for every hour. 

Time, 
hh:mm 

Azimuth, 
deg. 

Elevation, 
deg. 

Aperture 
area, m2 

Solar radiation, 
W/m2 

Energy, 
kJ 

07:30 a.m. −58.16 4.42 4.71 19 - 

08:30 a.m. −48.64 14.49 6.54 169 1508.3 

09:30 a.m. −37.24 23.05 7.65 300 4727.8 

10:30 a.m. −23.62 29.42 7.87 400 7832.4 

11:30 a.m. −8.04 32.85 7.23 454 9167.5 

12:30 p.m. 8.35 32.82 7.23 454 9015.0 

01:30 p.m. 23.90 29.32 7.87 403 9239.6 

02:30 p.m. 37.48 22.90 7.65 311 7949.3 

03:30 p.m. 48.84 14.31 6.54 174 4981.7 

04:30 p.m. 58.33 4.22 4.71 21 1497.2 
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Since the outside air temperature was assumed to be 0°C and 

the inside tent temperature was 22°C, we could calculate the re-

quired heating load by calculating the tent's thermal losses. Ac-

cording to Eq. (21), the calculations produced a heating energy 

load of 36 000 kJ. If the indoor temperature rises above 22°C, 

the windows can be opened to maintain the desired value. 

On December 21, the shortest day of the year, which pro-

duces the least amount of energy during the winter, the accumu-

lation approach can be used to measure the outcome at 10-mi-

nute intervals [31]. 

Figure 7 depicts the variation in the aperture area (Col. Area) 

as it correlates with changes in azimuth (Azm.) and elevation 

(Elev.) throughout the day. 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 7 demonstrates that while elevation and azimuth var-

ies throughout the day, the actual aperture area consistently ex-

ceeds its minimum calculated value of 3.31 m2, indicating that 

the energy collected would be greater than the requirements for 

space heating.  

Figure 8 illustrates the variation in aperture area in connec-

tion with variations in azimuth and elevation over a half-day pe-

riod (from 7:30 a.m. to 12:00 p.m.). The identical occurrence is 

expected to take place throughout the forthcoming half-day 

(from 12:00 p.m. to 4:30 p.m.). The changing aperture area and 

the intensity of solar radiation will influence the efficiency of 

energy harvested from PSAC. The section of the aperture area 

curve depicted in Fig. 8 aligns with the Gaussian model, as il-

lustrated within the figure. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

By employing Eq. (22), we can compute how much energy 

the PSAC captured from the sun's rays for the entire shortest 

winter day, as illustrated in Fig. 9. The result was 55 919.04 kJ. 

The solar radiation data for December 21 demonstrate the effect 

of changes in the aperture area (Aa) and solar radiation (S. Rad.) 

values on the quantity of harvested energy produced, as shown 

in Fig. 9.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

At 10:10 a.m., the maximum aperture area was measured as 

7.898 m2, with solar radiation recorded at 374 W/m2, resulting 

in an energy gain of 1352.7 kJ. The highest recorded energy was 

1542.44 kJ at 11:30 a.m. The aperture area measured 7.23 m2 

under solar radiation of 454 W/m2. This variation arises from the 

simultaneous influence of aperture areas and solar radiation val-

ues on the energy obtained. 

6. Conclusions 

The project aimed to develop an innovative technique for de-

signing an emergency passive solar heating tent that utilises re-

newable and cost-free solar energy to maintain appropriate in-

ternal temperatures.  

The research demonstrates that a tent measuring  

4 m  4 m  2 m can accommodate up to four people while 

providing the necessary space-heating load and usable solar en-

ergy. Another advantage of the tent is the simplicity of assembly 

and disassembly. The aperture area of PSAC, which varies 

throughout the day as the sun traverses the sky, determines the 

amount of energy that may be harvested. 

This design simulation focuses only on the volumetric rate 

of air exchange and assumes one-time air change for simplicity.  

Additional practical parameters, such as wind speed, pres-

sure differences, air temperature differences and minimum ven-

tilation, could influence the calculation of the heat losses. All 

these parameters will be taken into account in our future work. 
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Appendix  

Table 4 presents the results of calculations of the harvested en-

ergy every ten minutes, along with the effects of azimuth and 

elevation on the aperture area and amount of energy harvested. 
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Table 4. The detailed data of harvested energy and actual aperture area every ten minutes with corresponding azimuth and elevation angles. 

Time, hh:mm Azimuth, deg. Elevation, deg. Aperture area, m2 Solar radiation, W/m2 Energy, kJ 

07:30 AM −58.16 4.42 4.71 19 - 

07:40 AM −56.68 6.19 5.05 38 65.11 

07:50 AM −55.17 7.91 5.38 63 123.34 

08:00 AM −53.60 9.61 5.70 90 198.38 

08:10 AM −51.10 11.28 5.10 116 281.88 

08:20 AM −50.35 12.90 6.27 143 371.90 

08:30 AM −48.64 14.49 6.54 169 467.74 

08:40 AM −46.88 16.04 6.78 192 562.44 

08:50 AM −45.08 17.54 6.10 213 652.80 

09:00 AM −43.20 18.10 7.19 234 742.30 

09:10 AM −41.28 20.40 7.37 254 831.67 

09:20 AM −39.29 21.75 7.52 274 919.93 

09:30 AM −37.24 23.05 7.65 300 1018.70 

09:40 AM −35.12 24.28 7.75 323 1122.28 

09:50 AM −32.96 25.45 7.82 340 1208.05 

10:00 AM −30.71 26.55 7.87 359 1283.91 

10:10 AM −28.41 27.58 7.898 374 1352.70 

10:20 AM −26.05 28.54 7.896 389 1410.05 

10:30 AM −23.62 29.42 7.87 400 1455.43 

10:40 AM −21.14 30.21 7.82 414 1494.01 

10:50 AM −18.62 30.92 7.74 422 1521.93 

11:00 AM −16.03 31.55 7.64 429 1531.93 

11:10 AM −13.40 32.08 7.52 436 1535.09 

11:20 AM −10.74 32.51 7.38 448 1542.14 

11:30 AM −8.04 32.85 7.23 454 1542.44 

11:40 AM −5.31 33.10 7.06 465 1536.25 

11:50 AM −2.59 33.24 6.87 465 1516.05 

12:00 PM 0.16 33.29 6.68 466 1476.56 

12:10 PM 2.90 33.23 6.875 463 1473.39 

12:20 PM 5.63 33.08 7.06 454 1494.86 

12:30 PM 8.35 32.82 7.23 454 1517.87 

12:40 PM 11.05 32.47 7.38 453 1550.10 

12:50 PM 13.70 32.02 7.52 448 1571.80 

01:00 PM 16.33 31.48 7.64 433 1563.48 

01:10 PM 18.90 30.85 7.74 420 1535.53 

01:20 PM 21.43 30.13 7.82 414 1518.29 

01:30 PM 23.90 29.32 7.87 403 1499.52 

01:40 PM 26.33 28.43 7.90 393 1468.34 

01:50 PM 28.67 27.47 7.90 373 1415.60 

02:00 PM 30.97 26.43 7.87 366 1363.77 

02:10 PM 33.20 25.32 7.82 350 1315.13 

02:20 PM 35.37 24.15 7.75 328 1235.38 

02:30 PM 37.48 22.90 7.65 311 1151.10 

02:40 PM 39.52 21.60 7.52 293 1071.94 

02:50 PM 41.50 20.25 7.37 268 977.43 

03:00 PM 43.42 18.83 7.19 245 874.27 

03:10 PM 45.28 17.37 6.10 228 785.47 

03:20 PM 47.08 15.87 6.78 200 689.87 

03:30 PM 48.84 14.31 6.54 174 582.69 

03:40 PM 50.54 12.72 6.30 146 479.73 

03:50 PM 52.18 11.09 5.10 119 380.51 

04:00 PM 53.78 9.42 5.70 92 288.72 

04:10 PM 55.34 7.72 5.38 57 193.19 

04:20 PM 56.85 5.99 5.05 26 101.36 

04:30 PM 58.33 4.22 4.71 21 53.69 

 



 

 

 



 

1. Introduction 

Urban green spaces such as public gardens and parks play 

a critical role in improving environmental quality, mitigating ur-

ban heat island effects and enhancing social well-being, partic-

ularly in densely populated cities located in hot-arid regions. 

However, maintaining these green infrastructures requires relia-

ble and continuous irrigation, which in many developing coun-

tries still depends heavily on diesel-powered pumping systems. 

These systems are associated with high operational costs, fuel 

supply vulnerability, noise and significant greenhouse gas emis-

sions [1–3]. As cities expand and climate conditions  deteriorate,  
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Abstract 

This study presents a comprehensive energy, techno-economic and environmental assessment of a dual-use grid-connected 
photovoltaic canopy system implemented in a public urban garden in Baghdad, Iraq, under hot-arid climatic conditions. The 
photovoltaic system, designed as shading canopies integrated within recreational areas, has a total installed capacity of  
84.5 kWp and operates under a net-metering configuration without battery storage. The system performance was evaluated 
using PVsyst simulation and independently cross-checked through a simplified analytical model developed in a spreadsheet-
based framework using monthly solar-resource inputs and aggregate loss assumptions. The analytical model reproduced the 
same seasonal behaviour as the PVsyst simulation, with an annual deviation of only 1.51%. The results indicate an annual 
electricity generation of 133 189 kWh, corresponding to a specific yield of 1 577 kWh/kWp per year and a performance ratio 
of 79.6%, demonstrating reliable operation despite high ambient temperatures, dust exposure and other site-related losses. The 
irrigation demand of the public garden is supplied by a 4-hp electric pump requiring approximately 2 200 kWh per year, which 
represents only about 1.6% of the total annual photovoltaic production. Consequently, more than 130 MWh per year of surplus 
electricity is available for export to the national grid. The economic analysis revealed a levelised cost of electricity of approx-
imately 44 IQD/kWh (≈ 0.034 USD/kWh), substantially lower than the prevailing commercial electricity tariff of about  
120 IQD/kWh (≈ 0.092 USD/kWh), with a simple payback period of about 6 years and an internal rate of return of approxi-
mately 18%. Environmentally, replacing the previous diesel-based irrigation supply with the photovoltaic-supported electric 
system leads to an estimated annual reduction of approximately 113 tonnes of CO2 emissions. Overall, the findings demonstrate 
that photovoltaic canopy systems provide a technically reliable, economically attractive and environmentally effective solution 
for urban irrigation while simultaneously delivering shading benefits, supporting grid interaction and improving the sustaina-
bility of public green spaces in hot-arid regions. 

Keywords: Photovoltaic canopy; Urban solar irrigation; Grid-connected photovoltaic system; Techno-economic assessment; 

CO2 mitigation; Hot-arid climate 

Vol. 47(2026), No. 3, 79‒88; doi: 10.24425/ather.2026.3657 

Cite this manuscript as: Mahdi, E.J., Hussein, H.F., & Ata, A.I. (2026). Dual-use PV canopies for public gardens: Performance, techno-

economic feasibility and CO2 mitigation of an 84.5 kWp grid-tied system in Baghdad, Iraq. Archives of Thermodynamics, 47(3), 79−88. 

http://www.imp.gda.pl/archives-of-thermodynamics/
https://www.editorialsystem.com/editor/aot/article/576356/view/
mailto:husseinalaubi@live.co.uk
https://www.editorialsystem.com/editor/aot/article/576356/view/


Mahdi E.J., Hussein H.F., Ata, A.I.  
 

80 
 

Nomenclature 

Eanalytical ‒ energy estimated by the simplified analytical model, kWh 

Em  ‒ monthly electrical energy output, kWh  

EPVsyst ‒ monthly or annual energy yield predicted by PVsyst, kWh 

Hm  ‒ monthly in-plane solar irradiation, h  

Pr  ‒ rated PV system capacity, kWp  

PRm ‒ monthly effective performance ratio 
 

Abbreviations and Acronyms 

AC ‒ alternating current 

DC ‒ direct current  

IQD ‒ Iraqi dinar 

IRR ‒ internal rate of return  

LCOE ‒ levelised cost of electricity  

PV ‒ photovoltaic 

STC ‒ standard test conditions  

the energy–water nexus in urban irrigation has become an in-

creasingly important challenge. 

Photovoltaic (PV) energy has emerged as one of the most 

promising solutions for sustainable irrigation due to its modu-

larity, declining costs, and suitability for regions with high solar 

irradiance [4–6]. In arid and semi-arid climates, solar energy 

availability often coincides with peak irrigation demand, making 

PV-powered irrigation systems particularly attractive. Never-

theless, most existing studies have focused on rural or agricul-

tural irrigation schemes, frequently relying on off-grid configu-

rations with battery storage, which increases system complexity, 

cost, and long-term maintenance requirements [7,8]. In contrast, 

grid-connected PV systems without storage, operating under 

net-metering schemes, remain underexplored for urban irriga-

tion applications. 

Recent research has emphasised the importance of system 

performance, degradation behaviour, and thermal effects on PV 

installations operating in harsh climates. Long-term exposure to 

high ambient temperatures, dust accumulation and thermal  

cycling can significantly affect PV efficiency and reliabili- 

ty [9–11]. Detailed performance assessment and loss analysis 

are therefore essential to ensure realistic energy yield predic-

tions. Previous investigations have demonstrated that careful 

system design and monitoring can maintain high performance 

ratios even under challenging environmental conditions [12]. 

These aspects are particularly relevant for urban installations, 

where shading, architectural constraints and multifunctional 

land use must be considered. 

An emerging concept in urban solar integration is the use of 

dual-use PV canopies, where PV modules are installed as shad-

ing structures over public spaces. Such systems offer multiple 

benefits: electricity generation, thermal comfort for users, re-

duced surface temperatures and improved land-use efficiency 

[13–15]. When applied to public gardens, PV canopies can sim-

ultaneously support irrigation energy demand and provide 

shaded recreational areas, contributing to both environmental 

sustainability and social value. Despite these advantages, quan-

titative assessments of PV canopy systems for urban irrigation, 

especially in hot-arid cities, remain limited in the literature.  

In parallel, techno-economic analyses have become a corner-

stone of evaluating renewable energy projects, particularly in re-

gions where fossil-fuel-based solutions are still economically 

dominant. Studies conducted under Iraqi climatic conditions 

have demonstrated the critical role of thermal behaviour, mate-

rial performance and system aging in determining the long-term 

viability of solar energy systems [16–18]. Moreover, replacing 

diesel-driven systems with electrically powered alternatives 

supplied by PV energy can yield substantial reductions in oper-

ating costs  and  carbon  emissions,  provided  that  system  sizing  

and grid interaction are properly optimised [19]. 

Against this background, the present study addresses a clear 

research gap by providing a comprehensive energy, techno-eco-

nomic and environmental assessment of a grid-connected PV 

canopy system used for urban irrigation in a hot-arid climate. 

The study is based on a real public garden located in Baghdad, 

Iraq, where a dual-use PV canopy system with an installed ca-

pacity of 84.5 kWp supplies a relatively small irrigation load 

while exporting most of the generated electricity to the national 

grid. Using PVsyst-based simulation, an independent simplified 

analytical model, realistic load profiles and detailed economic 

and emissions analysis, this work aims to:  

(i) quantify the energy performance of the PV canopy system 

under local climatic conditions,  

(ii) evaluate its economic feasibility in comparison with con-

ventional diesel-based irrigation,  

(iii) assess its contribution to CO2 emission mitigation.  

In addition to detailed software-based simulation, the study 

introduces an independent engineering cross-check model to en-

hance methodological transparency and improve the reproduci-

bility of PV canopy performance estimation under hot-arid op-

erating conditions. The analytical cross-check showed an annual 

deviation of only 1.51% relative to the PVsyst prediction, con-

firming acceptable agreement between the two approaches. The 

results provide practical insights for municipalities and deci-

sion-makers seeking scalable, multifunctional solar solutions for 

sustainable urban green infrastructure. 

2. System description and methodology 

2.1. Site description and climatic conditions 

The investigated system is installed in a public urban garden lo-

cated in Al-Ghazālīyah district, Baghdad, Iraq, at geographic co-

ordinates of 33.33°N latitude and 44.27°E longitude, with an av-

erage altitude of approximately 28 m above sea level. The site 

lies within a hot-arid climatic zone, characterised by long, dry 

summers, high solar irradiance and elevated ambient tempera-

tures during the irrigation season. 

Baghdad receives high annual solar potential, with average 

global horizontal irradiation exceeding 1 800 kWh/m² per year, 

making it highly suitable for photovoltaic energy deployment. 

However, the same climatic conditions impose challenges re-

lated to thermal losses, dust accumulation and long-term system 

performance, which necessitate realistic modelling and con-

servative performance assumptions [9,11]. The geographical lo-

cation of the public garden, the  spatial  arrangement  of  the  PV 

canopy system, and the near-shading environment are illustrated 

in Fig. 1. 
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2.2. Description of the PV canopy system 

The photovoltaic installation is designed as a dual-use PV can-

opy system, where PV modules are mounted on shading struc-

tures integrated within the garden area. These canopies simulta-

neously provide electrical energy generation and shaded spaces 

for park users, thereby improving land-use efficiency and ther-

mal comfort. 

The total installed PV capacity of the system is 84.5 kWp, 

consisting of 128 monocrystalline PV modules, each rated at 

660 Wp under standard test conditions (STC). The modules are 

arranged in eight strings of sixteen modules, mounted at a fixed 

tilt angle of 15° and an azimuth of 0°, optimised for annual en-

ergy production under local conditions. The total active module 

area is approximately 398 m². The structural configuration of the 

dual-use photovoltaic canopy system and its integration within 

the public garden are illustrated in Fig. 2.  

Power conversion is achieved using two grid-connected in-

verters, each rated at 40 kWac, resulting in a direct current to 

alternating current (DC-to-AC) power ratio of approximately 

1.06, which is consistent with best practices for minimising in-

verter clipping while enhancing energy yield. The system oper-

ates without battery storage and is directly connected to the na-

tional grid under a net-metering configuration.  

The site characteristics and main technical specifications of 

the investigated grid-connected PV canopy system, including in-

stalled capacity, array configuration and inverter characteristics, 

are summarised in Table 1. 

 

2.3. Irrigation load characterisation 

The irrigation demand of the public garden is supplied by a sin-

gle electric water pump rated at 4 horsepower (≈2.98 kW). Field 

inspection and operational assessment indicated that the garden 

requires approximately 10 000 litres of water per day, which can 

be delivered by operating the pump for two hours daily. 

Under these operating conditions, the annual electricity  

consumption of the irrigation pump is approximately  

2 200 kWh per year.  Compared  with  the  annual  PV  electricity  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Geographical location of the investigated public garden in Al-Ghazālīyah district, Baghdad, Iraq, showing the spatial layout  

of the PV canopy system and the corresponding near-shading and iso-shading analysis obtained from PVsyst. 

 

Fig. 2. Schematic configuration of the dual-use photovoltaic canopy 

system integrated within the public garden, showing the PV module  

arrangement, supporting structures, and the associated electrical  

components supplying irrigation and exporting surplus  

electricity to the grid. 
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production of the system, the irrigation load represents only 

about 1.6% of the total generated energy, allowing the majority 

of the PV output to be exported to the grid. This low load-to-

generation ratio highlights the suitability of grid-connected op-

eration and the economic importance of surplus energy export. 

2.4. Performance modelling and simulation approach 

The energy performance of the PV canopy system was evaluated 

using PVsyst (version 7.4.8), a widely validated simulation tool 

for photovoltaic system analysis. The model incorporates site-

specific meteorological data derived from the Meteonorm data-

base, including solar irradiance, ambient temperature and sea-

sonal variability. The simulation accounts for the principal sys-

tem losses, including soiling losses, thermal losses due to ele-

vated module operating temperatures, light-induced degrada-

tion, module mismatch losses, ohmic losses in DC wiring, in-

verter conversion losses, and system unavailability. Near-shad-

ing effects caused by the canopy configuration were modelled 

using the linear shading approach implemented in PVsyst. The 

overall system performance was quantified using standard indi-

cators, including annual energy yield, specific yield and perfor-

mance ratio (PR). 

2.5. Simplified analytical model and cross-validation 

approach 

To complement the PVsyst-based simulation and improve meth-

odological transparency, a simplified analytical model was de-

veloped to independently estimate the annual and monthly en-

ergy output of the PV canopy system. The analytical approach 

was based on the installed PV capacity, monthly solar resource 

and aggregate performance losses under local operating condi-

tions. 

The monthly electrical energy yield of the PV canopy system 

was estimated using the following simplified relationship: 

 𝐸𝑚 = 𝑃𝑟  𝐻𝑚   𝑃𝑅𝑚, (1) 

where Em is the monthly electrical energy output (kWh), Pr is 

the rated PV system capacity (kWp), Hm is the monthly in-plane 

solar irradiation expressed in equivalent peak-sun-hours, and 

PRm is the monthly effective performance ratio. The term PRm 

incorporates the main loss mechanisms affecting system opera-

tion, including thermal losses, soiling losses, mismatch losses, 

DC wiring losses, inverter losses and minor near-shading ef-

fects. 

The simplified analytical model was implemented in 

a spreadsheet-based framework to provide an independent engi-

neering cross-check of the simulation outputs. The purpose of 

this model is not to replace detailed photovoltaic simulation 

software, but rather to provide a transparent and reproducible 

validation tool for assessing the physical consistency of the pre-

dicted energy yield. The outputs of the analytical model were 

therefore compared with the PVsyst results at both monthly and 

annual scales in order to evaluate the agreement between the two 

approaches and strengthen confidence in the reported perfor-

mance indicators. 

To quantify the agreement between the analytical model 

and the PVsyst simulation, the relative deviation was calculated 

as follows: 

 𝑅𝑒𝑙𝑎𝑡𝑖𝑣𝑒 𝑑𝑒𝑣𝑖𝑎𝑡𝑖𝑜𝑛 (%) =   

 = |𝐸𝑃𝑉𝑠𝑦𝑠𝑡 − 𝐸𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐𝑎𝑙| 𝐸𝑃𝑉𝑠𝑦𝑠𝑡  × 100⁄ , (2) 

where EPVsyst is the monthly or annual energy yield predicted by 

PVsyst and Eanalytical is the corresponding value estimated by the 

simplified analytical model. This comparison was used to eval-

uate the consistency of the two approaches at both monthly and 

annual scales. 

At the annual scale, the simplified analytical model showed 

a deviation of 1.51% relative to the PVsyst prediction, which 

indicates acceptable agreement for validation purposes under 

the adopted assumptions. 

2.6. Techno-economic and environmental assessment 

methodology 

The techno-economic and environmental evaluation was con-

ducted after confirming the consistency of the PV energy output 

using both PVsyst simulation and the independent simplified an-

alytical model. The economic assessment was performed using 

a life-cycle cost approach, considering capital investment, oper-

ation and maintenance costs, energy savings from diesel dis-

placement and revenue from surplus electricity exported to the 

grid. The primary economic indicators used in this study include 

the levelised cost of electricity (LCOE), simple payback period, 

and internal rate of return (IRR). The environmental assessment 

focused on the reduction of greenhouse gas emissions achieved 

by replacing the diesel-powered irrigation system with an elec-

trically driven pump supplied by photovoltaic energy. Carbon 

dioxide emission reductions were estimated using standard 

Table 1. Site characteristics and technical specifications  

of the investigated grid-connected PV canopy system.  

Parameter Value Unit 

Location 
Al-Ghazālīyah,  
Baghdad, Iraq 

– 

Latitude / Longitude 33.33° N / 44.27° E – 

Altitude 28 m 

Climate zone Hot-arid – 

PV system type 
Grid-connected PV  

canopy (no storage) 
– 

Total installed capacity 84.5 kWp 

Number of PV modules 128 units 

Nominal power per mo-
dule 

660 Wp 

PV module technology Monocrystalline silicon – 

PV array configuration 8 strings × 16 modules – 

Tilt angle / azimuth 15° / 0° – 

Total module area 398 m2 

Number of inverters 2 units 

Inverter rated power 40 kWac 

Total inverter capacity 80 kWac 

DC/AC ratio 1.06 – 

Grid interaction Net metering – 
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emission factors associated with diesel fuel consumption and 

grid electricity generation [9]. 

2.7. Data reliability and assumptions 

All system parameters, load profiles, and economic inputs were 

selected to reflect realistic operating conditions based on field 

observations, local climatic conditions and representative cost 

structures. Conservative assumptions were adopted where un-

certainty existed in order to avoid overestimation of system per-

formance or financial benefits. In addition, the simplified ana-

lytical model was intentionally formulated as an independent 

cross-check tool rather than a substitute for detailed PV simula-

tion. This approach improves methodological transparency 

while maintaining consistency with the technical assumptions 

used in the PVsyst-based analysis. 

3. Energy performance results and loss analysis 

3.1. Annual energy yield and system productivity 

The PV canopy system exhibits a high annual energy yield de-

spite operating under hot-arid climatic conditions. The simu-

lated annual electricity production reaches 133 189 kWh, corre-

sponding to a specific yield of 1 577 kWh/kWp per year. This 

value is notably high for an urban installation and reflects the 

favourable solar resource of Baghdad combined with appropri-

ate system sizing and orientation. The calculated performance 

ratio (PR) of 79.6% indicates efficient conversion of available 

solar irradiation into usable electrical energy, even when ac-

counting for thermal losses, soiling and inverter inefficiencies. 

Such a PR value is comparable to, and in some cases higher than, 

those reported for PV systems operating in temperate climates, 

confirming the technical viability of PV installations in hot-arid 

urban environments when proper design practices are applied. 

3.2. Monthly energy production profile 

Monthly energy generation follows the expected seasonal solar 

irradiation pattern. Peak electricity production occurs between 

May and August, coinciding with maximum global horizontal 

irradiation and extended daylight hours. During this period, 

monthly energy output exceeds 13 MWh, with the highest con-

tribution recorded in June and July. Lower production values are 

observed during winter months, particularly in December and 

January, due to reduced solar irradiance and shorter daylight du-

ration. Nevertheless, even during these months, the system 

maintains stable operation and sufficient energy availability to 

fully cover the irrigation load. The consistency of the monthly 

production profile demonstrates the robustness of the canopy-

mounted configuration against seasonal variability. A detailed 

month-by-month and annual energy balance of the investigated 

PV canopy system, including irrigation demand and surplus 

electricity exported to the grid, is presented in Table 2. A com-

parison between the monthly photovoltaic electricity generation 

and the irrigation energy demand is presented in Fig. 3, clearly 

showing that the irrigation load represents only a small fraction 

of the total PV production throughout the year.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.3. Load coverage and surplus energy export 

The annual electricity demand of the irrigation system, esti-

mated at 2 200 kWh, represents only approximately 1.6% of the 

total PV production. As a result, the system operates predomi-

nantly as an electricity-exporting installation, with more than 

130 MWh per year of surplus energy injected into the national 

grid. 

This pronounced mismatch between generation capacity and 

irrigation demand is intentional and reflects the dual-function 

design philosophy of the system. Rather than sizing the PV sys-

tem solely to match the irrigation load, the canopy installation is 

optimised to maximise land-use efficiency and grid support 

while still fully satisfying local energy needs. From an opera-

tional standpoint, the irrigation load is entirely supplied by solar-

generated electricity during daytime hours, while grid interac-

tion ensures uninterrupted operation under all conditions. 

3.4. Loss analysis and performance breakdown 

A detailed loss analysis reveals the dominant mechanisms af-

fecting system performance. Thermal losses constitute the larg-

Table 2. Monthly and annual energy balance of the investigated  

PV canopy system, irrigation demand, and surplus electricity exported 

to the grid.  

Month 
PV energy pro-
duction, kWh 

Irrigation 
energy de-
mand, kWh 

Energy  
exported to 
grid, kWh 

January 9 139 187 8 952 

February 9 209 169 9 040 

March 11 725 187 11 538 

April 13 224 181 13 043 

May 13 831 187 13 644 

June 14 648 181 14 467 

July 14 322 187 14 135 

August 13 246 187 13 059 

September 12 522 181 12 341 

October 10 324 187 10 137 

November 8 772 181 8 591 

December 8 138 187 7 951 

Total (annual) 133 189 2 200 130 989 

 

 

Fig. 3. Monthly photovoltaic electricity generation and irrigation energy 

demand of the investigated public garden, illustrating the large surplus 

electricity available for grid export throughout the year. 
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est contribution, accounting for approximately 8.4% of the total 

energy reduction, which is consistent with the high ambient tem-

peratures characteristic of Baghdad’s climate. Soiling losses are 

estimated at 3%, reflecting conservative assumptions for dust 

accumulation under regular maintenance conditions. 

Additional losses include light-induced degradation (ap-

proximately 2%), module mismatch losses (2%) and ohmic 

losses in DC cabling (approximately 1%). Inverter-related losses 

remain limited to around 2%, highlighting the suitability of the 

selected inverter configuration and DC-to-AC sizing ratio. Near-

shading losses associated with the canopy geometry are negligi-

ble, contributing less than 0.3% to the overall energy reduction. 

The cumulative impact of these losses results in an effective 

energy output that remains high relative to the available solar 

resource, confirming that no single loss mechanism critically 

undermines system performance. The key energy performance 

indicators and principal loss contributions affecting the investi-

gated PV canopy system are summarised in Table 3. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 
 

The contribution of the main loss mechanisms affecting the 

annual energy yield of the PV canopy system is summarised in 

the loss diagram presented in Fig. 4.  

3.5. Cross-validation of PVsyst results using the simpli-

fied analytical model 

To assess the robustness of the simulation results, the annual and 

monthly PV energy outputs predicted by PVsyst were inde-

pendently cross-checked using the simplified analytical model 

described in Section 2.5. The analytical model reproduced the 

same seasonal production trend observed in the software simu-

lation, with peak generation during late spring and summer and 

lower output during winter months. 

At the annual scale, the analytical estimation showed ac-

ceptable agreement with the PVsyst result, with a total annual 

deviation of 1.51%. This indicates that the predicted energy 

yield is physically reasonable for the installed capacity, local so-

lar resource and assumed loss conditions of the Baghdad site. 

Minor monthly deviations between the  two  approaches  are  ex- 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

pected because PVsyst incorporates more detailed sub-models 

related to thermal behaviour, incidence-angle effects and in-

verter operation, whereas the simplified analytical model applies 

aggregate monthly correction factors. 

Overall, the comparison demonstrates that the reported per-

formance indicators are not solely dependent on commercial 

software output, but are also supported by an independent engi-

neering calculation framework. The simplified analytical model 

reproduced the same overall seasonal behaviour and annual per-

formance trend obtained from PVsyst, and the annual deviation 

between the two approaches was limited to 1.51%, confirming 

the physical consistency of the predicted system output under 

the adopted operating assumptions. A detailed month-by-month 

comparison between the PVsyst predictions and the simplified 

analytical model estimates is presented in Table 4. 

Note: The simplified analytical estimates were derived using 

monthly solar-resource inputs and aggregate loss assumptions to 

provide an independent engineering cross-check of the PVsyst 

results. The analytical model is intended for validation and 

transparency purposes rather than as an exact replacement for 

the detailed PVsyst simulation. 

3.6. Reliability under hot-arid operating conditions 

Operating in a hot-arid urban environment imposes challenges 

related to elevated module temperatures, dust exposure and pro-

longed summer operation. Despite these constraints, the system 

demonstrates stable performance indicators across the annual 

cycle. The acceptable agreement between PVsyst and the sim-

plified analytical model, with an annual deviation of only 

1.51%, further strengthens confidence in the reliability of the re-

ported performance indicators under hot-arid operating condi-

tions. The absence of battery storage also enhances system reli-

ability by eliminating one of the most failure-prone components 

 

Fig. 4. Annual loss diagram of the investigated grid-connected 

PV canopy system obtained from PVsyst simulation, showing the 

relative contributions of irradiance, thermal, soiling, mismatch, 

wiring, and inverter losses to the overall system performance. 

Table 3. Key energy performance indicators and principal loss  

contributions of the investigated PV canopy system.  

Indicator Value Unit 

Annual energy produc-
tion 

133 189 kWh per year 

Specific yield 1 577 kWh/kWp per year 

Performance ratio (PR) 79.6 % 

Global horizontal irra-
diation 

1 818 kWh/m² per year 

Effective irradiation on 
collectors 

1 876 kWh/m² per year 

Near-shading losses 0.26 % 

Soiling losses 3.0 % 

Thermal losses 8.36 % 

Inverter losses 2.01 % 

System availability 97.8 % 
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in photovoltaic systems. The results indicate that grid-connected 

PV canopy systems can achieve high energy productivity and 

operational stability in extreme climates, provided that appropri-

ate assumptions regarding losses and maintenance are incorpo-

rated into the design stage. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

3.7. Summary of performance findings 

Overall, the combined PVsyst simulation and independent ana-

lytical cross-validation confirm that the investigated PV canopy 

system not only satisfies the local irrigation demand with a large 

safety margin, but also functions as a significant distributed gen-

eration asset. The analytical model reproduced the seasonal and 

annual performance trends obtained from PVsyst, with an an-

nual deviation of only 1.51%, supporting the physical con-

sistency of the reported energy yield. The combination of high 

specific yield, favourable performance ratio and substantial sur-

plus electricity export establishes the system as an effective 

model for integrating renewable energy into urban green infra-

structure under hot-arid climatic conditions. 

4. Techno-economic assessment 

4.1. Economic framework and assumptions 

The techno-economic evaluation of the proposed PV canopy 

system was conducted using a life-cycle cost approach that re-

flects realistic operating conditions and local market parameters. 

Capital expenditure includes PV modules, inverters, mounting 

structures, electrical accessories, and installation costs, while 

operational expenditure accounts primarily for routine mainte-

nance and system supervision. In line with common practice for 

grid-connected PV systems without storage, annual operation 

and maintenance costs were assumed to be modest due to the 

absence of batteries and rotating mechanical components. All 

economic calculations were performed using conservative as-

sumptions to avoid overestimation of financial benefits. Elec-

tricity tariffs, fuel prices and emission factors were selected 

based on prevailing local values and recent studies conducted 

under Iraqi climatic and economic conditions [9,11,16]. For 

clarity and international readability, selected monetary values 

originally expressed in Iraqi dinars (IQD) are also reported in 

equivalent U.S. dollars (USD) using a consistent representative 

exchange rate. An exchange rate of 1 USD = 1300 IQD was ado- 

pted for indicative currency conversion throughout the analysis. 

4.2. Cost of electricity and competitiveness 

The levelised cost of electricity (LCOE) produced by the PV 

canopy system was estimated at approximately 44 IQD/kWh 

(≈ 0.034 USD/kWh), considering the total life-cycle cost over 

an assumed system lifetime of 25 years. This value is signifi-

cantly lower than the prevailing commercial electricity tariff of 

approximately 120 IQD/kWh (≈ 0.092 USD/kWh), indicating 

a cost reduction of nearly 63% per unit of delivered electricity. 

This substantial difference highlights the economic ad-

vantage of photovoltaic energy in high-irradiance regions, par-

ticularly when systems are designed to operate without storage 

and are allowed to export surplus electricity to the grid. From  

a municipal perspective, such a reduction directly translates into 

long-term budgetary relief and improved energy cost predicta-

bility. 

4.3. Diesel displacement and operating cost savings 

Prior to PV system implementation, irrigation was supplied by 

a diesel-powered pump, characterised by high fuel consumption, 

frequent maintenance requirements, and sensitivity to fuel price 

fluctuations. Replacing this system with an electrically driven 

pump powered by solar-generated electricity results in immedi-

ate and sustained operating cost savings. 

For the investigated case, the annual irrigation energy de-

mand of 2 200 kWh is fully covered by PV generation, effec-

tively eliminating diesel fuel consumption for irrigation pur-

poses. The avoided cost of diesel fuel constitutes a significant 

portion of the annual savings, particularly when accounting for 

indirect costs associated with fuel transport, storage, and engine 

maintenance. These findings are consistent with previous stud-

ies demonstrating the economic vulnerability of diesel-based  

irrigation systems in comparison with solar-powered alterna-

tives [6,7]. 

4.4. Revenue from surplus electricity export 

A defining feature of the investigated system is the large surplus 

of electricity available for export to the national grid. Because 

the irrigation demand accounts for only a small fraction of the 

annual PV output, more than 130 MWh per year of electricity 

can be delivered to the grid under the adopted grid-connected 

operating scheme. This exported energy represents an important 

economic advantage of the system, as it improves overall elec-

tricity utilisation and enhances the financial value of the instal-

lation beyond its direct irrigation function. Unlike stand-alone 

systems, where excess generation may remain underutilised, the 

Table 4. Month-by-month comparison between PVsyst predictions  

and simplified analytical model estimates for the investigated  

PV canopy system.  

Month 
PVsyst 
energy, 

kWh 

Analytical 
model 

energy, 
kWh 

Absolute 
deviation, 

kWh 

Relative 
deviation, 

% 

January 9 139 8 152 987 10.80 

February 9 209 8 643 566 6.14 

March 11 725 10 883 842 7.18 

April 13 224 12 524 700 5.29 

May 13 831 13 372 459 3.32 

June 14 648 13 614 1 034 7.06 

July 14 322 13 654 668 4.66 

August 13 246 13 304 58 0.44 

September 12 522 12 417 105 0.84 

October 10 324 9 639 685 6.64 

November 8 772 8 024 748 8.52 

December 8 138 6 948 1 190 14.62 

Annual total 133 189 131 174 2 015 1.51 
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grid-connected configuration enables productive use of the sur-

plus electricity and strengthens the economic case for dual-use 

PV canopy deployment in urban public spaces. 

4.5. Payback period and investment attractiveness 

Based on the combined effects of reduced diesel dependence, 

lower electricity costs, and the economic value of surplus elec-

tricity export, the investigated PV canopy system achieves 

a simple payback period of approximately 6 years. This value 

falls within a practically acceptable range for municipal renew-

able energy investments and leaves a substantial portion of the 

system lifetime available for net economic benefit. The calcu-

lated internal rate of return (IRR) of approximately 18% further 

confirms the financial attractiveness of the project. These indi-

cators show that the proposed system is not only environmen-

tally beneficial, but also economically competitive as a long-

term urban infrastructure investment. 

4.6. Economic robustness and long-term perspective 

One of the principal strengths of the investigated PV canopy sys-

tem is its resilience to future economic uncertainty. In contrast 

to diesel-based irrigation systems, which remain highly sensitive 

to fuel price volatility and recurrent operating costs, the photo-

voltaic system is characterised by comparatively stable long-

term operating expenses. This economic robustness becomes 

more pronounced when surplus electricity can be productively 

exported to the grid under a grid-connected operating scheme. 

In addition, the dual-use canopy configuration provides non-en-

ergy benefits, including shading and improved usability of pub-

lic space, which further strengthen the overall value proposition 

of the system from a municipal planning perspective. 

4.7. Summary of techno-economic findings 

The techno-economic assessment confirms that the investigated 

PV canopy system represents a financially viable solution for 

urban irrigation in hot-arid regions. The combination of low 

electricity cost, productive utilisation of surplus generation 

through grid export, acceptable payback period, and favourable 

internal rate of return demonstrates that the system can deliver 

long-term economic value in addition to its environmental and 

functional benefits. The main techno-economic and environ-

mental indicators of the investigated PV canopy system are sum-

marised in Table 5. 

5. Environmental impact and CO2 mitigation 

5.1. Emission reduction through diesel replacement 

The environmental benefits of the PV canopy system are primar-

ily associated with replacing the previous diesel-powered irriga-

tion supply with an electrically driven pump supported by pho-

tovoltaic energy. Diesel-based irrigation systems are a notable 

source of greenhouse gas emissions due to continuous fuel com-

bustion and relatively low overall efficiency. In the investigated 

case, the transition to photovoltaic energy effectively eliminates 

diesel use for irrigation purposes. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Based on the adopted diesel displacement and grid-related 

emission assumptions, the avoided diesel fuel consumption  

corresponds to an estimated annual reduction of approximately  

113 tonnes of CO2. This reduction is achieved without compro-

mising irrigation reliability or water delivery, highlighting the 

effectiveness of photovoltaic systems as a direct decarbonisation 

measure for urban service infrastructure. The environmental 

benefit of replacing diesel-powered irrigation with photovoltaic-

powered irrigation is illustrated in Fig. 5, showing a substantial 

reduction in annual CO2 emissions. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5.2. Contribution to grid decarbonisation 

In addition to reducing local emissions through diesel displace-

ment, the investigated PV canopy system contributes to grid de-

carbonisation by exporting more than 130 MWh per year of sur-

plus solar electricity under the adopted grid-connected operating 

scheme. This exported electricity can offset part of the fossil-

fuel-based generation that would otherwise be required to meet 

daytime demand. Although the carbon intensity of the national 

Table 5. Main techno-economic and environmental indicators  

of the investigated PV canopy system.  

Parameter Value Unit 

System lifetime 25 years 

Levelised cost of elec-
tricity (LCOE) 

44 (≈ 0.034) IQD/kWh (USD/kWh) 

Commercial electricity 
tariff 

120 (≈ 0.092) IQD/kWh (USD/kWh) 

Cost reduction com-
pared to grid 

63 % 

Simple payback period ≈ 6 years 

Internal rate of return 
(IRR) 

≈ 18 % 

Annual diesel fuel di-
splacement 

Fully eliminated  

Annual CO2 emission 
reduction 

113 tonnes 

Annual surplus energy 
exported 

≈ 131 MWh 

 

 

Fig. 5. Comparison of annual CO2 emissions associated  

with diesel-based irrigation and photovoltaic-supported  

electric irrigation for the investigated public garden. 
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grid may vary over time, the cumulative contribution of distrib-

uted photovoltaic generation remains environmentally signifi-

cant, particularly in high-irradiance regions where daytime solar 

production is substantial. Accordingly, the environmental value 

of the system extends beyond the boundaries of the public gar-

den itself and supports broader urban decarbonisation efforts. 

5.3. Water–energy–climate co-benefits 

The PV canopy configuration provides additional co-benefits 

that extend beyond direct electricity generation and carbon 

emission reduction. By functioning as shading structures within 

the public garden, the canopies can help reduce surface temper-

atures and limit direct solar exposure of soil and vegetation dur-

ing peak summer conditions. This shading function may contrib-

ute to reduced evapotranspiration and improved local water-use 

efficiency, although these effects were not quantified in the pre-

sent study. In addition, the integration of renewable energy gen-

eration into urban green spaces can support climate adaptation 

strategies by improving thermal comfort for users and enhancing 

the multifunctional value of public infrastructure. 

5.4. Environmental significance at an urban scale 

Although the present analysis focuses on a single public garden, 

the broader environmental implications become more signifi-

cant when similar PV canopy systems are deployed across mul-

tiple urban parks and green spaces. Replication of this concept 

at the city scale could lead to cumulative reductions in diesel 

use, lower dependence on fossil-fuel-based electricity, and 

measurable decreases in urban carbon emissions. In addition to 

these direct energy-related benefits, wider deployment of PV 

canopies could support more climate-responsive urban infra-

structure by combining renewable electricity generation with 

shading and improved public-space functionality. These consid-

erations indicate that the environmental significance of the pro-

posed system extends beyond the individual case study and may 

inform sustainable urban planning strategies in hot-arid cities. 

6. Discussion 

6.1. Comparison with existing studies 

The performance indicators obtained in this study, particularly 

the specific yield of 1 577 kWh/kWp per year and the perfor-

mance ratio of 79.6%, are consistent with, and in some cases 

superior to, values reported for PV systems operating in compa-

rable hot-arid regions. Unlike many previous studies that fo-

cused mainly on ground-mounted or rooftop PV systems, the 

present work demonstrates that canopy-mounted configurations 

integrated into public urban spaces can achieve high productiv-

ity despite structural and near-shading constraints. In addition, 

the present study does not rely solely on commercial software 

output, as the PVsyst results were independently cross-checked 

using a simplified analytical model. This additional validation 

step improves the methodological transparency of the analysis 

and strengthens confidence in the reported energy performance 

trends. In particular, the annual deviation between the PVsyst 

output and the simplified analytical model was limited to 1.51%, 

indicating acceptable agreement between the two approaches for 

engineering validation purposes. From an economic standpoint, 

the reported LCOE of 44 IQD/kWh (≈ 0.034 USD/kWh) and 

payback period of approximately 6 years compare favourably 

with other solar irrigation solutions, particularly off-grid sys-

tems that rely on battery storage. The absence of storage not only 

reduces costs but also improves long-term reliability, which is  

a critical consideration for municipal infrastructure. 

6.2. Design philosophy and system sizing 

A key design insight emerging from this study is the deliberate 

oversizing of the PV canopy system relative to the direct irriga-

tion load. Rather than minimising the installed PV capacity to 

match only the local pumping demand, the system was config-

ured to maximise the functional value of the available urban 

space through simultaneous electricity generation, shading pro-

vision and grid interaction. This design philosophy differs from 

conventional solar irrigation configurations, which are typically 

sized to satisfy a specific agricultural or pumping load with lim-

ited consideration of broader urban functionality. In the investi-

gated case, the relatively small irrigation demand enables most 

of the generated electricity to be exported to the grid, thereby 

improving the economic value of the installation while preserv-

ing its primary service role within the public garden. This multi-

objective sizing strategy demonstrates that PV canopy systems 

can be planned not only as energy supply units, but also as inte-

grated urban infrastructure assets. 

6.3. Practical implications for municipalities 

For municipalities in hot-arid regions, the results highlight 

a practical pathway for reducing dependence on diesel-based ir-

rigation without introducing significant operational complexity. 

Grid-connected PV canopy systems offer predictable energy 

costs, minimal maintenance requirements and measurable envi-

ronmental benefits while simultaneously improving the func-

tional quality of public spaces through shading. In addition to 

supplying local irrigation demand, such systems can contribute 

surplus electricity to the grid, thereby enhancing the economic 

value of municipal solar investments. Importantly, the dual-use 

nature of the canopy installation may improve public acceptance 

by combining visible social benefits with clean energy genera-

tion. These features make PV canopy systems a promising op-

tion for sustainable urban green infrastructure planning in cities 

with high solar potential. 

6.4. Limitations and future research 

While the present study provides a comprehensive assessment 

based on detailed simulation and realistic operational assump-

tions, future work could extend the analysis through long-term 

monitoring of actual system performance under field conditions. 

Further research may also quantify microclimatic effects, water-

saving potential and user comfort improvements associated with 

canopy shading, thereby strengthening the interdisciplinary 

value of such systems. Another limitation is that the independent 

analytical model was intentionally formulated as a simplified 

cross-check tool for validation purposes rather than as a repla-
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cement for detailed dynamic PV simulation software. Neverthe-

less, its agreement with the PVsyst results, reflected by an an-

nual deviation of only 1.51%, improves confidence in the phys-

ical consistency of the reported energy performance indicators. 

7. Conclusions  

This study evaluated the energy performance, techno-economic 

feasibility, and environmental impact of a grid-connected pho-

tovoltaic canopy system implemented for urban irrigation in 

a hot-arid climate using both detailed PVsyst simulation and an 

independent simplified analytical cross-check model. Based on 

a real public garden case in Baghdad, the system demonstrates 

high annual energy productivity, with 133 189 kWh per year of 

electricity generation, a specific yield of 1 577 kWh/kWp per 

year, and a performance ratio of 79.6%. 

The irrigation load, accounting for only 1.6% of total PV 

production, is fully supplied by solar electricity, while the  

majority of generated energy is exported to the national  

grid. Economic analysis confirms the competitiveness of the  

system, with a levelised cost of electricity of 44 IQD/kWh  

(≈ 0.034 USD/kWh), a payback period of approximately 6 years, 

and an internal rate of return of about 18%. Environmentally, 

the system achieves an estimated annual reduction of approxi-

mately 113 tonnes of CO2, primarily through diesel fuel dis-

placement and grid support. 

The close agreement between the software-based simulation 

and the independent analytical estimation enhances confidence 

in the reported results and improves the methodological trans-

parency of the study. In particular, the annual deviation between 

the PVsyst prediction and the simplified analytical model was 

limited to 1.51%, confirming acceptable agreement between the 

two approaches for validation purposes. Overall, the findings 

demonstrate that PV canopy systems represent a technically re-

liable, economically viable, and environmentally effective solu-

tion for integrating renewable energy into urban green infra-

structure. Beyond irrigation, such systems provide a scalable 

model for multifunctional solar deployment in hot-arid cities, 

supporting sustainable urban development and long-term decar-

bonisation strategies. 
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1. Introduction 

Heat management in electronic components has become chal-

lenging due to technological advancement and miniaturisation. 

As conventional cooling methods are becoming obsolete, re-

searchers are exploring alternative cooling technologies. The in-

tegration of porous materials into channels has shown great po-

tential for enhancing heat transfer rates, with significant appli-

cations in electronic thermal management. The insertion of po-

rous media in fluid channels modify the flow dynamics, result-

ing in reduced boundary layer thickness and enhanced heat 

transfer. Therefore, a detailed investigation of the heat transfer 

analysis is required for the optimal design of a channel contain-

ing porous inserts.  

Heat transfer enhancement is crucial for improving the 

thermal performance of various industrial systems, including 

heat exchangers, cooling systems and electronic devices. The 

heat enhancement techniques are vital for sustainability and are 

categorised as either passive technique (e.g. porous inserts, 

nanofluids, turbulators), which require no extra energy, or active 

technique (e.g. magnetic fields, external pumps). Passive tech-

niques are typically preferred for their low energy demands, of-

fering a more sustainable alternative for improving heat transfer 

and flow without consuming large amounts of energy, which is 

increasingly important for energy-conscious industries.  
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Abstract 

The numerical simulations are carried out for analysis of heat transfer enhancement in the partially filled channel with the 
horizontal porous layer, considering two different configurations: at the core and at the walls of the channel. The Darcy-
Brinkman-Forchheimer equation is used to model flow through the porous medium, and the governing equations are solved 
using a finite volume method. The study investigates the effect of the porous layer thickness, thermal conductivity and 
Darcy number on heat transfer performance and pressure drop. The detailed parametric analysis quantifies variations in 
the Nusselt number and pressure drop for both configurations. The study reveals that the pressure drop is consistently lower 
for porous layers located at the channel walls compared to the core for all Darcy numbers. The Nusselt number increases 
by up to 88% as the porous layer thickness ratio rises to 0.8, then decreases by approximately 19.5% at a lower thermal 
conductivity ratio of 2.5, but continues to rise at a higher ratio of 25. Increasing the thermal conductivity ratio to 25 im-
proves the Nusselt number by up to 80.5% compared to a ratio of 2.5. Additionally, for lower Darcy numbers (up to 10‒4), 
the higher Nusselt number is achieved when the porous layer is located at the core. However, for higher Darcy numbers 
(above 10‒3), the Nusselt number is higher when the porous layer is at the walls. The results reveal that the position of the 
porous layer within the channel significantly affects its thermal and hydrodynamic performance. 

Keywords: Channel flow; Darcy number; Heat transfer; Porous media; Pressure drop 
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Nomenclature 

C ‒ inertial coefficient 

Cp ‒ specific heat, J/(kg K) 

Da ‒ Darcy number 

F ‒ Forchheimer coefficient 

g ‒ gravitational acceleration, m/s2 

H ‒ channel height, m 

k ‒ thermal conductivity, W/(m K) 

kr ‒ thermal conductivity ratio 

K ‒ permeability, m2 

Nu ‒ Nusselt number 

p ‒ pressure, Pa 

Pr ‒ Prandtl number 

𝑞" ‒ heat flux, W/m2 

r ‒ porous layer thickness, m 

rp ‒ porous layer thickness ratio 

Re ‒ Reynolds number 

T – temperature, K  

u ‒ velocity in x-direction, m/s 

𝑣⃗ ‒ velocity vector, m/s 

x, y ‒ Cartesian coordinates, m 

 

Greek symbols 

𝜀 – porosity 

𝜃 – non-dimensional temperature 

 – dynamic viscosity, Pas 

ρ – density, kg/m3  

 

Subscripts and Superscripts 

c – core 

e – effective 

in – inlet 

m – bulk mean 

w – wall 

The use of nanofluids, turbulators and porous inserts has been 

extensively studied in the literature as effective methods for en-

hancing heat transfer in various cooling systems. The details of 

these techniques, along with their performance metrics, working 

conditions and applications, are summarised in Table 1. Said 

et al. [1] presented a comprehensive review of passive heat 

transfer enhancement techniques employing nanofluids and tur-

bulators. Alenezi et al. [2] experimentally investigated the effect 

of ultrasonic waves on heat transfer enhancement using the pro-

pylene glycol/water nanofluid in the minichannel. Their results 

showed that ultrasound at 27.8 kHz improved heat transfer, 

achieving a maximum Nusselt number increase of 11.3% for de-

ionised water at the lowest flow rate (0.2 l/min). Although the 

study demonstrates the potential of active methods, the energy 

demand limits their applicability in low-power systems. The use 

of porous media is a well-established method for heat transfer 

enhancement, primarily due to its high surface area-to-volume 

ratio and ability to promote flow mixing. Hadim and Bethan-

court [3] identified that full porous fills lead to prohibitive pres-

sure drops, suggesting partial filling as a solution. Subsequent 

studies, such as Baig et al. [4], have continued this approach, 

often combining porous inserts with other methods like nanoflu-

ids. While the nanofluids and turbulators have been widely in-

vestigated, porous inserts have also shown more effective heat 

transfer enhancement while maintaining relatively low pressure 

drops and requiring no additional energy input. Owing to these 

advantages, porous materials represent an efficient and practical 

passive technique, motivating the present study to focus specif-

ically on porous inserts for further investigation. 

The study of heat transfer in porous channels or pipes, par-

ticularly under conditions such as constant wall temperature, 

constant heat flux and discrete heat sources, has received signif-

icant attention in recent research in the literature [3−9]. Several 

investigations have focused on understanding how these thermal 

boundary conditions influence flow behaviour and heat transfer 

in porous media. Hadim and Bethancourt [3] also investigated 

the parametric variation of heat source width in a channel and 

revealed that when the width of the heat source decreases, a sig-

nificant increase in the heat transfer occurs and reduces the pres-

sure drop. Hadim et al. [9] investigated the effect of discrete heat 

sources on the bottom wall of the porous channel using two dif-

ferent cases: full and partial porous channels. The results show 

the same heat transfer in both cases at low Darcy number and 

higher pressure drop in fully porous channels. Jen and Yan [10] 

proposed a 3D model to investigate the flow patterns in partially 

filled porous media. They revealed that strong counter rotating 

vortices are present in the channel because of the blowing effect 

of the porous layer. Hadim and North [11] investigated the effect 

of multiple inlet and outlet in a porous channel with a constant 

heat flux condition at the bottom wall. They observed that the 

pressure drop is minimised when the channel height equals the 

inlet width, while maintaining the same level of heat transfer en-

hancement. They also proposed the length-averaged correlation 

for the Nusselt number. 

The use of porous materials in channels has been widely an-

alysed with respect to its effects on flow behaviour, temperature 

change and pressure drop. Rachedi and Chikh [12] examined 

mixed convection heat transfer between a channel and an elec-

tronic component, inserting a porous material between the two. 

They demonstrated that at lower thermal conductivity ratios (up 

to 2), the effect on temperature drop is minimal. However, at 

higher thermal conductivity ratios (from 2 to 10), a temperature 

drop of 15% can be achieved. Yucel and Guven [13] studied 

forced convection heat transfer in parallel plates with multiple 

heat sources. They observed a significant rise in pressure drop 

with increasing Reynolds numbers in the presence of a porous 

layer. Huang et al. [14] investigated the effect of a porous cover 

on heat transfer enhancement in a channel using multiple heat 

sources. They revealed that the presence of a porous cover sig-

nificantly enhances heat transfer compared to a setup without it. 

Da Silva Miranda and Anand [15] explored the role of porous 

baffles in enhancing convective heat transfer within channels. 

They found that a smaller spacing between the baffles results 

in better heat transfer performance, and that an increase in the 
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thermal conductivity ratio enhances heat transfer. Ko and Anand 

[16] also examined the effect of porous baffles on convective 

heat transfer in a channel, with the baffles installed alternately 

at the top and bottom walls. They revealed a 300% enhancement 

in heat transfer with baffles compared to the channel without 

them. Additionally, they developed a correlation between the ra-

tio of heat transfer enhancement and the Reynolds number. Kim 

et al. [17] investigated the effect of porous material in a channel. 

They developed a correlation for the Nusselt number, specifi-

cally for Reynolds numbers in the range of 1000 to 3000. 

The influence of temperature-dependent thermophysical 

properties on heat transfer enhancement in fully or partially po-

rous channels has been examined in several studies. Dehghan 

et al. [18,19] examined the effect of thermal conductivity in po-

rous channels. They proposed a correlation for the Nusselt num-

ber based on thermal conductivity and the shape of the channel. 

Mehata et al. [20] examined forced convection heat transfer in a 

wavy solar plant using porous blocks. They found that the aver-

age Nusselt number increased by 83.95% with the use of porous 

blocks compared to without them. Kaur et al. [21] investigated 

the effect of circular and semicircular heat sources in porous me-

dia and found that the lowest heat transfer occurred in the circu-

lar channel. Li et al. [22] examined the effect of multilayer po-

rous inserts in a channel under non-equilibrium thermal condi-

tions. The results showed that the pressure drop is directly pro-

portional to the number of porous layers. 

Due to their ability to enhance heat dissipation while main-

taining a compact system design, channels partially filled with 

porous media have attracted considerable research attention. 

The temperature profile and Nusselt number used to quantify the 

heat transfer characteristics in such microchannels have been 

presented in previous studies [19,23]. Mahmoudi [24] devel-

oped analytical expressions for both the temperature field and 

Nusselt number in a microchannel. Dehghan [25] performed an 

Table 1: Summary of important studies in heat transfer enhancement for channel/internal flows.  

Authors Geometry Working fluid Applications Key findings 

Alenezi et al. [2] Minichannel 
Propylene glycol/ 
water mixtures  

Minichannel heat 
sinks, electronics 
cooling 

1. Ultrasound (27.8 kHz) enhanced heat transfer, 
with a maximum Nusselt number increase of 11.3% 
for deionised water at the lowest flow rate  
(0.2 l/min). 

Hadim and Bethanco-
urt [3] 

Porous channel Dielectric fluid Electronic cooling 

1. A partially porous channel (porous layers only 
above heaters) achieves comparable heat transfer 
to a fully porous channel but with a much lower 
pressure drop. 
2. Decreasing heat source width moderately im-
proves heat transfer while significantly reducing 
pressure drop. 

Baig et al. [4] Microchannel 
Al2O3-water 

nanofluid 

Microchannel 
cooling, electron-
ics thermal man-
agement 

1. Finned cooking vessels significantly improve ther-
mal performance and cooking rate compared to an 
unfinned vessel. 
2. Hexagonal fins performed best, reducing boiling 
time by 13.63% and increasing maximum energy ef-
ficiency to 64.46%. 
3. An economic analysis showed the hexagonal fin-
based cooker could save up to 1495 MJ of fuel 
equivalent per year. 

Promvonge [5] 

Square duct with 
combined 30° V-fins 
and quadruple 
counter-twisted 
tapes 

Air Heat exchangers 

1. The combined V-finned twisted tapes provide 
higher heat transfer and thermal performance than 
twisted tapes alone. 
2. Heat transfer and friction factor increase with rel-
ative fin height but decrease with relative fin pitch. 

Kalidasan et al. [6] 

Solar box cooker 
with different fin 
configurations (pin, 
cross, hexagonal) on 
the cooking vessel 

Water Solar cooking 

1. The fully wavy wall microchannel significantly en-
hances heat transfer, with a Nusselt number up to 
3.87 times higher and thermal resistance only 0.41 
times that of a smooth microchannel. 
2. The flow becomes chaotic, intensifying fluid mix-
ing and heat transfer with a relatively small pres-
sure drop penalty. 

Zhong et al. [7] 

Square cross-section 
microchannel with 
fully wavy walls (all 
four sides) 

Deionised water 
Microchannel 
heat sinks for 
electronic cooling 

1. The fully wavy wall microchannel significantly en-
hances heat trans-fer, with a Nusselt number up to 
3.87 times higher and thermal resistance only 0.41 
times that of a smooth microchannel. 
2. The flow becomes chaotic, intensifying fluid mix-
ing and heat transfer with a relatively small pres-
sure drop penalty. 

Mohammed et al. [8] 

2D rib-groove chan-
nel (9 combinations 
of rectangular, tri-
angular, trapezoidal 
ribs and grooves) 

Nanofluids (Al2O3, 
CuO,SiO2, ZnO with 
water, glycerin, en-
gine oil) 

Heat exchangers, 
turbine cooling, 
solar heaters 

1. Rectangular rib-triangular groove provided the 
highest Nusselt number and best thermal enhance-
ment factor. 
2. SiO2 nanofluid showed the highest heat transfer 
performance, despite its moderate conductivity, 
due to favourable thermophysical properties. 
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analytical study on the thermal behaviour of a channel partially 

filled with porous media. The addition of a porous material to 

a fluid undergoing convection results in a more uniform temper-

ature distribution, which reduces thermal resistance and en-

hances heat transfer. The study also found that as the thickness 

of the porous material increases, the proportion of heat trans-

ferred by the porous medium relative to that transferred by the 

clear fluid flow increases. Dehghan et al. [26] developed analyt-

ical expressions for the local Nusselt number and the dimension-

less temperature difference between the solid and fluid phases 

in a porous material placed inside a channel within the thermally 

developing region. Bibin et al. [27] numerically examined heat 

transfer in a partially filled porous channel using OpenFOAM. 

Their study reported that introducing a porous medium can en-

hance the heat transfer rate by 10.4 times compared to a channel 

without porous filling. They also found that this enhancement is 

most pronounced when the porous layer thickness ratio lies be-

tween 0.7 and 0.9. Kumar et al. [28] analysed heat transfer in 

sinusoidal, triangular, and trapezoidal channels containing po-

rous media at their core. Their findings indicate that the trape-

zoidal channel achieves the highest thermal performance, with 

a maximum enhancement of 90%. Alkhamis [29] investigated 

heat transfer in a channel partially filled with porous material 

and equipped with solid turbulators. Their results indicate that 

the use of metal foam along with turbulator enhances both heat 

transfer and the friction factor. The combined effect of the metal 

foam and turbulators led to a fivefold improvement in thermal 

performance. Duan et al. [30] performed a numerical investiga-

tion of heat transfer in a wavy metal-foam sandwich configura-

tion. Their analysis demonstrated that, under laminar flow con-

ditions, the Nusselt number can increase by up to 118%. 

Although many investigations have been conducted on heat 

transfer enhancement using porous layers in channels, a critical 

research gap remains. While the beneficial effects of partial po-

rous layers are well recognised, a systematic numerical investi-

gation into the influence of porous layer location and thickness 

ratio within a channel remains largely unexplored, particularly 

under constant heat flux boundary conditions. Addressing this 

gap, the present study focuses on analysing the effects of loca-

tion of porous layer and thickness ratio on thermal and hydrody-

namic performance to identify configurations that maximise 

heat transfer while minimising pressure losses. This study inves-

tigates convection heat transfer in a channel containing the po-

rous layer with two different configurations: one near the walls 

and the other at the core of the channel. Partially filling the chan-

nel with the porous layer offers two primary benefits: it im-

proves heat transfer performance and results in less pressure 

drop compared to a fully porous-filled channel. This work can 

be beneficial in industrial applications, such as heat exchangers, 

solar energy storage and electronic cooling. A uniform heat flux 

condition is applied at the channel wall. The effects of the thick-

ness of the porous insert, thermal conductivity ratio and Darcy 

number on heat transfer enhancement are examined. Addition-

ally, the velocity profile and pressure drop at different Darcy 

numbers are analysed to determine the optimal design of the 

channel. 

 

2. Materials and methods 

2.1 Governing equations 

The governing equation for mass and momentum conservation for 

the fluid and porous region is explained in this section. The prob-

lem is simplified by assuming that the flow is 2D, steady and lam-

inar. The Darcy-Brinkman-Forchheimer model [31] is employed 

to address the inertial effects in porous material. 

The governing equations for mass and momentum conserva-

tion in the fluid region are as follows:  

 ∇ ∙ 𝑣⃗ = 0, (1) 

 𝜌(𝑣⃗ ∙ ∇)𝑣⃗ = −∇𝑝 + 𝜇∇2𝑣⃗, (2) 

where 𝑣⃗ represents the velocity vector, 𝜇 denotes the dynamic 

viscosity, 𝜌 is the density and p is the pressure. 

The momentum equation, which incorporates the resistance 

of the porous medium using the Darcy-Forchheimer model [33], 

is given by [32]: 

 
𝜌

𝜀
(𝑣⃗ ∙ ∇)𝑣⃗ = −∇𝑝 +

𝜇

𝜀
∇2𝑣⃗ −

𝜇

𝐾
𝑣⃗ −

𝜌𝐹𝜀

√𝐾
|𝑣⃗|𝑣⃗, (3) 

where K represents the permeability, 𝜀 denotes the porosity, and 

F is the Forchheimer coefficient, which is a function of the porous 

geometry. Local thermal equilibrium is considered to be valid at 

the interface of the fluid and solid within the porous region.  

The energy equation for fluid and porous region are written 

as [32]: 

fluid region: 

 (𝑣⃗⃗ ∙ ∇)𝑇 =
𝑘

𝜌𝐶𝑝
∇2𝑇,  (4) 

porous region: 

 (𝑣⃗ ∙ ∇)𝑇 =
𝑘𝑒

𝜌𝐶𝑝
∇2𝑇, (5) 

where k is the thermal conductivity, Cp is the specific heat and  

T is temperature of the fluid, and ke represents the effective ther-

mal conductivity, which is influenced by the thermal conductiv-

ity of the solid phase.  

To derive the non-dimensional form of the governing equa-

tions, scaling is applied to the velocity components, temperature 

and length, using the characteristic reference quantities: inlet ve-

locity, heat flux and channel height, respectively. The dimen-

sionless parameters are defined as follows: 

  𝑋 =
𝑥

𝐻
,    𝑌 =

𝑦

𝐻
,  𝑉⃗⃗⃗ =

𝑣⃗⃗

𝑢𝑖𝑛
, 𝑃 =

𝑝

𝜌𝑢𝑖𝑛
2 , 

Re =
𝜌𝑢0𝐻

𝜇
, Da =

𝐾

𝐻2, Pr =
𝜇𝐶𝑝

𝑘
, 𝜃 =

𝑇−𝑇𝑖𝑛

𝑞"(𝐻/𝑘)
, 

  𝐶 = 𝐹𝜀,  𝑟𝑝 =
𝑟

𝐻
, 𝑘𝑟 =

𝑘𝑒

𝑘
,  

where H is the channel height, 𝑢𝑖𝑛 is the inlet velocity in x-di-

rection, u0 is the average velocity in x-direction, q" is the heat 

flux at the wall,  is the non-dimensional temperature, r is the 

porous layer thickness, rp is the porous layer thickness ratio,  

kr is the thermal conductivity ratio, Pr is the Prandtl number and 

Re is the Reynolds number. 
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The non-dimensional form of the governing equations for 

mass and momentum conservation is written as: 

 ∇ ∙ 𝑉⃗⃗ = 0, (6) 

 
1

𝜀
(𝑉⃗⃗ ∙ ∇)𝑉⃗⃗ = −∇𝑃 +

1

𝜀 Re
∇2𝑉⃗⃗ −

1

Da Re
𝑉⃗⃗ −

𝐶

√Da
|𝑉⃗⃗|𝑉⃗⃗. (7) 

The energy equation in non-dimensional form is written as 

 (𝑉⃗⃗ ∙ ∇)𝜃 =
𝑘𝑟

Re Pr
∇2𝜃. (8) 

For flow in a channel, the Nusselt number for constant heat flux 

is calculated as [3] 

 Nu =
𝑞′′𝐻

𝑘 (𝑇𝑤−𝑇𝑚)
=  

1

𝜃𝑤−𝜃𝑚
. (9) 

2.2 Problem statement and validation 

Figure 1 illustrates the schematic of the computational domain. 

In one case, the porous layer is placed on the channel walls, and 

in the other case, the same porous material is located at the core 

of the channel. Geometric configurations partially or fully filled 

with a porous material are subjected to a constant and uniform 

heat flux. The flow enters the domain at a constant velocity and 

temperature. The thermophysical properties of the air are as-

sumed to remain constant throughout the simulations. The 

model is based on assumptions that the porous region is uniform, 

isotropic, and filled with a single-phase fluid. The analysis spans 

a range of Darcy numbers (Da) from 10‒6 to 1 and porous layer 

thickness ratio (rp) from 0.2 to 1.  

To mitigate the influence of grid-related effects on the sim-

ulation results, a grid independence study is conducted. The 

study examines the dimensionless axial velocity (u/uin) profile 

in a partially filled channel with porous media. Three different 

mesh resolutions are tested, corresponding to 7500, 30 000 and 

46 875 elements. The resulting axial velocity profiles are pre-

sented in Fig. 2. The variation in axial velocity for the 30 000 

and 46 875 element cases is minimal, indicating grid independ-

ence. Based on these findings, a grid resolution of 30 000 ele-

ments is selected for further analysis to reduce computational 

cost. 

 

Fig. 1. The schematic representation of a partially filled channel used in the present study with two different configurations: 

(a) porous layer in the core of the channel, (b) porous layer at the walls of the channel. 

  

Fig. 3. Validation of the numerical model by comparing the 

Nusselt number variation with the Darcy number against 

benchmark results [17] for a fully porous channel. 

 

Fig. 2. Non-dimensional axial velocity variation for different 

grid resolutions at rp = 0.6 and Da = 10‒4. 
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To validate the numerical model, its results were compared 

with data reported in the literature. Specifically, the Nusselt 

number for flow through a fully porous channel with constant 

heat flux applied to the walls was compared to the findings of 

Lauriat and Vafai [34]. This comparison is presented in Fig. 3, 

where the agreement between the two sets of results demon-

strates the accuracy of the developed numerical model in cap-

turing the thermal performance of the porous medium. 

To further establish the accuracy and reliability of the 

present numerical model, an additional validation is performed 

for a channel partially filled with porous media. The channel is 

partially porous, with porous layers placed directly above the 

heat sources, while the remaining regions of the channel are 

nonporous. The schematic representation of the validation 

geometry is shown in Fig. 4. The porous medium is modelled as 

homogeneous and isotropic and is saturated with a single-phase 

fluid that remains in thermal equilibrium with the solid matrix. 

The porosity and permeability are assumed to remain essentially 

uniform throughout the entire domain, including regions close 

to the channel walls. 

Additionally, the length-averaged Nusselt number is calcu-

lated at different Reynolds numbers and Darcy numbers for a par-

tially filled porous channel. The obtained results (Fig. 5) exhibit 

good agreement with those reported in the previous study [9], fur-

ther validating the numerical model used in the present work. 

3. Results and discussion 

The present study investigates the influence of a porous layer on 

heat transfer in a channel with two different configurations: one 

near the walls and the other in the core of the channel. The ef-

fects of the thickness ratio of the porous layer, the thermal con-

ductivity ratio (kr) and the Darcy number on heat transfer en-

hancement are examined. Additionally, the study examines the 

dimensionless axial velocity and pressure drop to optimise the 

balance between heat transfer enhancement and pumping power 

requirements.  

3.1. Hydrodynamic characteristics 

Figure 6 presents the axial velocity profiles for different values 

of porous layer thickness ratio (rp). As the thickness ratio rp in-

creases, the fluid exhibits a channelling phenomenon, in which 

the flow is preferentially directed through the clear-fluid region 

between the porous layer and the channel wall. This results in 

 

Fig. 4. Schematic diagram of a partially filled porous channel. 

 

Fig. 6. The non-dimensional axial velocity profile for different porous layer thickness ratio (rp) for both configurations: 

(a) porous layer embedded within the core of the channel, (b) porous layer at the walls of the channel. 

 

Fig. 5. Variation of the Nusselt number with the Reynolds 

number in a partially filled porous channel. 
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a non-uniform distribution of flow, with fluid concentration oc-

curring in localised regions around the porous layer, rather than 

maintaining a uniform flow across the entire cross-sectional 

area. For the case with a porous layer at the core (Fig. 6a), the 

maximum velocity of the fluid within the channel tends to in-

crease and shift closer to the pipe surface as the thickness ratio 

increases, reaching a peak at rp = 0.8. This increase in velocity 

is primarily attributed to the decrease in the cross-sectional area 

available for flow, which forces the fluid to accelerate to main-

tain the same flow rate. The peak velocity at rp = 0.8 indicates 

an optimal configuration where the balance between the porous 

material’s presence and the flow area is most favourable for 

fluid motion. For the configuration with the porous layer near 

the wall (Fig. 6b), the maximum fluid velocity increases and 

shifts toward the centre of the channel as the thickness ratio in-

creases, reaching a peak at rp = 0.8. This behaviour highlights 

the significant influence of the porous layer configuration on 

fluid dynamics, suggesting that careful design of these configu-

rations can enhance thermal performance in applications, such 

as heat exchangers. 

3.2. Pressure drop 

The pressure drop in a channel is related to energy consumption. 

Reduced pressure losses allow for efficient fluid flow and en-

hance thermal performance. The pressure drop variation with 

different porous layer thickness ratios for the geometric config-

uration at different Darcy numbers is shown in Fig. 7. In this 

figure, subscript c represents the configuration when the porous 

layer is embedded within the core of the channel, and w repre-

sents the configuration when the porous layer is present at the 

wall of the channel. As the thickness of the porous layer in-

creases, the resistance to fluid flow also rises, leading to higher 

pressure losses in both configurations of the channel, as depicted 

in Fig. 6. Similar pressure drop behaviour has been reported in 

previous studies [35,36]. This is primarily due to the increased 

surface area for frictional interactions and the longer path the 

fluid must traverse, which amplifies the energy required to 

maintain flow. Conversely, Darcy number is a measure of the 

porous medium’s permeability relative to the fluid’s viscosity, 

plays a crucial role in determining how easily fluid can flow 

through the material. 

A higher Darcy number indicates greater permeability, 

which typically results in lower pressure losses for a given inlet 

velocity. It is interesting to note that there is a lower pressure 

drop when the porous layer is located near the wall than at the 

core of the channel. This trend becomes more pronounced as the 

thickness of the porous insert increases. This is because the po-

rous layer on the walls allows for a more streamlined flow path, 

reducing turbulence and frictional losses. In contrast, a porous 

insert in the core can disrupt the flow more significantly, leading 

to increased resistance and higher pressure drop. For a fully po-

rous channel, the pressure loss values are the same for both con-

figurations. 

3.3. Heat transfer characteristics 

Figure 8 depicts the relationship between the Nusselt number 

(Nu) and the porous layer thickness ratio for a porous layer pre-

sent in the channel core, under different Darcy numbers, at 

a lower thermal conductivity ratio. For a Darcy number of 10‒2, 

the thermal performance improves with increasing porous layer 

thickness, peaking at a porous layer thickness ratio of 0.6. How-

ever, as the porous layer thickness ratio is further increased to 

0.8 and then to 1.0, the Nusselt number begins to decrease. In 

contrast, when the Darcy number is reduced to a value ranging 

between 10‒3 and 10‒6, the trend changes. In these cases, the heat 

transfer performance continues to improve with increasing rp up 

to 0.8, which results in significant enhancement of thermal per-

formance compared to other cases. Similar to the previous case, 

a further increase in rp from 0.8 to 1.0 results in a decrease in 

thermal performance. This is due to the channelling effect oc-

curring for porous layer thickness ratio, rp > 0.8. As the porous 

layer thickness increases beyond this point, the clear fluid gap 

becomes smaller, resulting in increased flow resistance. Conse-

quently, the flow loses a distinct  preferential  path,  leading  to  

 

Fig. 7. Pressure drop with porous layer thickness ratio (rp) 

at different Darcy numbers for both geometric configurations. 

 

Fig. 8. Variation of the Nusselt number with the porous layer 

thickness ratio (rp) at a thermal conductivity ratio (kr) 

of 2.5 and different Darcy number (Da) values, 

when a porous layer is at the channel core. 
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a reduction in heat transfer performance, and resulting in a de-

crease in the Nusselt number. A similar variation in the Nusselt 

number has been reported in previous studies [36]. 

Figure 9 demonstrates the relationship between the Nusselt 

number (Nu), the porous layer thickness ratio (rp) and the Darcy 

number (Da) for a higher thermal conductivity ratio. The results 

indicate that an increase in the thermal conductivity of the solid 

matrix improves the heat transfer rate. As the thermal conduc-

tivity ratio (kr) increases, the porous material’s ability to conduct 

heat also improves, resulting in higher Nusselt numbers. Nota-

bly, the impact of increasing thermal conductivity ratio becomes 

significant at higher porous layer thickness ratios. This is be-

cause as the porous layer thickness ratio (rp) increases, the flow 

through the porous medium becomes less efficient, making the 

thermal conductivity of the solid matrix more important for heat 

transfer. Furthermore, when the porous material completely fills 

the channel (rp = 1.0), the increase in thermal conductivity of the 

solid matrix results in the most substantial enhancement in heat 

transfer rates. In this fully filled configuration, the solid matrix 

can effectively conduct heat, maximising the thermal perfor-

mance of the system. These findings emphasise that both the po-

rous layer thickness ratio and the thermal conductivity of the 

solid matrix play a crucial role in heat transfer rates, with the 

extent of their impact being influenced by Darcy numbers. 

Figure 10 further demonstrates the influence of a higher ther-

mal conductivity ratio on thermal performance across various 

configurations, comparing the porous layer placed at the core 

versus at the walls, for different Darcy numbers. Figures 10a and 

 

Fig. 9. Variation of the Nusselt number with the porous layer 

thickness ratio (rp) at a thermal conductivity ratio (kr) 

of 25 and for different Darcy number (Da) values, 

when a porous layer is at the channel core. 

 

Fig. 10. Variation of the Nusselt number with respect to the porous layer thickness ratio (rp) for two configurations: 

a porous layer in the core and a porous layer at the walls, for different Darcy numbers. 
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10b, corresponding to Darcy numbers of 10‒5 and 10‒4, respec-

tively, show that for less permeable porous media, positioning 

the porous layer in the channel core results in higher Nusselt 

numbers. However, this configuration also leads to higher pres-

sure losses compared to the configuration with the porous layer 

adjacent to the walls, especially at lower Darcy numbers. In con-

trast, Figs. 10c and 10d, corresponding to Darcy numbers of 

10‒3 and 10‒2, respectively, reveal that higher permeability 

yields better thermal performance when the porous layer is lo-

cated near the walls. This configuration achieves higher Nusselt 

numbers with lower pressure drops. The improved thermal per-

formance in this case is due to higher permeability, which en-

hances fluid-wall interaction when the porous medium is adja-

cent to the walls, allowing the fluid to flow more freely and im-

proving contact with the wall surface. This, in turn, increases 

convective heat transfer, resulting in a higher Nusselt number. 

Nusselt number as a function of the Darcy number for both cases 

for a porous layer thickness ratio of 0.8 is depicted in Fig. 11. 

The same value of the Nusselt number is observed for both con-

figurations when the Darcy number is between 10‒4 to 10‒3. The 

same transition of the Nusselt number with the Darcy number is 

seen for all porous layer thickness in this study. The thickness 

ratio of rp = 0.8 is selected as it represents the optimal configu-

ration that yields the maximum heat transfer enhancement 

among all thickness ratios investigated in the present study. 

6. Conclusions 

The present study numerically investigates the heat transfer en-

hancement in the channel using two different configurations: 

a porous layer in the channel core and a porous layer lo- 

cated near the channel wall. The effects of Darcy number  

(0.000001 < Da < 0.01), the ratio of porous layer thickness  

(0.2 < rp < 1) and the thermal conductivity ratio are studied to 

understand how porous medium properties govern flow re-

sistance and thermal performance. The main outcome of the 

study is summarised below: 

1. The highest fluid velocity is observed when the  porous  la- 

yer thickness ratio is 0.8 in both geometric configurations. 

This indicates the optimal configuration for enhancing 

convective heat transfer between the fluid and the channel 

wall. 

2. Pressure-drop analysis indicates that positioning the po-

rous layer at the walls consistently results in lower pressure 

losses for all Darcy numbers, whereas placing the porous 

layer at the core introduces a stronger flow obstruction and 

therefore higher-pressure penalties. The pressure drop in-

creases as the porous layer thickness ratio increases. 

3. The results show that the porous layer thickness ratio plays 

a dominant role in flow-thermal behaviour. The maximum 

improvement in heat transfer is achieved at a thickness ra-

tio of 0.8, where the Nusselt number increases by about 

88% compared to the baseline. For the low thermal con-

ductivity ratio of 2.5, increasing thickness beyond this 

point leads to a 19.5% reduction in the Nusselt number due 

to increased thermal resistance. In contrast, for a high con-

ductivity ratio of 25, the heat transfer rate continues to rise 

with thickness, yielding as much as 80.5% improvement 

relative to the low-conductivity case. 

4. At lower Darcy numbers, the Nusselt number is higher 

when the porous layer is located at the core of the channel, 

irrespective of the porous layer thickness ratio. In contrast, 

at higher Darcy numbers, the Nusselt number is higher 

when the porous layer is positioned near the walls, espe-

cially for high thermal conductivity ratios and for all po-

rous layer thickness ratios.  
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1. Introduction  

Hybrid nanofluids are engineered by suspending a combination 

of two or more different nanoparticles within a conventional 

heat transmission medium such as water (H2O), motor oil, or-

ganic solvents or biological fluids. When these nanoparticles are 

uniformly dispersed, the resulting fluid exhibits significantly 

improved thermal conductivity and superior heat transfer fea-

tures. As an innovative class of working liquids, hybrid nanoflu-

ids have shown great promise in various engineering and scien- 
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Abstract 

The current study explores a numerical investigation of steady-state, two-dimensional, incompressible, laminar mixed convec-
tive flow of a chemically reactive hybrid nanofluid composed of Al2O3 – H2O over a vertical non- isothermal/isosolutal wedge 
and cone configurations, taking into account the impact of a heat absorption or generation parameter. Utilising similarity 
transformations, the set of governing equations was reduced to a set of ordinary differential equations. This model incorporates 
the conservation equations for energy, mass and momentum, which are solved numerically by using the BVP-5C method and 
the Runge-Kutta shooting technique in MATLAB. The influences of key factors on the flow fields, as well as on the mass and 
heat transmission rates, are analysed and presented through graphical and tabular formats. The outcome reveals that both 
solutal and thermal Grashof numbers display a comparable influence on the flow behaviour. As these parameters increase, an 
enhancement in the velocity profile is observed, whereas concentration and temperature distributions tend to decline. Addi-
tionally, an increase in the heat generation and thermal radiation parameters results in elevated temperature distributions for 
both wedge and cone geometries. In contrast, the chemical reaction factor contributes to a decrease in concentration distribu-
tion. The influence is more prominent in the wedge configuration than in the cone, where the profile exhibits an increasing 
behaviour, while the cone shows a stronger response in scenarios where the profile decreases. The mass and heat transmission 
rates corresponding to the key parameters are presented in tabulated form. The proposed model has been rigorously verified 
against previously reported data and demonstrates excellent agreement.  

Keywords: Wedge/cone; Thermal/mass Grashof numbers; Heat generation/absorption parameter; Chemical reaction 
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Nomenclature 

a, b ‒ constants 

Bi ‒ Biot number 

C ‒ concentration, kg/m3 

Cf ‒ skin friction coefficient 

Cw ‒ concentration at wall, kg/m3 

C ‒ ambient concentration (kg/m3) 

Dhnf‒ diffusion coefficient, m2/s 

g ‒ acceleration due to gravity, m/s2 

Gc ‒ mass Grashof number 

Gr ‒ thermal Grashof number 

hf ‒ convective heat transfer coefficient, W/(m2 K) 

khnf ‒ thermal conductivity of hybrid nanofluid, W/(m K) 

k* ‒ mean absorption coefficient, m-1 

l ‒ characteristic length of cone/wedge, m 

n ‒ power index 

Nux ‒ Nusselt number 

Pr ‒ Prandtl number 

Q ‒ heat generation/absorption parameter 

qr ‒ heat flux, W/m2 

r ‒ radius of the cone, m 

Rc ‒ chemical reaction parameter 

Rd ‒ thermal radiation 

Rex ‒ local Reynolds number 

s1 ‒ wall temperature parameter 

s2 ‒ wall concentration parameter 

S ‒ suction parameter 

Sc ‒ Schmidt number 

Shx ‒ Sherwood number 

T ‒ temperature, K 

Tw ‒ temperature at wall, K 

T ‒ ambient temperature, K 

u, v ‒ velocity components along the x– and y–axis, m/s 

uw ‒ stretching velocity, m/s 

 

Greek symbols 

𝛼 ‒ half-angle 

βC ‒ solutal expansion coefficient, K-1 

𝛽T ‒ thermal expansion coefficient, K-1 

μhnf ‒ dynamic viscosity of hybrid nanofluid, kg/(m s) 

𝜌hnf ‒ density of hybrid nanofluid, kg/m3 

(𝜌Cp)hnf ‒ heat capacity of hybrid nanofluids, J/(kg K) 

𝜎* ‒ Stefan-Boltzmann constant, W/(m2 K4) 

1, 2 – Cu and Al2O3 nano particles volume fraction 

 

Subscripts and Superscripts 

 ‒ free stream 

f ‒ fluid 

hnf ‒ hybrid nanofluids 

w ‒ at the wall/surface 

 

Abbreviations and Acronyms 

EG ‒ ethylene glycol 

MHD ‒ magnetohydrodynamics 

ODEs ‒ ordinary differential equations  

tific domains, including microfluidic systems, transportation 

technologies, biomedical applications, defence mechanisms, na-

val architecture and acoustic devices. Due to its extensive spec-

trum of applications in engineering and science, the investiga-

tion of fluid flow over different geometrical shapes such as ver-

tical cones and wedges has attracted considerable interest from 

researchers. These flow configurations are crucial in various in-

dustrial and technological operations, including fibre produc-

tion, advanced thermal aerodynamics, cooling of nuclear sys-

tems, surface modification, spray deposition techniques, and 

polymer fabrication. Consequently, a substantial amount of an-

alytical and computational investigations have led to explore the 

flow behaviour of Newtonian as well as non-Newtonian fluids 

across such geometrical domains. 

Dawar et al. [1] analysed the convective transport of Wil-

liamson’s nanoliquid through wedge and cone geometries by 

employing convective boundary conditions. The flow was stud-

ied under varying thermal and solutal conditions that were not 

uniform across the surface. Kumar et al. [2] explored the laminar 

flow of a Newtonian composite nanofluid containing various na-

noparticles embedded in a basic fluid, considering both temper-

ature-dependent and exponentially changing spatial heat gener-

ation over an isothermal wedge. Yahaya et al. [3] examined 

steady-state hybrid nanoliquid flowing over a penetrable, non-

isothermal wedge and cone, incorporating the influence of radi-

ation and convective boundary conditions in their heat transmis-

sion analysis. Sushila et al. [4] analysed the heat transmission 

behaviour of TiO2 – CuO/water hybrid nanoliquid flowing over 

both static and moving wedges, taking into account the effects 

of thermal radiation and magnetic field within a porous medium. 

Mixed convection represents fluid flow in which both forced 

convection, caused by external pressure gradients, and free con-

vection, resulting from buoyancy forces, act simultaneously. 

This type of flow plays a substantial role in an extensive array 

of applications, like low-speed heat exchangers, cooling of elec-

tronic components, crystal formation, underground cable net-

works, chemical manufacturing, lubrication systems, boilers, 

emergency cooling in nuclear reactors, solar thermal systems, 

defrosting mechanisms, atmospheric circulation, vehicle wind-

shield demisters, and ocean currents. Ramzan et al. [5] inspected 

mixed convection flow of a ternary hybrid nanoliquid over 

wedge and cone geometries characterised by non-isothermal and 

non-isosolutal distributions. Reddy et al. [6] investigated mixed 

convective magnetohydrodynamics (MHD) radiative flow of a 

Williamson’s nanoliquid over a wedge, including the influence 

of inner heat generation and binary chemical reactions. The 

mixed convective heat and mass transfer behaviour of a mag-

neto-nanofluid over a moving vertical plate, including thermal 

radiation, was examined by Chandra Reddy et al. [7]. The influ-

ence of time-dependent MHD mixed convection on hybrid 

nanofluid flow past a nonlinearly stretching surface in a porous 

medium was investigated by Mathews and Hymavathi [8]. 

The study of fluid flow involving chemical reactions is vital 

due to its substantial influence on both environmental and indus-

trial operations. Such reactions play a crucial role in a wide-

spread range of applications, such as nuclear reactor systems,  
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atomic energy generation, plastic fabrication, cable insulation 

processes, and many other industrial sectors. Amit and Shalini 

[9] conducted a numerical study on the influence of a nonlinear 

chemically reacting MHD convective flow of Maxwell liquid 

over penetrable surfaces, including a vertical cone/wedge/plate. 

AL Garalleh [10] investigated the mixed convection flow of  

a ternary hybrid nanoliquid composed of TiO2, Al2O3 and SiO2 

over a stretched/shrunk wedge, considering the combined influ-

ences of chemical reaction and activation energy. Arabi  

et al. [11] explored the convection behaviour of a Williamson 

hybrid nanoliquid flowing over wedge and cone geometries 

within a porous surface, considering various nanoparticle shapes 

and the effect of a chemical response. 

The study of temperature distribution influenced by heat 

generation (absorption) in moving fluids plays a crucial role in 

numerous physical contexts, including chemical reaction pro-

cesses and the behaviour of dissociating fluids. Numerous in-

vestigations in the literature focus on heat transmission in the 

laminar flow of viscous liquids. In some works, heat generation 

is modelled either as a constant or as a function of spatial coor-

dinates, while others have incorporated the effects of frictional 

heating and fluid expansion. Vajravelu and Nayfeh [12] investi-

gated MHD convection along cone and wedge surfaces, consid-

ering variable surface temperatures and the presence of inner 

heat absorption/generation. Rekha et al. [13] studied the influ-

ence of a uniform heat sink/source on the flow of an incompress-

ible nanofluid over cone and wedge geometries within a perme-

able medium. The influence of heat generation and thermal ra-

diation under exponentially varying temperature and concentra-

tion conditions was investigated by Chandra Reddy et al. [14]. 

The same authors, in [15], carried out a numerical investigation 

of free convection heat and mass transfer characteristics in  

a heat-producing magneto-nanofluid past a vertically moving 

plate. Mathews and Hymavathi [16] explored the effects of 

a magnetic field, viscous dissipation, thermal radiation and in-

ternal heat generation/absorption on flows involving metallic 

and oxide nanoparticles over a permeable stretching sheet. 

By applying the MATLAB BVP4C boundary-value problem 

solver, Ali et al. [17,18] numerically explored the influence of 

various nanoparticle shape factors, including blade, brick, cylin-

drical, platelet, and spherical forms, on nanofluid flow cha- 

racteristics, considering unsteady SiO2 – H2O motion along  

a stretchable cylinder and steady EG–Cu flow over a fixed 

stretching surface under Joule heating effects. Shahzad  

et al. [19] examined the characteristics of axisymmetric liquid 

film flow and the associated heat transfer over a time-dependent 

radially stretching surface, accounting for the influence of an ap-

plied transverse magnetic field. Zaman et al. [20] explored the 

thermal behaviour of Williamson nanofluids incorporating up-

ward-moving motile thermophilic microorganisms along wedge 

and cone surfaces and further enhanced their study by employ-

ing an artificial neural network to support the numerical find-

ings. Ahmed et al. [21] investigated the effects of thermal radi-

ation on chemically reactive MHD hybrid nanofluid flow over 

elastically deformable wedge, plate, and cone configurations, 

while also accounting for surface tension gradients, Joule heat-

ing, and permeability of the medium. Sadiya et al. [22] analysed 

the simultaneous effects of these parameters on the flow behave-

iour of a ternary nanofluid moving through a porous medium 

over a rotating and stretching surface. Qureshi et al. [23] con-

ducted a machine-learning-based analysis of MHD radiative ter-

nary hybrid nanofluid flow, comprising multi-walled carbon 

nanotubes (MWCNTs) and Au/Ag nanoparticles suspended in 

blood, over a porous stretching sheet. 

A thorough examination of existing literature demonstrates 

that the mixed convection flow of a chemically reactive 

Al2O3 – Cu/H2O hybrid nanofluid over wedge and cone geome-

tries, considering the simultaneous influence of heat generation 

(absorption) and chemical reaction effects, remains uninvesti-

gated. Aiming to address this gap, the present analysis explores 

the governing factors of heat and mass transfer in the flow sys-

tem and builds upon the study of Yahaya et al. [3] by introducing 

heat generation within the boundary layer. The novelty of this 

study lies in its numerical assessment of how thermal and solutal 

Grashof numbers, together with heat generation (absorption) 

and chemical reaction factors, affect the behaviour of the hybrid 

nanoliquid over non-isothermal and non-isosolutal wedge and 

cone surfaces. A comparative evaluation between the two geom-

etries is carried out to highlight the influence of the selected 

physical elements. This problem is tackled using the BVP5C nu-

merical solver. Graphical representations are used to illustrate 

the influence of key variables, and tables are provided to report 

skin friction, mass and heat transmission rates for chosen param-

eter values. The results show strong consistency and offer valu-

able insights into the transport phenomena involved. 

2. Mathematical modelling 

This research presents a numerical exploration of steady-state, 

laminar, 2D incompressible mixed convective flow of a chemi-

cally reactive hybrid nanofluid composed of Al2O3 – Cu/H2O 

over vertical non-isothermal and non-isosolutal cone and wedge 

configurations, accounting for the impact of heat generation or 

absorption. Initially, a nanofluid is prepared by scattering copper 

(Cu) nanoparticles into water (H2O), the basic fluid, with the 

volume fraction represented by 1. This Cu – H2O nanofluid is 

then further modified into a hybrid nanofluid, Al2O3 – Cu/H2O, 

by incorporating aluminium oxide (Al2O3) nanoparticles, known 

for their superior thermal conductivity at a designated volume 

fraction 2. This study assumes that the nanoparticles are uni-

formly shaped and sized and that thermal equilibrium exists be-

tween the basic liquids and the suspended nanoparticles. 

Figure 1 demonstrates the configuration and co-ordinate sys-

tem for the 2D flow scenario, here the x–axis runs along the sur-

face area of the cone or wedge and the y–axis is oriented perpen-

dicular to it. The stretched velocity of the surface is defined as 

uw = vf‧x/l2, and the liquid occupies the area y ≥ 0. The surface 

temperature distribution is modelled as Tw(x) = T + 𝑎𝑥𝑠1 , while 

the nanoparticle concentration at the surface is given by  

Cw(x) = 𝐶∞ + 𝑏𝑥𝑠2 , with the exponents s1 and s2 governing the 

spatial variation of temperature and concentration, respectively. 

A value of s1 = 0 represents a surface with constant temperature 

(isothermal), and s2 = 0 indicates a surface with uniform nano-

particle concentration (isosolutal). The cone or wedge is charac-

terised by a half-angle α, with its radius defined as r = x sinα.  
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The two geometric configurations, cone and wedge, are dis-

tinguished using the following criteria: 

i) for 𝛼 ≠ 0 and 𝑛 = 0, the structure corresponds to a wedge, 

ii) for 𝛼 ≠ 0 and 𝑛 = 1, the configuration represents a cone.  

Taking into account the aforementioned suppositions, the 

equations that govern this flow problem are established as fol-

lows [1,3,5,24]:  

 
𝜕

𝜕𝑥
(𝑟𝑛𝑢) +  

𝜕

𝜕𝑦
(𝑟𝑛𝑣) = 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣  

𝜕𝑢

𝜕𝑦
=

𝜇ℎ𝑛𝑓

𝜌ℎ𝑛𝑓

𝜕2𝑢

𝜕𝑦2 +  

 +𝑔  [𝛽𝑇(𝑇 − 𝑇∞) + 𝛽𝑐(𝐶 − 𝐶∞)]cos 𝛼, (2) 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣  

𝜕𝑇

𝜕𝑦
=

𝑘ℎ𝑛𝑓

(𝜌 𝐶𝑝)
ℎ𝑛𝑓

𝜕2𝑇

𝜕𝑦2 +  

 −
1

(𝜌 𝐶𝑝)
ℎ𝑛𝑓

𝜕𝑞𝑟

𝜕𝑦
+

𝑄∗

(𝜌 𝐶𝑝)
ℎ𝑛𝑓

(𝑇 − 𝑇∞), (3) 

 𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣  

𝜕𝐶

𝜕𝑦
= 𝐷ℎ𝑛𝑓

𝜕2𝐶

𝜕𝑦2 − 𝐾∗(𝐶 − 𝐶∞). (4) 

The corresponding boundary constraints [3,5] are:  

at 𝑦 = 0: 

 𝑢 = 𝑢𝑤 ,   𝑣 = 𝑣𝑤 , −𝑘ℎ𝑛𝑓
𝜕𝑇

𝜕𝑦
= ℎ𝑓(𝑇𝑤 − 𝑇),   𝐶 = 𝐶𝑤, (5a) 

as 𝑦 ⟶ ∞ 

 𝑢 ⟶ 0,        𝑇 ⟶ 𝑇∞,       𝐶 ⟶ 𝐶∞. (5b) 

To simplify the analysis, the following similarity transfor-

mations are introduced [1,3]: 

 𝜂 =  
𝑦

𝑙
 ,         𝑢 = (

𝜈𝑓𝑥

𝑙2 ) 𝑓′(𝜂),  

 𝑣 = − (
𝜈𝑓

𝑙
) (1 + 𝑛)𝑓(𝜂),       𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
 , (6) 

 𝜙(𝜂) =
𝐶−𝐶∞

𝐶𝑤−𝐶∞
.  

Upon applying the similarity parameters defined by Eq. (6) 

to the governing Eqs. (1) to (4), it is observed that Eq. (1) is 

naturally satisfied, while Eqs. (2)−(4) are simplified to the non-

linear ODEs shown below: 

 𝑅1𝑓′′′ + 𝑅2(1 + 𝑛)𝑓𝑓′′ − 𝑅2𝑓′2 +  

 +𝑅2(Gr𝜃 + Gc𝜙) cos𝛼 = 0, (7) 

 (𝑅4 +
4

3
𝑅𝑑) 𝜃′′ + Pr 𝑄 𝜃 + Pr𝑅3 (1 + 𝑛)𝑓𝜃′ +  

 − 𝑠1Pr𝑅3𝑓′𝜃 = 0, (8) 

 𝜙′′ +
Sc

𝑅5
[(1 + 𝑛)𝑓𝜙′ − 𝑠2𝑓′𝜙 − 𝑅𝑐𝜙] = 0. (9) 

Here:  

 𝑅1 =
𝜇ℎ𝑛𝑓

𝜇𝑓
,  𝑅2 =

𝜌ℎ𝑛𝑓

𝜌𝑓
,  𝑅3 =

(𝜌𝐶𝑝)
ℎ𝑛𝑓

(𝜌𝐶𝑝)
𝑓

,  𝑅4 =
𝑘ℎ𝑛𝑓

𝑘𝑓
, 𝑅5 =

𝐷ℎ𝑛𝑓

𝐷𝑓
.  

The corresponding boundary constraints are transformed to: 

 𝑓′(0) = 𝜙(0) = 1,     𝑓(0) = 𝑆
1

1+𝑛
,     𝜃′(0) = −Bi

(1−𝜃(0))

𝑅4
,  

 𝑓′(∞) = 𝜙(∞) =  𝜃(∞) = 0. (10) 

Dimensionless quantities utilised in the governing equations 

are defined as follows [1,3,5,25]: 

 thermal Grashof number: Gr =
𝑙2𝑔𝛽𝑇(𝑇𝑤−𝑇∞)

𝜈𝑓𝑢𝑤
 , 

 mass Grashof number: Gc =
𝑙2𝑔𝛽𝐶(𝐶𝑤−𝐶∞)

𝜈𝑓𝑢𝑤
 , 

 heat generation/absorption: 𝑆 = −
𝑙𝑣𝑤

𝜈𝑓
 (𝑆 > 0 indicating 

suction and 𝑆 < 0 indicating injection),  

 Biot number: Bi =
ℎ𝑓𝑙

𝑘𝑓
 , 

 Schmidt number: Sc =
𝜈𝑓

𝐷𝑓
, 

 chemical reaction parameter: 𝑅𝑐 =
𝐾∗𝑙2

𝜈𝑓
 . 

As per Rosseland’s [26] diffusion estimate, the radiative heat 

flux qr is formulated in the following manner, as outlined in ref-

erences [27−29]: 

 𝑞𝑟 = −
4

3

𝜎∗

𝑘∗

𝜕𝑇4

𝜕𝑦
.  

The factors k* and 𝜎* designate the mean absorption coeffi-

cient and Stefan–Boltzmann constant respectively. By applying 

a Taylor’s series extension to T4 around the ambient temperature 

T and avoiding higher order terms, the expression streamlines 

to: T4 ≈ 4 T
3T − 3 T

4.  

Physical and thermal characterisations of the basic liquid 

H2O and nanoparticles Al2O3, Cu, along with those of the hybrid 

nanofluid Al2O3 – Cu/H2O, are presented in Tables 1 and 2 given 

below. 

 

 

 

 

 

 

 

 

 

Fig. 1. Flow configuration schematic representation. 

Table 1. Al2O3, Cu and H2O thermo-physical properties [33,34]. 

Properties Cu Al2O3 H2O 

Cp, J/(kg K) 385 765 4179 

𝝆, kg/m3 8933 3970 997.1 

k, W/(m K) 400 40 0.613 

Pr   6.2 
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The key physical quantities appropriate to the current prob-

lem are discussed as follows: 

 𝐶𝑓 =
𝜇ℎ𝑛𝑓

𝜌𝑓𝑢𝑤
2 (

𝜕𝑢

𝜕𝑦
)

𝑦=0
, (11a) 

 Nu𝑥 =
−𝑥

𝑘𝑓(𝑇𝑤−𝑇∞)
[(𝑘ℎ𝑛𝑓

𝜕𝑇

𝜕𝑦
)

𝑦=0
− (𝑞𝑟)𝑦=0], (11b) 

 Sh𝑥 =
−𝑥

𝐷𝐵(𝐶𝑤−𝐶∞)
(

𝜕𝐶

𝜕𝑦
)

𝑦=0
. (11c) 

Substituting the similarity variables defined in Eq. (6) into 

Eq. (11) yields the non-dimensional forms of the physical quan-

tities, as presented below: 

 Re𝑥
1/2

𝐶𝑓 = 𝑅1𝑓′′(0), (12a) 

 Re𝑥
−1/2

Nu𝑥 = − (𝑅4 +
4

3
𝑅𝑑 ) 𝜃′(0), (12b) 

 Re𝑥
−1/2

Sh𝑥 = − ′(0). (12c) 

3. Method of solution 

The system of Eqs. (7) to (9), along with the corresponding 

boundary constraints, is solved numerically by utilising the 

BVP5C solver available in MATLAB. To implement this 

method, all higher-order differential equations (DEs) are first re-

duced to a set of first-order equations. The formulation of the 

problem and procedural flow of the BVP5C technique are illus-

trated in Fig. 2. 

Let:  

 𝑓 = 𝑦1,   
𝑑𝑓

𝑑𝜂
=

𝑑𝑦1

𝑑𝜂
= 𝑦2,   

𝑑2𝑓

𝑑𝜂2 =
𝑑𝑦2

𝑑𝜂
= 𝑦3,   

𝑑3𝑓

𝑑𝜂3 =
𝑑𝑦3

𝑑𝜂
, (13) 

 𝜃 = 𝑦4,     
𝑑𝜃

𝑑𝜂
=

𝑑𝑦4

𝑑𝜂
= 𝑦5,     

𝑑2𝜃

𝑑𝜂2 =
𝑑𝑦5

𝑑𝜂
, (14) 

 𝜙 = 𝑦6,     
𝑑𝜙

𝑑𝜂
=

𝑑𝑦6

𝑑𝜂
= 𝑦7,     

𝑑2𝜙

𝑑𝜂2 =
𝑑𝑦7

𝑑𝜂
. (15) 

Substitution of Eqs. (13)–(15) into Eqs. (7)–(9) yields the 

transformed equations given below: 

 

 𝑅1
𝑑𝑦3

𝑑𝜂
+ 𝑅2(1 + 𝑛)𝑦1𝑦3 − 𝑅2𝑦2

2 +  

 +𝑅2(Gr 𝑦4 + Gc 𝑦6) cos𝛼 = 0, (16) 

 (𝑅4 +
4

3
𝑅𝑑)

𝑑𝑦5

𝑑𝜂
+  

 +Pr(𝑄 𝑦4 + 𝑅3(1 + 𝑛)𝑦1𝑦5 − 𝑠1𝑅3𝑦2𝑦4) = 0, (17) 

 
𝑑𝑦7

𝑑𝜂
+

Sc

𝑅5
[(1 + 𝑛)𝑦1𝑦7 − 𝑠2𝑦2𝑦6 − 𝑅𝑐 𝑦6] = 0, (18) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
along with the boundary constraints:  

 𝑦1(0) =
𝑆

1+𝑛
,    𝑦2(0) = 𝑦6(0) =  1,    

 𝑦5(0) = −
Bi(1−𝑦4(0))

𝑅4
, (19) 

 𝑦2(∞) =  𝑦4(∞) = 𝑦6(∞) = 0, (20) 

 
𝑑𝑦3

𝑑𝜂
=

−𝑅2(1+𝑛)𝑦1𝑦3+𝑅2𝑦2
2−𝑅2(Gr 𝑦4+Gc 𝑦6) cos𝛼

𝑅1
, (21) 

 
𝑑𝑦5

𝑑𝜂
=  

−Pr(𝑄𝑦4+𝑅3(1+𝑛)𝑦1𝑦5−𝑠1𝑅3𝑦2𝑦4)

(𝑅4+
4

3
𝑅𝑑)

, (22) 

 
𝑑𝑦7

𝑑𝜂
= −

Sc

𝑅5
[(1 + 𝑛)𝑦1𝑦7 − 𝑠2𝑦2𝑦6 − 𝑅𝑐 𝑦6]. (23) 

The BVP5C solver generates a solution that is continuous 

and possesses a continuous first-order derivative over the inter-

val [0, ∞]. Equations (19)–(23) are programmed in MATLAB, 

and their solutions are obtained using the BVP5C routine. This 

approach ensures that the convergence criteria are adequately 

met 10−6. 

4. Results and discussion  

This section presents graphical illustrations of the temperature 

θ(η), velocity f (η) and concentration (η) distributions for the 

 

Fig. 2. Iterative BVP5C solution flowchart. 

Table 2. Al2O3 – Cu/H2O hybrid nanoliquid thermo-physical properties 

[1,5,30−32]. 

Properties Al2O3 – Cu/H2O hybrid nanoliquid 

Viscosity 
(𝝁) 

𝜇ℎ𝑛𝑓 =  
𝜇𝑓

(1 − 𝜙1 − 𝜙2)2.5
 

Density (𝝆) 𝜌ℎ𝑛𝑓 = 𝜙2𝜌2 + 𝜙1𝜌1 + (1 − 𝜙1 − 𝜙2)𝜌𝑓 

Heat  
capacity 
(𝝆𝑪𝒑) 

(𝜌𝐶𝑝)
ℎ𝑛𝑓

= 

= 𝜙2(𝜌𝐶𝑝)
2

+ 𝜙1(𝜌𝐶𝑝)
1

+ (1 − 𝜙1 − 𝜙2)(𝜌𝐶𝑝)
𝑓

 

Thermal  
conductiv-
ity (k) 

𝑘ℎ𝑛𝑓

𝑘𝑓

= 

=

𝜙2𝑘2 + 𝜙1𝑘1

𝜙2 + 𝜙1
+ 2𝑘𝑓 + 2(𝜙2𝑘2 + 𝜙1𝑘1) − 2(𝜙2 + 𝜙1)𝑘𝑓

𝜙2𝑘2 + 𝜙1𝑘1

𝜙2 + 𝜙1
+ 2𝑘𝑓 − (𝜙2𝑘2 + 𝜙1𝑘1) + (𝜙2 + 𝜙1)𝑘𝑓

 

Diffusion  
coefficient 
(D)  

𝐷ℎ𝑛𝑓 = (1 − 𝜙1 − 𝜙2)𝐷𝑓 

 



Ramprasad C., Maheswari C., Naga Lakshmi B., Mohan T.M., Ramana R.M.  
 

104 
 

hybrid nanofluid Al2O3 – Cu/H2O flowing over a vertical, non-

isothermal and non-isosolutal, penetrable wedge and cone.  

A comparative assessment of the cone and wedge geometries is 

carried out to evaluate how the leading governing factors impact 

the flow, temperature and concentration characteristics. The in-

fluence of various factors, such as thermal Grashof number Gr, 

mass Grashof number Gc, heat absorption or generation param-

eter Q, radiation parameter Rd, Schmidt number Sc, chemical 

reaction parameter Rc, Biot number Bi, and suction para- 

meter S, on these distributions is analysed and discussed. To ex-

plore the physical performance of the structure, the boundary 

value problem stated in Eqs. (16)–(20) is solved utilising 

MATLAB’s BVP5C solver. The results are provided in both 

graphical and tabular representations to provide a comprehen-

sive understanding of the underlying physical mechanism. A de-

tailed investigation has been conducted on the skin friction co-

efficient, Sherwood number and Nusselt number with respect to 

the major influencing parameters. 

The effect of thermal Grashof number, ranging be- 

tween 1 ≤ Gr ≤ 8, on f (η), θ(η) and (η) distributions of  

Al2O3 – Cu/H2O hybrid nanoliquid flowing over a wedge and 

cone is presented in Figs. 3 to 5.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As the values of Gr increase, the velocity distribution rises, 

while the temperature and concentration distributions exhibit 

a decreasing tendency. An increase in Gr reduces the boundary 

layer thickness due to stronger buoyancy forces generated by 

temperature transformations. This enhances the liquid motion 

and raises the velocity distribution. This increased acceleration 

promotes more effective mixing and advection, resulting in  

a dilution phenomenon that reduces solute concentration. As  

a result, the concentration boundary layer becomes thinner, fur-

ther diminishing the concentration distribution. In addition, 

larger temperature gradients produce stronger buoyant forces, 

which enhance convective heat transfer. This intensified con-

vection helps dissipate heat more efficiently, thereby reducing 

the liquid’s temperature. The impact is more pronounced for the 

wedge compared to the cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figures 6 to 8 depict the influence of the mass Grashof num-

ber, ranging between 0.1 ≤ Gc ≤ 0.9, on f (η), θ(η) and (η) pro-

files for both wedge and cone configurations. In a manner simi-

lar to Gr, increasing Gc enhances the f (η) profile, whereas θ(η) 

and (η) profiles show a decreasing trend.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5.Thermal Grashof number’s effect on concentration profile. 

 

Fig. 3. Thermal Grashof number’s effect on velocity profile. 

 

Fig. 4. Thermal Grashof number’s effect on temperature profile. 

 

Fig. 6. Mass Grashof number’s effect on velocity profile. 

 

Fig. 7. Mass Grashof number’s effect on temperature profile. 
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This phenomenon arises because the mass Grashof number 

is directly associated with buoyancy forces; as Gc rises, buoy-

ancy effects become more significant, thereby accelerating the 

fluid flow. It is also witnessed that the impact of Gc is more pro-

nounced for the wedge compared to the cone in all three profiles. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 9 illustrates the variation in the θ(η) profile with cu-

mulative values of the radiation parameter, within the range 

1 ≤ Rd ≤ 2, for both the wedge and cone. It is noted that as Rd 

increases, the temperature distribution in the Al2O3 – Cu/H2O 

hybrid nanofluid rises for both geometries. This occurs because 

a higher Rd indicates greater thermal radiation, which contrib-

utes additional energy to the fluid. Accordingly, more heat is 

absorbed by the hybrid nanofluid particles, leading to a thicker 

thermal boundary layer and an elevated temperature profile.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figure 10 illustrates the effect of increasing the heat genera-

tion parameter, within the range 1.1 ≤ Q ≤ 1.3, on the θ(η) profile 

for both the wedge and cone geometries. As Q increases, more 

thermal energy is transferred to the hybrid nanofluid, leading to 

a rise in stored internal energy within the liquid particles. This 

results in a thicker boundary layer and a corresponding rise in 

the temperature profile.  

Figure 11 presents the variation of the temperature profile 

θ(η) of the hybrid nanoliquid with respect to changes in the wall 

temperature parameter 1 ≤ s1 ≤ 2, for both wedge and cone ge-

ometries. It is evident that θ(η) reduces with the increasing  

s1 value. This reduction is due to the strong influence of higher 

s1 values on the thermal boundary layer, which becomes thinner, 

resulting in a lower temperature distribution. Among these three 

parameters, their effects on θ(η) are found to be more important 

in the case of the wedge compared to that of the cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
Figures 12 to 14 demonstrate the influence of the chemical 

reaction factor (1 ≤ c ≤ 3), Schmidt number (2 ≤ Sc ≤4), and wall 

concentration parameter (1 ≤ s2 ≤ 3) on the (η) profile for both 

the wedge and cone. The plots reveal a consistent decline in (η) 

with the increasing values of Rc, Sc and s2. This behaviour is 

attributed to the inverse relationship between viscosity and the 

chemical reaction rate; an increase in Rc results in a reduction 

of both viscosity and concentration distribution. Similarly, a rise 

in Sc implies a decrease in the molecular diffusivity of the liq-

uid, which in turn diminishes the concentration levels within the 

boundary layer. Regarding the wall concentration factor, as  

s2 upsurges, the boundary layer becomes thinner, leading to  

a decrease in the concentration profile. In all these three cases, 

the decrease in 𝜙(𝜂) is more pronounced for the cone configu-

ration than for the wedge.  

Figures 15 to 17 present the impact of the suction factor 

within the range 1 ≤ S ≤ 2 on f (η), θ(η) and (η) profiles for 

both cone and wedge. As S increases, all three profiles exhibit 

a downward trend. This behaviour is attributed to the stronger 

suction drawing liquid toward the surface, which modifies the 

boundary layer and reduces the fluid velocity. The inward pull 

of the fluid lessens surface friction, thereby increasing the rate 

of heat transfer and resulting in a decreased θ(η) distribution. 

Suction also eliminates low-energy fluid near the surface, effect-

 

Fig. 10. Heat source factor’s influence on temperature profile. 

 

Fig. 8. Mass Grashof number’s effect on concentration profile. 

 

Fig. 9. Thermal radiation parameter’s influence on temperature profile. 

 

Fig. 11. Wall temperature parameter’s influence on temperature profile. 
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tively drawing the hybrid nanoliquid closer to the wedge or cone 

surfaces. The decline in f (η), θ(η) and (η) is more significant 

in the case of the cone than in the wedge.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 18 illustrates the effect of Biot number, ranging be-

tween 1 ≤ Bi ≤ 2, on the θ(η) profile for both the cone and wedge.  

Bi represents the ratio of convective heat transfer at the surface 

to conductive heat transfer within the surface. An increase in Bi 

indicates stronger convective heat exchange between the cone 

and wedge surface and the neighbouring hybrid nanofluid. As  

a result, θ(η) increases, leading to a thicker thermal boundary 

layer. This influence is more important in the wedge configura-

tion than in the case of the cone. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Tables 3 and 4 demonstrate the effects of Gr, Gc, Rd, Q, Sc 

and Rc on the skin friction coefficient Cf, Nusselt number Nux 

and Sherwood number Shx for the hybrid nanofluid  

Al2O3 – Cu/H2O over both cone and wedge geometries. The 

computations are carried out with fixed values: 1 = 2 = 0.02,  

𝛼 = π/4, s1 = s2 = 1, Sc = 0.2, Rd = Q = Gr = Gc = Rc = S =  

 

Fig. 12. Chemical reaction parameter’s effect on concentration profile. 

 

Fig. 13. Schmidt quantity’s effect on concentration profile. 

 

Fig. 14. Wall concentration parameter’s effect on concentration profile. 

 

Fig. 15. Suction factor’s influence on velocity profile. 

 

Fig. 16. Suction factor’s influence on temperature profile. 

 

Fig. 17. Suction factor’s influence on concentration profile. 

 

Fig. 18. Biot number’s influence on the temperature profile. 
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Bi = 0.5. Note that when evaluating the impact of a specific pa-

rameter, all other parameters are kept constant to isolate its ef-

fect on Cf, Nux and Shx. 

Tables 3 and 4 indicate that an increase in Gr from 0.1 to 0.4 

leads to a slight rise in Cf, Nux and Shx for both cone and wedge 

configurations. For the cone, these values are increased by ap-

proximately 0.4%, 0.003% and 0.03%, respectively, while for 

the wedge, the corresponding increases are about 0.7%, 0.006% 

and 0.04%. When Gc is increased from 0.1 to 1.0, noticeable 

enhancements are observed. For the cone, Cf, Nux and Shx in-

crease by approximately 31%, 0.5% and 8%, respectively, while 

for the wedge, the corresponding increases are about 38%, 0.8% 

and 8%. As Rd increases from 1.0 to 2.5, the cone configuration 

shows increases of approximately 0.8% in Cf, 55% in Nux and 

0.1% in Shx. For the wedge, the corresponding increases are 

about 1.4%, 53% and 0.2%, respectively. As Q increases from 

0.1 to 0.4, both Cf and Shx exhibit slight increases by 0.06% and 

0.01%, respectively, for the cone and by 0.15% and 0.01% for 

the wedge. In contrast, Nux decreases by 0.6% for the cone and 

1% for the wedge. As 0.2 ≤ Sc ≤ 0.5, both Cf and Nux decrease 

by 6% and 0.1% for the cone and by 7% and 0.2% for the wedge, 

respectively. In contrast, Shx shows a substantial increase of 

76% for the cone and 73% for the wedge. Lastly, increasing Rc 

from 0.5 to 0.8 results in slight reductions in Cf and Nux by 0.9% 

and 0.02% for the cone, and by 1.18% and 0.03% for the wedge. 

Meanwhile, Shx increases by 9% for the cone and 10% for the 

wedge.  

To ensure the validity of the present model, Tables 5 and 6, 

along with the bar diagrams shown in Figs. 19 and 20, present 

the computed values of −f  "(0) and −θ (0) for the specific case 

when 1 = 0.00001 and all other parameters 2, Rd, s2, Q, Gr, 

Gc, Sc and Rc are set to zero, with Bi = 106. The outcomes 

demonstrate strong agreement with the existing results reported 

Table 3.Influences of Gr, Gc, Rd, Q, Sc and Rc on Cf and Nux for both the cone and wedge. 

Gr Gc Rd Q Sc Rc 
Cf Nux 

Cone Wedge Cone Wedge 

0.1 
0.2 
0.3 
0.4 

     

−1.411734 
−1.409805 
−1.407876 
−1.405948 

−1.176412 
−1.173662 
−1.170915 
−1.168170 

0.616064 
0.616071 
0.616077 
0.616083 

0.605640 
0.605653 
0.605667 
0.605681 

 

0.1 
0.4 
0.7 
1.0 

    

−1.642275 
−1.460673 
−1.294884 
−1.139337 

−1.420108 
−1.226097 
−1.048459 
−0.881631 

0.614557 
0.615756 
0.616690 
0.617470 

0.603147 
0.605161 
0.606633 
0.607814 

  

1.0 
1.5 
2.0 
2.5 

   

−1.400719 
−1.397266 
−1.393672 
−1.389945 

−1.160468 
−1.155199 
−1.149638 
−1.143819 

0.765981 
0.911128 
1.051824 
1.188288 

0.749786 
0.887971 
1.020541 
1.147751 

   

0.1 
0.2 
0.3 
0.4 

  

−1.405233 
−1.404964 
−1.404675 
−1.404361 

−1.167917 
−1.167401 
−1.166823 
−1.166172 

0.621241 
0.620081 
0.618843 
0.617516 

0.614034 
0.612257 
0.610299 
0.608127 

    

0.2 
0.3 
0.4 
0.5 

 

−1.404021 
−1.441769 
−1.470497 
−1.492936 

−1.165427 
−1.199960 
−1.227122 
−1.249013 

0.616090 
0.615791 
0.615558 
0.615375 

0.605693 
0.605267 
0.604919 
0.604632 

     

0.5 
0.6 
0.7 
0.8 

−1.404021 
−1.408361 
−1.412498 
−1.416448 

−1.165427 
−1.170228 
−1.174799 
−1.179155 

0.616090 
0.616056 
0.616024 
0.615993 

0.605693 
0.605635 
0.605580 
0.605527 

 

Table 4. Influences of Gr, Gc, Rd, Q, Sc and Rc on Shx for both the cone 

and wedge.  

Gr Gc Rd Q Sc Rc 
Shx 

Cone Wedge 

0.1      0.606284 0.571215 

0.2      0.606336 0.571292 

0.3      0.606387 0.571368 

0.4      0.606439 0.571445 

 0.1     0.582707 0.550370 

 0.4     0.601217 0.566799 

 0.7     0.616125 0.580182 

 1.0     0.628864 0.591689 

  1.0    0.606641 0.571756 

  1.5    0.606824 0.572047 

  2.0    0.607042 0.572397 

  2.5    0.607293 0.572802 

   0.1   0.606447 0.571426 

   0.2   0.606456 0.571445 

   0.3   0.606467 0.571467 

   0.4   0.606478 0.571492 

    0.2  0.606491 0.571521 

    0.3  0.773045 0.721728 

    0.4  0.925505 0.858809 

    0.5  1.067523 0.986330 

     0.5 0.606491 0.571521 

     0.6 0.625225 0.590917 

     0.7 0.643397 0.609699 

     0.8 0.661046 0.627916 

 



Ramprasad C., Maheswari C., Naga Lakshmi B., Mohan T.M., Ramana R.M.  
 

108 
 

in [3,35,36] for the cone configuration, thereby supporting the 

accuracy of the present formulation.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

5. Conclusions  

This work presents a mathematical model for analysing the 

steady, laminar, two-dimensional mixed convective flow  

of a chemically reactive hybrid nanoliquid consisting of  

Al2O3 – Cu/H2O over vertical non-isothermal/non-isosolutal 

wedge and cone surfaces, incorporating the influence of the heat 

generation factor. The nonlinear ODE system is numerically 

solved using MATLAB’s BVP-5C solver. The key findings de-

rived from this analysis are outlined below: 

 As the values of Gr increase, an enhancement in the veloc-

ity profile is observed, whereas both concentration and 

temperature profiles tend to decline. A similar performance 

is noted for Gc as well.  

 Rising values of Rd, Q  and Bi leads to a rise in the temper-

ature distribution of the hybrid nanoliquid for both geome-

tries, whereas an opposite behaviour is noticed with the rise 

in s1.  

 A consistent decline in (η) is observed with increasing 

values of Rc, Sc and s2. With an increase in S, all three pro-

files f (η), θ(η) and (η) show a decreasing trend.  

 An increase in Gr, Gc, Rd and Q leads to a rise in the skin 

friction coefficient, whereas Rc produces a contrasting ef-

fect. The rate of heat transfer, represented by the Nusselt 

number, improves with higher Gr, Gc and Rd but declines 

as Q and Rc increase. Moreover, the Sherwood number is 

observed to increase with growing values of Gr, Gc, Rd, Q 

and Rc for cone and wedge geometries.  
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1. Introduction  

Artificial intelligence is the domain of emerging computers and 

robots that are capable of behaving in ways that both mimic and 

go beyond human capabilities. Programs having artificial intel-

ligence (AI) capabilities can interpret and analyse data to pro-

vide information or initiate activities automatically without hu-

man intervention. Machine learning is a branch of artificial in-

telligence that employs algorithms to automatically extract 

knowledge and identify trends from data, then use that 

knowledge to make ever-better decisions. Machine learning has 

a broad range of applications, including prognostication, design 

and speech recognition, optimisation and image processing 

[1−3]. A neural network is an artificial intelligence based model  
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Abstract 

The investigation of fluid flow and thermal behaviour near continuous moving surfaces is an active and important area of 
research with direct applications across numerous engineering processes. Physics-informed neural networks gain a significant 
role in fluid dynamics and engineering applications due to their ability to integrate physical laws directly into the learning 
process of neural networks. This work expands the use of physics-informed neural networks to address thermal and momen-
tum boundary layer issues of non-Newtonian fluid. The primary concern is to investigate momentum and thermal boundary 
layer under tangent hyperbolic non-Newtonian fluid flow circumstances. Due to the shear thinning and shear thickening 
behaviour of the non-Newtonian fluid, it has wide application in various domains. The physical constraints of the governing 
equations are solved using physics-informed neural networks. The models are constructed and trained using TensorFlow, and 
the predictions produced by this method are contrasted with those derived using Richardson extrapolation and adaptive mo-
ment estimation optimisation. The adaptive moment estimation optimiser is a well-known gradient-based optimisation tech-
nique that is frequently used in fluid dynamics, particularly when governing equations are solved using machine learning, 
deep learning, or physics-informed neural networks. The impact of various parameters has been analysed and shown graph-
ically. The Lorentz force opposes fluid motion, producing a retarding effect that decreases velocity. The Darcy and Forch-
heimer drag forces increase with decreasing porosity, resulting in substantial momentum suppression and less convective heat 
evacuation, which raises the local temperature.  
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Nomenclature 

a – radius of the cylinder, m 

bi – bias term of network 

B0 – magnetic field strength, Wb/m2 

Cp  – specific heat capacity, J/(kg K) 

Cf – skin friction, Pa 

Da – Darcy parameter 

Ec – Eckert number 

g ‒ gravitational acceleration, m/s2 

Gr – Grashof number  

kf – fluid thermal conductivity, W/(m K) 

K  – permeability, m2 

L2 ‒ error 

Ldata, Lphysics, LBC – data loss, physics loss, boundary condition loss  

M ‒ magnetic parameter 

Nu – Nusselt number 

p ‒ pressure, Pa 

Pr ‒ Prandtl number 

qw – wall heat flux, W/m2 

Q  – heat generation and absorption parameter 

Rd – thermal radiation parameter 

Re – Reynolds number, Re = 𝐷𝑣𝜌 / 

Rf, R, RBC – residuals of momentum equation, energy equation and  

       boundary condition  

t  – time, s 

T – temperature, K  

Tw – surface temperature, K 

T – ambient temperature, K  

u, v ‒ velocity components, m/s 

U – ambient velocity, m/s 

𝑤  ‒ weight of the network 

We ‒ Weissenberg number 

x, y ‒ horizontal and vertical coordinate axes, m   

 

Greek symbols 

𝛼  ‒ thermal diffusivity, m2/s  

𝜖  ‒ required tolerance 

𝜇  ‒ dynamic viscosity, Pa/s 

𝜈  ‒ kinematic viscosity, m2/s  

𝜉, 𝜂‒ dimensionless variables  

ρ – density, kg/m3  

𝜎  ‒ electrical conductivity, S/m 

𝜏𝑤  ‒ wall shear stress, Pa 

𝜃  ‒ dimensionless temperature  

𝜑  ‒ magnetic inclination angle, deg 

 

Abbreviations and Acronyms 

ADAM – adaptive moment estimation  

AI  – artificial intelligence  

FCN  – fully connected network 

ML  – machine learning 

MSE – mean squared error  

ODEs – ordinary differential equations 

PDEs – partial differential equations 

PINN – physics-informed neural network  

that is inspired by the brain's structure and operation. It pos-

sesses enormous applications in many sectors, such as computa-

tional materials and chemical sciences [4,5], pharmaceutical 

sector [6], biomedical sciences [7], climate forecasting [8], ro-

botics [9], and aerospace and mechanical engineering [10,11]. 

The neural network is motivated by the universal approximation 

theorem, which asserts that a feedforward neural network with 

at least one hidden layer may approximate any continuous func-

tion within some level of accuracy, especially for simple func-

tions [12]. A neural network is one of the main supervised ma-

chine learning models, wherein input data is transformed into 

associated outputs. Training is performed using a given dataset 

of input-output pairs to modify the network parameters such that 

the difference between estimated and actual values is mini-

mised. The method of convergence is through the optimisation 

of a loss function, usually quantified by mean squared error 

(MSE). This optimisation process relies on gradient-based algo-

rithms with automatic differentiation for the efficient backprop-

agation of errors and the tuning of the network's performance, 

Baydin et al. [13]. 

Figure 1 shows that the artificial intelligence is a broader 

concept, however, machine learning is a subset of AI. Super-

vised learning may also be used to solve differential equations. 

To solve a differential equation means that one is seeking a map-

ping of input physical variables provided to corresponding un-

known physical values, which are the estimated solution. A neu-

ral network is learned to approximate this solution in a non-lin-

ear way so that it can estimate the solution of the equation at any 

input point. Two major drawbacks are, however, present: first, 

the network has difficulty extrapolating solutions for input var-

iables outside the range of training data. Second, the training 

procedure can converge failing when dealing with a large da-

taset.  

Physics-informed neural network (PINN) is a machine learn-

ing framework that incorporates the laws of physics into the 

training section of a neural network. PINNs are designed by in-

corporating governing physical equations into the loss function 

as constraints, which helps to ensure precise output predictions 

even in areas with limited or no data. This section presents var-

ious strategies to apply PINNs to complex systems and prob-

lems. PINN involves minimising the residual of the governing 

differential equation evaluated at various points within the do-

main. Boundary conditions are incorporated either by announc-

ing soft constraints with corresponding boundary data values in 

the minimisation process or by strictly enforcing the solution 

with hard constraints. To get over this restriction, more physics-

based data are integrated into the classical neural network. In 

simulating physical  and  engineering  problems  represented  by  

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 1. Flow chart representation of artificial  

intelligence and machine learning. 
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differential equations, these methods are commonly referred to 

as physics-informed neural networks (PINNs). In these meth-

ods, the given set of data points, which are called collocation 

points, is utilised so that the learned solution obeys the govern-

ing differential equations. A new loss function, called physics 

loss, is added to the original loss function of the learning system. 

This second constraint punishes the training process, making the 

solution both partly driven by the initial data and partly by the 

physics underlying it, thus considerably limiting the solution 

space. With partial differential equations, little known data is 

needed. Therefore, PINN methods are regarded as more physics-

informed than data-driven methods. Cuomo et al. [14] investi-

gated the use of PINNs to approximate solutions to initial value 

problems. Bararnia and Esmaeilpour [15] examined thermal 

analysis of boundary layer flow with PINNs. They concluded 

that Pr in a heat equation is a crucial variable whose value sig-

nificantly alters the number of artificial neurons and layers 

needed to produce the intended effects. Due to the fascinating 

phenomena and applications of neural networks and PINNs in 

the fluid mechanics domain, there are many researchers who pay 

attention to scrutinising an approximate solution of a fluid prob-

lem [16−21]. 

Non-Newtonian fluids are important in engineering and 

manufacturing industries because of their special physical prop-

erties, especially their viscosity, which is dependent on applied 

forces. These fluids find their application in manufacturing pro-

tective gear like body armour and safety helmets. Visco-plastic 

fluids possess dual characteristics – behaving like solids when 

subject to high stress and as fluids when subject to moderate 

stress. For instance, they minimise boundary layer thickness of 

airfoils, turbine blades and ship hulls for lower drag force, re-

sulting in considerable savings in fuel consumption and im-

proved efficiency. The first approximation theory was devel-

oped by Prandtl [22], who described a mathematical basis flow 

with a high Reynolds number and derived equations for a two-

dimensional boundary layer. Finding a closed-form solution for 

a governing equation and dealing with boundary layer theory 

has never been a simple task. These governing equations are nu-

merically solved using a variety of techniques, such as the shoot-

ing method, homotopy analysis methodology and finite differ-

ence method. Non-Newtonian fluids play a significant role in 

engineering and manufacturing industries owing to their unique 

physical properties. Numerous items, including safety gear and 

body armour, are manufactured using non-Newtonian fluids. 

Peng et al. [23] have discussed the use of non-Newtonian fluids. 

The topics of [24,25] include fluid flow and heat transfer en-

hancement of non-Newtonian fluid flow problems. Numerous 

research that uses different geometrical structures and computa-

tional methods to examine the non-Newtonian fluid model can 

be identified in [26−30]. Numerical investigation of heat trans-

fer and boundary layer flow of a semi-infinite vertical plate with 

slip condition was made to evaluate rheological characteristics 

of Casson fluid [31]. Ramachandra Prasad et al. [32] examined 

non-Newtonian flow and heat transfer over a partial slip hori-

zontal cylinder using an implicit finite difference method. For 

more interesting and advanced literature, we can view refer-

ences [33−37].  

In the domains of fluid dynamics, PINNs are used to solve 

Navier-Stokes equations, boundary layer flows, and to simulate 

complex phenomena like turbulence and multiphase flows. In 

the field of heat and mass transfer, PINNs are applied to solve 

problems involving conduction, convection, radiation and 

phase-change processes. PINNs are used in aerodynamics to 

forecast lift, drag, and pressure distributions with lower compu-

ting costs in airfoil and wing simulations. In order to build struc-

tures that maximise aerodynamic performance while minimising 

resistance, they are frequently employed in shape optimisation 

jobs. In aerodynamics, cylinder structure is applied to make de-

sign of aircraft and rockets.  

Therefore, the main objective of this research work is to im-

plement physics-informed neural networks (PINNs) to study 

non-similar boundary layer flow of tangent hyperbolic fluid over 

a cylinder with buoyancy effects. The author applied the adap-

tive moment estimation (ADAM) optimiser to evaluate an ap-

proximate solution of non-similar tangent hyperbolic fluid over 

a cylinder. The Python platform is implemented for program-

ming purposes.  

2. Mathematics-based system modelling 

In this investigation, we considered steady, two-dimensional 

flow and heat transfer behaviour of a non-Newtonian tangent 

hyperbolic fluid along a horizontal cylinder with thermal radia-

tion and Joule heating effects. The fluid is presumed to be in-

compressible and subjected to the tangent hyperbolic model, 

taking into consideration shear-thinning characteristics.  

Figure 2, shows the flow problem. Here, a represents the cylin-

der radius. Since (0 ≤  ≤ π),  = x/a is a y-axis angle. Also,  

a constant magnetic field with strength B0 is imposed in the ra-

dial direction of the cylinder. The symbol g represents gravity, 

and Tw is a constant temperature.  

With the above assumptions, the governing equations are as 

follows [31−35]: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
= 𝜈 [(1 − 𝑛) (

𝜕2𝑢

𝜕𝑦2) + √2 𝑛 (
𝜕𝑢

𝜕𝑦
) (

𝜕2𝑢

𝜕𝑦2)] +  

 −
𝜈

𝑘
𝑢 + 𝐶𝑢2 + 𝑔𝛽𝑠𝑖𝑛 (

𝑥

𝑎
) (𝑇 − 𝑇∞) −

𝛼𝐵0
2

𝜌
sin2 𝜑 𝑢, (2) 

 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
= 𝛼

𝜕2𝑇

𝜕𝑦2 −
1

𝜌𝐶𝑝

𝜕𝑞𝑥

𝜕𝑦
+

𝜎

𝜌𝐶𝑝
sin2 𝜑 𝐵0

2𝑢2 +  

 +
𝜇

𝜌𝐶𝑝
(

𝜕𝑢

𝜕𝑦
)

2

+
𝑄0

𝜌𝐶𝑝
(𝑇 − 𝑇∞). (3) 

Boundary conditions to solve Eqs. (1)−(3) are defined as: 

y = 0:  𝑢 = 0,       𝑣 = 0,       𝑇 = 𝑇𝑤,      (4a) 

y = :  𝑢 → 0,      𝑣 → 0,      𝑇 = 𝑇∞.  (4b) 

Non-similarity transformations are given below: 

 𝜉 =
𝑥

𝑎
 ,        𝜂 =

𝑦

𝑎
√Gr
4

,       𝑓(𝜉, 𝜂) =
𝜓

𝜈𝑓𝜉 √Gr
4 ,  

   𝜃(𝜉, 𝜂) =
𝑇−𝑇∞

𝑇𝑤−𝑇∞
 ,      Gr =

𝑔𝛽𝑓(𝑇𝑤−𝑇∞)𝑎3

𝜈𝑓
2 . (5) 
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While applying the non-similarity transformation on the govern-

ing equations, the continuity equation is inherently satisfied, 

whereas the remaining Eqs. (2)−(3) are obtained as: 

 (1 − 𝑛)𝑓′′′ + 𝑛We𝑓𝑓′′ − (1 + 𝜉𝛬)𝑓′2
+  

 − (𝑀 sin2 𝜑 +
1

Da
) 𝑓′ +

𝑠𝑖𝑛𝜉

𝜉
𝜃 = 𝜉 (𝑓′

𝜕𝑓′

𝜕𝜉
− 𝑓′′

𝜕𝑓

𝜕𝜉
), (6) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + sin2 𝜑 𝐽𝜉2𝑓′𝟐

+  

 + Ec𝜉2𝑓′′2
+ 𝑄𝜃 = 𝜉 (𝑓′

𝜕𝜃

𝜕𝜉
− 𝜃′

𝜕𝑓

𝜕𝜉
). (7) 

The boundary conditions are transformed as follows: 

η = 0:   𝑓′ = 0,       𝑓 = 0,       𝜃 = 1,             (8a) 

η  :  𝑓′ = 0,        𝜃 = 0. (8b) 

The flow input parameters are 𝑀 =
𝜎𝑓𝐵0

2𝑎2

𝜌𝑓𝜈𝑓√Gr
, represents mag-

netic field intensity, the Prandtl number is defined as Pr =
𝜈𝑓

𝛼𝑓
,  

Da =
𝐾√Gr

𝑎2   is the Darcy parameter, lambda (𝛬) is equal to Ca, 

the radiation parameter 𝑅𝑑 =
4𝜎∗𝑇∞

3

𝑘∗𝑘𝑓
, 𝑄 =

𝑄0𝑎2

(𝜌𝐶𝑝)𝑓𝜈𝑓Re
 is the heat 

generation and absorption parameter, the Eckert number  

Ec =
𝜇𝜈𝑓

2Gr

𝑎2𝐶𝑝(𝑇𝑤−𝑇∞)
, and the Weissenberg number is denoted by 

We =
√2𝜈𝛬𝑥Gr3/4

𝑎3 . 

Now we establish two significant flow output responses in 

fluid and heat transfer analysis, i.e. Cf and Nu. Skin friction is 

the resistance offered by a fluid due to viscosity when it flows 

over a surface. The Nusselt number (Nu) indicates the effective-

ness of convective heat transfer relative to conduction. Both pa-

rameters are vital in the optimisation of designs for fluid flow 

and heat exchange systems, and they are defined as: 

 𝐶𝑓 =  
2𝜏𝑤

𝜌𝑓𝑢∞
2  ,         Nu𝑥 =

𝑥𝑞𝑤

𝑘𝑓(𝑇𝑤−𝑇∞)
, (9) 

where 𝜏𝑤  and 𝑞𝑤 are: 

 𝜏𝑤 = [𝜇 (
𝜕𝑢

𝜕𝑦
) +

1

𝛽𝑐
(

𝜕𝑢

𝜕𝑦
) −

1

6𝛽𝑐3 (
𝜕𝑢

𝜕𝑦
)

3

]
𝑦=𝑜

, (10) 

 𝑞𝑤 = −𝑘𝑓 [1 +
16𝜎∗𝑇∞

3

3𝑘∗𝑘𝑓
] (

𝜕𝑇

𝜕𝑦
)

𝑦=0
. (11) 

By simplifying, Eq. (9) becomes: 

 𝐶𝑓Gr−
3

4  = (1 − 𝑛)𝜉𝑓′′(𝜉, 0) −
𝑛

2
We𝜉(𝑓′′(𝜉, 0))

2
, (12) 

 
Nu

√Gr
4 = −𝜃′(𝜉, 0). (13) 

3. Local non-similarity method  

In dealing with non-similarity boundary layers, a widely used 

concept is the idea of local similarity. Within this concept, the 

right-hand sides of Eqs. (6) and (7) are presumed to be suffi-

ciently small, essentially replacing them with approximations to 

zero. This keeps the computational exercise simple, generating 

a system of ordinary differential equations. As such, the local 

similarity solution, or the first level of truncation, has computa-

 

Fig. 2. Schematic flow diagram of tangent hyperbolic flow over a horizontal cylinder. 
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tional attractiveness but may provide numerical answers of 

questionable accuracy. The ambiguity stems from the question 

of whether to ignore the right-hand side of the equations when ξ 

is not small. To alleviate this shortcoming, Minkowycz and 

Sparrow [38], Sparrow and Yu [39] proposed a local non-simi-

larity technique for finding solutions to non-similar boundary 

layer equations. For obtaining the local non-similarity solution 

of Eqs. (9)−(16), we introduce new dependent variables as ad-

dressed in [38,39].  

3.1. First level of truncation  

Assuming that ξ is very small (ξ ≪ 1), derivatives of ξ are ig-

nored, and Eqs. (6)–(8) are transformed into: 

 (1 + 𝑛)𝑓′′′ − (1 + 𝜉Λ)𝑓′𝟐
+ 𝑛We𝑓′′𝑓′′′ +  

 − (𝑀 sin2 𝜑 +
1

Da
) 𝑓′ +

sin𝜉

𝜉
𝜃 = 0, (14) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + 𝐽 sin2 𝜑 𝜉2𝑓′2

+  

 + Ec𝜉2𝑓′′2
+ 𝑄𝜃 = 0, (15) 

η = 0:  𝑓′(𝜉, 0) = 𝑓(𝜉, 0) = 0,    𝜃(𝜉, 0) = 0,  (16a) 

       η  :        𝑓′(𝜉, ∞) = 0,    𝜃(𝜉, ∞) = 0. (16b) 

3.2. Second level of truncation 

At the second level truncation, we introduce new functions:  

 𝑔 = 𝜕𝑓/𝜕𝜉, ℎ = 𝜕𝑔/𝜕𝜉, 𝜙 = 𝜕𝜃/𝜕𝜉, 𝜑 = 𝜕𝜙/𝜕𝜉.  

We differentiate Eqs. (14)−(16) with respect to ξ and obtain the 

following system of ODEs: 

 (1 + 𝑛)𝑓′′′ + 𝑛We𝑓′′𝑓′′′ − (1 + 𝜉Λ)𝑓′𝟐
+  

 − (𝑀 sin2 𝜑 +
1

Da
) 𝑓′ +

𝑠𝑖𝑛𝜉

𝜉
𝜃 = 𝜉(𝑓′𝑔′ − 𝑓″𝑔), (17) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + 𝐽 sin2 𝜑 𝜉2𝑓′2

+  

 + Ec𝜉2𝑓′′2
+ 𝑄𝜃 = 𝜉(𝑓′𝜙 − 𝜃′𝑔), (18) 

 (1 + 𝑛)𝑔‴ + 𝑛We(𝑓𝑔″ + 𝑓′′𝑔) − 𝑓′𝑔′ + 𝑓′′𝑔 +  

 −𝑔′2 − 𝜉𝛬𝑔′2 − 𝛬𝑓′2 − (𝑀 sin2 𝜑 +
1

Da
) 𝑔′ +  

 +
sin𝜉

𝜉
𝜙 + 𝜃 (

𝜉cos𝜉−sin𝜉

𝜉2 ) = 𝜉(𝑔′𝑔′ − 𝑔″𝑔), (19) 

 
1

Pr
[1 +

4

3
𝑅𝑑] 𝜙′′ + 𝑓𝜙′ + 2𝜃′𝑔 + Ec(𝜉2𝑔′′2

+ 2𝑓′′2
𝜉) +  

+𝐽 sin2 𝜑 (𝜉2𝑔′2
+ 2𝑓′2

ξ) − 𝑓′𝜙 + 𝑄𝜙 =  𝜉(𝜙𝑔 − 𝑔𝜙′), (20) 

η = 0:  𝑔′(𝜉, 0) = 𝑔(𝜉, 0) = 0,    𝜙(𝜉, 0) = 1,  (21a) 

       η  :     𝑔′(𝜉, ∞) = 0,    𝜙(𝜉, ∞) = 0.        (21b) 

4. Physics-informed neural network 

Three parallel layers occur in an architecture of PINNs, i.e. the 

input layer, hidden and output layer. The intention of a fully con-

nected network (FCN) is to collect data, process them and pro-

duce an output. We initialise the basic stages of PINN imple-

mentation by dividing a one-dimensional domain in η discrete 

points, or nodes, in a bid to find non-similar partial differential 

equations (PDEs). These nodes illustrate independent variable's 

oscillation between 0 and 𝜂∞. A flow chart representation of 

PINN is illustrated in Fig. 3, where red nodes represent the col-

located nodes and blue nodes represent the boundary nodes. The 

only boundary conditions needed to assemble an approximate 

solution are the Dirichlet and Neumann boundary conditions. 

The η-axis is partitioned into m equal segments and contains  

m+1 nodes, where η0 is set as the first node, and ηm is a last/final 

node. ODEs need to be satisfied at the intermediate nodes be-

tween η0 and ηm, which are the considered collocated nodes scat-

tered along the η-axis. 

The initial or input layer holds data (ηi) as shown in Fig. 3. 

We define an output function as 𝑦𝑖̂ = [𝑓𝑖(𝜂), 𝜃𝑖(𝜂)]. 
In this analysis, weight and bias are two learning parameters 

that are incorporated in the function  𝑦𝑖̂ = 𝐹(𝑥𝑖 , 𝑤, 𝑏). In order 

to achieve a sufficient approximation function, such learning pa-

rameters need to be advanced in a way that 𝑦𝑖̂ appropriately an-

ticipates the desired value 𝑦𝑖  (sample output data). The loss 

function determines the deviation of (𝑦𝑖) and (𝑦𝑖̂). One such 

method to calculate the loss  function  is  by  means  of  the  mean  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

Fig. 3. Schematic flow chart of PINNs. 
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squared error format given by: 

 Loss =
[ ∑ (𝑦𝑖−𝑦𝑖̂)2𝑖=𝑚

𝑖=0  ]

𝑚
. (22) 

The input data ηi are entered into the network as illustrated 

in Fig. 3. One neuron exists in the input or starting layer, which 

holds the given data. Following that, there are three hidden lay-

ers with an arbitrary number of neurons, and the output layer, 

depicted in Fig. 3, which consists of two neurons. In the archi-

tecture discussed above, each neuron is fully connected through 

linkages enabling information to pass between the neurons. 

Every link has a weight 𝑤𝑖,𝑗
𝑘 , which decreases or increases the 

quantity of data that flows from the source node to destination 

nodes. Weight is utilised to calculate the contribution of every 

node to output outcomes, and a weighted sum of inputs is con-

sidered. A bias term is added to calculate the involvement of all 

nodes on predicted nodes: 

 𝑧𝑖 = 𝑏𝑖 + ( ∑ 𝑎𝑗𝑤𝑖,𝑗
𝑘𝑗=𝑛

𝑗=1  ). (23) 

The bias term (bi) is assigned to input and hidden layers, with 

a value of unity. The regression analysis is employed using  

function f(x) = αx+β, where α and β signify the weight and neural 

network simulation biases, respectively. An activation function 

is applied, which computes the output within a determined 

range. The tangent hyperbolic function is utilised in the present 

study, and the obtained zi is forwarded through the given activa-

tion function:  

 Output(𝑖) = tanh (𝑧𝑖). (24) 

For computation of the output zi, data flows forward from 

one neuron to another. Before computing the estimated value 𝑦𝑖̂, 

the procedure is done layer by layer. As the procedure starts with 

the weight and biases being predicted, it is assumed that there 

will be a considerable difference between 𝑦𝑖̂ and 𝑦𝑖 . It is required 

to adjust weight and bias parameters in a way that reduces the 

calculated loss function. Finding a variable weight and bias 

value that gives a minimised loss function is referred to as opti-

misation. We used an adaptive moment estimation (ADAM) to 

optimise the loss function by tuning the weights and biases. The 

iterative procedure proceeds until the loss function meets  

specified convergence criteria. Loss functions of the ordinary  

differential equation (ODE) type were addressed by Raissi  

et al. [40–42]. The total loss function is divided into three types: 

data loss, physics loss and boundary condition loss. For the 

physics loss, we define residual functions as [43–45]: 

 𝐿𝑑𝑎𝑡𝑎 =
1

𝑁
∑ (𝑦𝑖̂ − 𝑦𝑖)2𝑁

𝑖=1 . (25) 

The momentum boundary layer residuals are defined as:  

 𝑅𝑓 = (1 + 𝑛)𝑓′′′ − (1 + 𝜉Λ)𝑓′𝟐
+ 𝑛𝑎We𝑓′′𝑓′′′ +  

 − (
1

Da
) 𝑓′ +

sin𝜉

𝜉
𝜃. (26) 

Residuals in the thermal boundary layer are as follows: 

 𝑅𝜃 =
1

Pr
[1 +

4

3
𝑅𝑑] 𝜃′′ + 𝑓𝜃′ + Ec𝑀𝜉2𝑓′𝟐

+ Ec𝜉2𝑓′′2
. (27) 

The physics loss function is given by:  

 𝐿𝑝ℎ𝑦𝑠𝑖𝑐𝑠 =
1

𝑁
∑ (𝑅𝑓

2 + 𝑅𝜃
2𝑁

𝑖=1 ). (28) 

The loss due to the boundary condition is: 

 𝐿𝐵𝐶 =
1

𝑁
∑ [𝑓′(0)2 + 𝑓(0)2 + (𝜃(0) − 1)2 +𝑁

𝑖=1   

 + 𝑓′(∞)2 + 𝜃(∞)2]. (29) 

The total loss can be calculated as:  

 𝑇𝑜𝑡𝑎𝑙 𝑙𝑜𝑠𝑠 = 𝐿𝑑𝑎𝑡𝑎 + 𝐿𝑝ℎ𝑦𝑠𝑖𝑐𝑠 + 𝐿𝐵𝐶 . (30) 

5. Outcome evaluation and discussion 

The solution of the problem under consideration has non-similar 

PDEs − Eqs. (6)−(8), which are solved through the well-known 

non-similarity method. The derived non-similar PDEs are re-

duced to ODEs as specified in Eqs. (14)−(16) through applica-

tion of the first and second level of truncation. The derived sys-

tem of ODEs is solved through the physics informed neural net-

work method. We assumed 15 hidden layers and 84 neurons in 

a neural network architecture. The PINN prediction is evaluated 

at a fixed convergence tolerance 10–3. An L2-error is computed 

throughout the training process to assess the accuracy and valid-

ity of the PINN scheme. The comparison between PINN predic-

tions and the numerical solution (obtained using bvp4c) is pre-

sented in Figs. 4–5. As seen in Fig. 4, there are notable differ-

ences between the numerical and PINN-projected solutions for 

temperature and velocity at lower iteration levels. The PINN so-

lution for 𝑓(𝜉, 𝜂),  𝑓′(𝜉, 𝜂), 𝑓"(𝜉, 𝜂) and 𝜃(𝜉, 𝜂), 𝜃′(𝜉, 𝜂) dif-

fers significantly from the numerical solution at the start of train-

ing due to the random initialisation of the trainable parameters. 

This random initialisation of the trainable parameters does not 

satisfy the governing equations and boundary conditions; as  

a result, the PINN prediction deviates from the numerical solu-

tion at lower iteration levels.  

Nevertheless, an L2-error decreases when the increased num-

ber of iterations, as depicted in Table 1.To illustrate the accuracy 

and stability of the solution, we increased the number of itera-

tions to four thousand and eight hundred, as well as the number 

of hidden layers and neurons, as shown in Fig. 5. The compari-

son suggests that PINN outcome and numerical solution (achie-

ved using bvp4c) are matched perfectly, thus demonstrating the 

credibility and consistency of the developed PINN approach to 

solve non-similar boundary layer flow of non-Newtonian fluid 

[46–51]. 

The physics loss and total loss function of the computed so-

lution are shown in Fig. 6(a−b). The difference between the nu-

merical results and PINN-predicted results is characterised by 

the L2-error estimate. Table 1 illustrates L2-error of the devel-

oped problem under consideration for various iteration numbers 

and learning rates. It is observed that when the number of itera-

tions is increased, then the computation cost increases, but the 

accuracy and the precision of predicted solution increases. The 

accuracy of the model can also be enhanced by increasing the 

number of neurons while keeping a fixed number of hidden lay-

ers [52−58]. Increasing the number of neurons, L2-error estimate 
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reduces, which indicates the solution reliability, as shown in Ta-

ble 2. It is clear that when the loss function reduces, the network 

can infer the expected patterns with low accuracy. In Table 2, 

we consider the mesh size of 0.05. Similarly, Table 3 presents 

an L2-error estimate for the mesh size of 0.02. The solution is 

observed to be convergent and reliable.  

Table 4 shows L2-error estimates for the flow response out-

puts, i.e. 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂), for various values of magnetic 

parameter M. As evident in Table 4, the minimum errors are ob-

tained for M = 5, reflecting the best accuracy of the PINN model. 

Figure 7 displays the influence of magnetic field intensity M, 

on flow response outputs, i.e. 𝜃(𝜉, 𝜂) and 
𝜕𝑓

𝜕𝜂
(𝜉, 𝜂). Figure 7a 

shows the effect of M on the velocity gradient, and it is noted  

that the velocity decreases with the increasing value of M.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

a)                  b)  

Fig. 4. The comparison of numerical and PINN predicted solutions for velocity and temperature (low iteration number). 

a)                  b)  

Fig. 5. The comparison of numerical and PINN predicted solutions for velocity and temperature (large iteration number). 

a)    b)  

Fig. 6. Loss function for flow response outputs. 
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Figure 7b indicates that the temperature profile drops more 

sharply as M is increased, which means that higher magnetic 

fields assist thermal diffusion and inhibit fluid motion. Such be-

haviour is representative of the traditional magnetohydrody-

namic (MHD) phenomenon under which the Lorentz force acts 

to oppose fluid flow and alter heat transfer. 

Table 5 displays the L2-error estimates of the flow 𝑓′(𝜉, 𝜂) 

and 𝜃(𝜉, 𝜂) for various values of the Prandtl number Pr. It shows 

that prediction errors increase with the increasing value of Pr. 

Figure 8 plots the effect of Pr on both the velocity and tempera-

ture profiles. It is seen from Fig. 8a that the velocity profile di-

minishes with the increasing Pr, as would be expected because 

a greater Prandtl number represents a fluid of lower thermal dif-

fusivity and thus a thinner velocity boundary layer is formed. 

Figure 8b shows that the temperature profile decays more pre-

cipitously with the greater Pr, representing a more intense ther-

mal gradient and less heat diffusion. These trends match exactly 

the theoretical behaviour of boundary layer flows.  

Table 6 shows L2-errors of the velocity gradient 
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂) and 

𝜃(𝜉, 𝜂) for various values of the radiation parameter Rd. The 

minimum L2-errors for both fields occur at Rd = 2, which means 

that the PINN model is the best at higher radiation levels at  

Rd = 2. On the other hand, the maximum errors occur at Rd = 1, 

which shows a lower accuracy under a weaker radiative impact. 

Figure 9a shows that the velocity gradient 
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂) increases 

with the increase of Rd, which characterise greater fluid motion 

due to higher radiation of heating. Figure 9b illustrates that the 

temperature of fluid decreases with the increasing Rd values. All 

these findings provide evidence of strong effects of radiation on 

the flow velocity and temperature. 

Table 1. L2-error between the predicted and numerical solution for different numbers of iterations and training steps. 

Iteration Training steps L2-error 

100 10 000 0.061065 

400 40 000 0.013647 

800 80 000 0.007030 

1200 120 000 0.004858 

1600 160 000 0.006481 

2000 200 000 0.004257 

2400 240 000 0.009814 

2800 280 000 0.003473 

3200 320 000 0.003778 

3600 360 000 0.008236 

4000 400 000 0.004909 

4400 440 000 0.002409 

4800 480 000 0.001560 

 

Table 2. L2-error flow outputs response, i.e. (𝜉, 𝜂),
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂),

𝜕2𝑓

𝜕𝜉2
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂),

𝜕𝜃

𝜕𝜉
(𝜉, 𝜂) for various neuron numbers at  𝜂∞ = 5, ∆= 0.05.  

Index 
Hidden 
layers 

Neurons L2-error of 𝒇(𝝃, 𝜼) L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 

𝝏𝟐𝒇

𝝏𝝃𝟐
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) L2-error of 

𝝏𝜽

𝝏𝝃
(𝝃, 𝜼) 

0 4 8 0.000866 0.001808 0.001555 0.000978 0.001327 

1 4 16 0.001112 0.001209 0.000951 0.000952 0.000322 

2 4 32 0.001169 0.001864 0.001947 0.001087 0.000323 

3 4 64 0.000715 0.000993 0.000864 0.000563 0.000334 

 

Table 3. L2-error for flow outputs response, i.e. 𝑓(𝜉, 𝜂),
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂),

𝜕2𝑓

𝜕𝜉2
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂),

𝜕𝜃

𝜕𝜉
(𝜉, 𝜂) for various neuron numbers at  𝜂∞ = 10, ∆= 0.02. 

Index 
Hidden 
layers 

Neurons L2-error of 𝒇(𝝃, 𝜼) L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 

𝝏𝟐𝒇

𝝏𝝃𝟐
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) L2-error of 

𝝏𝜽

𝝏𝝃
(𝝃, 𝜼) 

0 4 8 0.002477 0.004453 0.003391 0.001578 0.001981 

1 4 16 0.004044 0.004369 0.002940 0.001647 0.000128 

2 4 32 0.011884 0.006617 0.004095 0.004044 0.001846 

3 4 64 0.003274 0.002536 0.002067 0.001630 0.001027 

 

Table 4. L2-error for flow outputs response, i.e. 
𝜕𝑓

𝜕𝜉
(𝜉, 𝜂) and 𝜃(𝜉, 𝜂)  

for different values of M.  

Index M L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 1 0.031009 0.035468 

1 5 0.006992 0.003424 

2 10 0.040139 0.048676 
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a)      b)  

Fig. 7. Flow field and temperature profile for various values of M. 

Table 5. L2-error for different values of Pr. 

Index Pr L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 1.0 0.001743 0.000628 

1 1.2 0.004053 0.002097 

2 1.4 0.018577 0.013197 

 

Table 6. L2-error for different values of Rd.  

Index Rd L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 1 0.009623 0.004741 

1 1.5 0.007378 0.002921 

2 2.0 0.006445 0.003846 

 

a)      b)  

Fig. 8. Flow field and temperature profile for various values of Pr. 

a)        b)  

Fig. 9. Flow field and temperature profile for various values of Rd. 
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Table 7 indicates the L2-errors for the velocity gradient 

𝑓′(𝜉, 𝜂) and temperature profile 𝜃(𝜉, 𝜂) for various values of 

parameter n. The lowest error appears at n = 0.1, which suggests 

a high accuracy of the PINN model for small values of n. Cor-

respondingly, when the value of n increases up to 0.7, errors also 

increase, and it shows that the model becomes less accurate with 

the increased nonlinearity or complexity of flow. Figure 10a in-

dicates that the velocity gradient increases with the increasing n; 

it shows the formation of a stronger momentum boundary layer. 

In Fig.10b, the temperature profile decreases more slowly with 

the increasing n, as a result of a thicker thermal boundary layer. 

This is in accordance with the increased convection and heat 

transfer due to increasing n.  

Table 8 presents L2-errors for the velocity gradient 𝑓′(𝜉, 𝜂) 

and 𝜃(𝜉, 𝜂) for various values of Weissenberg number We in 

a tangent hyperbolic  fluid.  The  largest  errors  are  obtained  at

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

We = 0.1, which reflects the fact that the PINN model performs 

poorly under low elastic effects. With the increasing value of 

We, the errors decrease precipitously, reflecting a better perfor-

mance of the model with moderate elasticity, while a minor error 

is observed at We = 20, perhaps due to higher flow complexity. 

Figure 11a indicates that the velocity gradient becomes stronger, 

developing earlier with We, which captures the fluid’s increased 

elasticity and resistance to deformation. In Fig. 11b, the temper-

ature profile is shown to decrease faster for large values of We. 

These trends verify that the tangent hyperbolic fluid is more re-

sponsive and thermally efficient with the growing We, and the 

PINN model well represents these variations. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Table 7. L2-error for different values of n.  

Index n L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 0.1 0.007542 0.003344 

1 0.4 0.008851 0.005889 

2 0.7 0.026852 0.025722 

 

Table 8. L2-error for different values of We.  

Index We L2-error of 
𝝏𝒇

𝝏𝝃
(𝝃, 𝜼) L2-error of 𝜽(𝝃, 𝜼) 

0 0.1 0.030139 0.050238 

1 9.0 0.003156 0.001225 

2 20.0 0.005392 0.003613 

 

a)        b)  

Fig. 10. Flow field and temperature profile for various values of n. 

a)        b)  

Fig. 11. Flow field and temperature profile for various values of We. 
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6. Conclusions 

A benchmark simulation of non-similar boundary layer flow of 

non-Newtonian fluid with thermal radiation effects over a cylin-

der embedded in a porous medium is made in this study, using 

physics-informed neural networks. Training the networks with 

loss functions in charge of meeting the governing equations and 

boundary conditions served as the foundation for an approxi-

mate solution. It is discovered that the networks could accurately 

predict the solutions when their learning rate was less than 10–4. 

L2-error is investigated to show the accuracy and validity of the 

developed PINN methodology to solve non-similar boundary 

layer flow over a cylinder. The numerical and tabulated results 

are presented to ensure the accuracy of the proposed scheme. 

The primary considerations are as follows: 

 The temperature distribution and convective flow field are 

significantly influenced by the buoyant force. The heat 

transfer and momentum boundary layer grow for increas-

ing values of λ against a fixed value of η = 12.  

 Momentum diffuses more quickly than heat at high Pr num-

bers, resulting in a narrower thermal boundary layer. By 

developing steeper temperature gradients close to heated 

surfaces, this accelerates the rate of heat transfer. Thus, 

with the improving values of Pr, the outputs 𝑓′(𝜂, 𝜉) and 

𝜃(𝜂, 𝜉) raise.  

 A high thermal radiation parameter indicates that surface 

convection outpaces internal conduction, leading to sharp 

temperature gradients within the solid and enhanced heat 

exchange at the surface. 

 The accuracy was assessed using the L2-error between the 

PINN and bvp4c solutions, which consistently decreased as 

the number of neurons and iterations increased. At 12 000 

iterations, the L2-error reached a minimum of 4.39‧10−3. 

 At 1000 and 2000 training epochs, the PINN solution and 

the numerical solution were initially very different, but at 

12 000 epochs, they demonstrated great agreement, signi-

fying the importance of network size and training depth. 
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1. Introduction 

Oscillatory flow refers to the back-and-forth motion of fluid par-

ticles under the influence of periodic driving forces, commonly 

encountered in microfluidic and biological systems. This flow 

behaviour becomes particularly significant in confined geome-

tries like microchannels, where inertial and elastic effects inter-

act. The study of oscillatory flow helps understand complex 

transport phenomena in non-Newtonian fluids. It is widely ap-

plied in lab-on-chip devices, biomedical diagnostics, oil recov-

ery, drug delivery systems, inkjet printing, chemical mixing pro-

cesses, energy harvesting devices and thermal control systems. 

Ray et al. [1] conducted both analytical and numerical investi-

gations to determine the development length of sinusoidally os-

cillating laminar pipe flows in moderate to high Reynolds num-

ber regimes. Astakhov et al. [2] investigated the phase reduction 

of a pair of coupled van der Pol oscillators subjected to an ex-

ternal harmonic force, incorporating asymmetric repulsive cou-

pling between them. Aygun and Aydin [3,4] examined the hy-

drodynamics of piston-driven laminar pulsating flow for five 

dissimilar values of frequencies and compared the numerical 

and analytical solutions. Sato et al. [5] experimentally investi-

gated the forced synchronisation of both the quasiperiodic state 

and the internally locked state in a thermoacoustic oscillator sys-

tem. Aslan et al. [6] demonstrated the oscillatory flow and ther-

mal features under the steady-state condition within a corrugated 

wavy channel. Additionally, three turbulence models were em-

ployed to examine the flow behaviour. Wang et al. [7] explored  
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Abstract 

The oscillatory flow and heat transfer of a viscoelastic Maxwell fluid through a porous, rough circular microchannel are 
investigated in the presence of magnetohydrodynamic and Hall effects, velocity slip, and internal heat generation or ab-
sorption. The governing continuity, momentum and energy equations, coupled with the Maxwell constitutive relation, are 
formulated in cylindrical coordinates and non-dimensionalised. An analytical solution is obtained using the regular pertur-
bation technique by treating wall roughness as a small parameter. Closed-form expressions for velocity and temperature 
are derived in terms of modified Bessel functions, and the shear stress and Nusselt number are evaluated. The results show 
that the magnetic parameter suppresses the axial velocity due to the Lorentz force, whereas the Hall parameter and Darcy 
number enhance the flow by alleviating electromagnetic and porous resistance. Velocity slip increases the near-wall ve-
locity, while wall roughness reduces the overall flow intensity. Thermal analysis indicates that the temperature and Nusselt 
number increase with the heat source parameter and the Peclet number.  
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Nomenclature 

b ‒ slip parameter 

B ‒ magnetic flux density vector, T 

B0 ‒ magnitude of the applied uniform magnetic flux density, T 

Cp ‒ specific heat, J/(kg K) 

Da ‒ Darcy number  

I0, K0 ‒ zero-order modified Bessel functions of the first and second 

kind, respectively 

J ‒ current density, A/m2 

k ‒ corrugation’s wave number 

kp ‒ permeability of porous medium, m2 

K – thermal conductivity, W/(m K) 

𝑚 ‒ Hall parameter 

M ‒ magnetic parameter 

p ‒ pressure, Pa 

P(t) ‒ time-dependent oscillatory pressure gradient, Pa/m 

Pe ‒ Peclet number 

Pr ‒ Prandtl number 

Q0 ‒ heat generation, W/m3 

r, θ, x ‒ cylindrical coordinates (radial distance, angular  

coordinate, height) 

R ‒ mean radius, m 

Re – Reynolds number 

S – source/sink parameter 

t ‒ time, s 

T – temperature, K  

ux ‒ velocity component in x-direction, m/s 

U ‒ velocity, m/s 

U0 ‒ characteristic velocity scale, m/s  

V ‒ velocity vector, m/s 

(∙)̃ ‒ complex amplitude of the harmonically oscillating variable 

 

Greek symbols 

α ‒ complex radial parameter 

λ ‒ relaxation time (Maxwell fluid parameter) 

μ – dynamic viscosity, Pas  

ν – kinematic viscosity, m2/s  

ξ ‒ perturbation parameter (ratio of the wall-corrugation  

              amplitude to the mean radius of the microchannel) 
ρ – density, kg/m3  

σ – electrical conductivity, S/m 

τ – stress tensor, Pa 

φ ‒ amplitude of the pressure gradient 

χ ‒ generic dependent variable in the perturbation expansion 

ω ‒ oscillation frequency, rad/s 

 

Abbreviations and Acronyms 

MHD – magnetohydrodynamics  

EOF – electroosmotic  

the impact of rib shapes on oscillating flow and heat transfer in 

heat exchangers by deriving the solution numerically. Then, Li 

et al. [8] employed the perturbation technique to obtain the 

closed-form solution for the oscillating flow of Jeffrey fluid in 

a rough circular microchannel under the slip condition. Huang 

et al. [9] scrutinised the axial change of flow behaviour in the 

3D rectangular channel with a deformable upper wall and com-

pared the results with the experimental outcomes. The compar-

ative examination of two-phase oscillatory flow with the exper-

imental results was analysed by Duraziński et al. [10]. Yu  

et al. [11] discussed the impact of varying injecting angles on 

the flow behaviour and thermal features of liquid flow in the 

piston’s galleries. Manthani et al. [12] examined the flow char-

acteristics of a water-vinyl acetate system in the millichannel 

and computed the results numerically. 

The flow of non-Newtonian fluids induced by surface mo-

tion plays a crucial role in various industrial and manufacturing 

processes due to their broad range of applications. Examples in-

clude optical fibre production, polymer processing, cooling of 

metallic surfaces and drilling operations. Since no single model 

can capture all the complex behaviours of non-Newtonian flu-

ids, researchers have developed various models to better under-

stand their rheological characteristics. Non-Newtonian fluids 

are generally classified into differential, rate-type and integral-

type models. One of the significant non-Newtonian fluids is the 

Maxwell fluid. The Maxwell fluid is a fundamental viscoelastic 

non-Newtonian model that describes materials exhibiting both 

fluid-like and solid-like behaviour. It combines the effects of 

viscosity and elasticity through a linear relationship between 

stress and strain rate with a characteristic relaxation time. The 

Maxwell model is particularly useful for simulating fluids that 

undergo stress relaxation over time, such as polymer melts and 

biological fluids. Its ability to capture memory effects makes it 

ideal for studying unsteady and oscillatory flows in microfluidic 

and electrokinetic systems. Jian et al. [13,14] extended the study 

of Maxwell fluid in microchannels featuring different shapes un-

der various circumstances. Li et al. [15] obtained an analytical 

solution for the transient electroosmotic velocity of generalised 

Maxwell fluids in a microchannel and a microtube, employing 

the Laplace technique. The outcomes were obtained by the line-

arised Poisson-Boltzmann equation along with the Cauchy mo-

mentum equation and the generalised Maxwell constitutive re-

lation. Escandon et al. [16,17] demonstrated the transient EOFs 

(electroosmotic flows) of viscoelastic Maxwell fluids in micro-

channels with complex geometries, both annular and slit types, 

considering multilayer configurations and asymmetric zeta po-

tentials. By employing analytical and partial-analytical tech-

niques, they highlighted how elastic properties, electrokinetic 

effects and boundary asymmetries influence the oscillatory be-

haviour, symmetry and time evolution of velocity profiles in mi-

crofluidic systems. The unsteady magnetised flow of Maxwell 

fluids in a circular microchannel was analysed by Shah 

et al. [18] under an electric field depending on temperature, us-

ing the Debye-Hückel estimation. They derived the solution an-

alytically and expressed the outcomes graphically. Yang 

et al. [19] investigated the unsteady oscillatory EOF flow of 

Maxwell fluid within a microchannel featuring an isosceles right 

triangular cross section. Due to the complexity of the problem, 

a numerical solution was derived. Feng et al. [20] introduced 

a fractional continuity model to scrutinise the gyrating EOF slip 

flow of generalised Maxwell fluids under an alternating electric 

field. The model captures the extended memory effects of vis-

coelastic fluids and provides insight into flow behaviour influ-

enced by fractional dynamics and electrokinetic parameters. 
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Chang et al. [21] explored the electroosmotic flow (EOF) of 

a viscoelastic Maxwell fluid in a microchannel with sinusoidal 

wall unevenness, driven by an alternating pressure gradient and 

electric field. The effects of fluid elasticity, wall geometry, and 

external forcing on velocity distribution and mean flow behav-

iour were analytically investigated by using the Debye-Hückel 

approximation and boundary perturbation method. 

Magnetohydrodynamics (MHD) examines the behaviour of 

electrically conducting fluids in the manifestation of a magnetic 

field, playing a vibrant role in numerous engineering and geo-

physical applications. The inclusion of the Hall effect is signifi-

cant when the magnetic field is strong or the density of the fluid 

is low, causing a decoupling of electron and ion motion. This 

generates a secondary electric field perpendicular to both the 

magnetic and electric fields, which alters the current distribution 

and flow behaviour. Incorporating Hall currents in MHD analy-

sis enhances the accuracy of modelling plasma flows, semicon-

ductor processing and astrophysical phenomena. Jha et al. 

[22−25] investigated an MHD natural convection flow in verti-

cal microchannels, highlighting the influence of Hall effects and 

induced magnetic fields. Their studies provide valuable insight 

into electromagnetic effects on microchannel heat and fluid 

transport under various magnetic field configurations. Roja and 

Gireesha [26] numerically investigated the MHD flow of a cou-

ple-stress fluid through a vertical microchannel, incorporating 

Hall effects and internal heat generation. Their study highlighted 

the impact of electromagnetic and thermal forces on non-New-

tonian fluid behaviour in microchannel environments. Sadiq Ba-

sha et al. [27] analysed the steady MHD free convective flow in 

a vertical microchannel filled with a porous medium, consider-

ing Hall and ion-slip effects. Their study emphasised the impact 

of electromagnetic parameters on velocity and temperature pro-

files in microscale transport systems. Kundu and Saha [28] pro-

vided a comprehensive review of electromagnetohydrodynamic 

flow and heat transfer in microchannels, highlighting the inter-

play of electric and magnetic fields on fluid behaviour. Their 

analysis offers valuable insights into optimising thermal and 

flow performance in microscale systems. Bilal et al. [29] ex-

plored the unsteady flow of a hybrid nanofluid driven by peri-

staltic pumping in a wavy microchannel, incorporating the ef-

fects of electric and magnetic fields. Their study emphasised the 

role of Hall currents and slip boundary conditions, offering in-

sights relevant to microfluidic and biomedical applications. 

Goyal and Srinivas [30] analysed the magnetic effect and en-

tropy generation for the pulsating flow of two immiscible fluids, 

taking into consideration Joule heating and a first-order chemi-

cal reaction. They adopted the 4th-order Runge-Kutta numerical 

technique to evaluate the solution. Roja et al. [31] explored the 

influence of Hall effects on non-Newtonian fluid flow past an 

inclined microchannel under slip and convective boundary con-

ditions. Their study provides valuable insights into electromag-

netic and boundary interactions in complex fluid systems. 

Padma et al. [32] explored the magnetised flow of pulsating Cas-

son fluid by considering the vertical porous medium along with 

slip conditions. They also discussed thermal features, including 

the entropy generation for the considered problem. Bala and 

Srinivas [33] scrutinised the magnetised flow of two income-

pressible Newtonian fluids over an inclined channel with the 

permeable medium and examined the thermal features incorpo-

rating the effect of heat flux, Joule heating and entropy genera-

tion. Srinivas et al. [34] examined the periodic pressure gradient 

and thermal features of the pulsatile and peristaltic flow of a par-

ticle fluid. They observed that the variations in pressure en-

hanced the fluid mixing, improving the thermal characteristics 

within the medium. 

The literature review reveals a lack of studies on Maxwell 

fluid in a rough circular channel. Therefore, the main motivation 

behind this work is to analyse the magnetised flow of a Maxwell 

fluid under the influence of the Hall effect within a porous, 

rough circular microchannel. Additionally, the thermal charac-

teristics of the fluid are also scrutinised in the presence of the 

heat sink/source parameter. The analytical solution for velocity 

and temperature is derived by the perturbation technique. The 

inspiration for the current study is the practical application of 

non-Newtonian fluid flow in rough circular microchannels, e.g. 

in biomedical devices, such as lab-on-a-chip systems and tar-

geted drug delivery, microelectronics, oil and gas industries, and 

in chemical microreactors, etc. The impact of key parameters on 

the velocity and temperature is discussed graphically, while the 

effects on shear stress and Nusselt number are described in tab-

ular form. 

2. Problem formulations  

The current work explores the oscillatory flow of a magnetised 

Maxwell fluid within a rough circular porous microchannel un-

der the influence of the Hall effect and slip boundary conditions. 

The thermal characteristics of the fluid are also examined with 

the effect of thermal radiation and a heat sink/source. A cylin-

drical polar coordinate system (𝑟, 𝜃, 𝑥) is used to indicate the 

radial direction, azimuthal direction and central axis, respec-

tively, as demonstrated in Fig. 1. The flow occurs due to an os-

cillatory pressure gradient with the uniform magnetic field act-

ing perpendicular to the axial direction. A sinusoidal wave of 

slight amplitude is assumed to represent the corrugation of wall 

roughness and can be stated as 

 𝑟 = 𝑅 + 𝑅𝜉 sin(𝑘𝜃), (1) 

where R signifies the mean radius, 𝑘 is the corrugation’s wave 

number, and 𝜉 (𝜉 ≪ 1) is the perturbation parameter defined as 

the ratio of the amplitude of wall corrugations to the mean radius 

of the microchannel. 

The flow governing equations are given by: 

 

Fig. 1. Schematic diagram of the problem. 
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 ∇ ∙ 𝑽 = 0, (2) 

 𝜌
𝜕𝑽

𝜕𝑡
= −∇ ∙ (𝑝𝐈 + 𝛕) +

𝑱×𝑩

1+𝑚2 +
𝜇

𝑘𝑝
, (3) 

 𝜌𝐶𝑝 (
𝜕𝑇

𝜕𝑡
+ 𝑽 ∙ ∇𝑇) = 𝐾∇2𝑇 + 𝑄0, (4) 

where V is the velocity vector, B signifies magnetic field 

strength, J is the current density, I is the identity tensor, τ  is the 

stress tensor, m is the Hall parameter, ρ designates the density, 

K symbolises the thermal conductivity, Cp is the specific heat at 

constant pressure, T is the temperature, p indicates pressure, t is 

the time, Q0 is the heat source/sink, and μ describes the dynamic 

viscosity. The stress tensor for an incompressible Maxwell fluid 

is given by  

 𝛕 + 𝜆
𝐷𝛕

𝐷𝑡
= 2𝜇𝐀, (5) 

where λ is the relaxation time (a Maxwell fluid parameter), 
𝐷

𝐷𝑡
 is 

the material derivative, and 𝐀 =
1

2
(∇𝑽 + ∇𝑽𝑇) represents the 

rate-of-strain tensor. Under the assumed conditions, the stress 

tensor for the Maxwell fluid is simplified as  

 (1 + 𝜆
𝜕

𝜕𝑡
) 𝜏𝑟𝑥 = 𝜇

𝜕𝑢𝑥

𝜕𝑟
. (6) 

where τrx is the shear stress in the x-direction on a constant  

r-plane, and ux denotes the velocity component in x-direction. 

The time-dependent velocity field is taken as
 

 𝑽 = (0,0, 𝑢𝑥(𝑟, 𝜃, 𝑡)). (7) 

The normal magnetic field is applied in the direction opposite to 

the direction of motion, which, according to Ohm’s law, gives  

 𝑱 × 𝑩 = (0,0, −𝜎𝐵0
2𝑢𝑥),  (8) 

where σ denotes electrical conductivity and B₀ is the magnitude 

of the applied magnetic flux density. 

According to the above-mentioned assumptions, the gov-

erning equations are reduced to 

(1 +  𝜆
𝜕

𝜕𝑡
) (𝜌

𝜕𝑢𝑥

𝜕𝑡
+

𝜕𝑝

𝜕𝑥
) = 𝜇 (

𝜕2𝑢𝑥

𝜕𝑟2
+

1

𝑟

𝜕𝑢𝑥

𝜕𝑟
+

1

𝑟2

𝜕2𝑢𝑥

𝜕𝜃2
) +       

                                                       −
𝜇

𝑘𝑝
𝑢𝑥 +

−𝜎𝐵0
2𝑢𝑥

1+𝑚2 , (9) 

 𝜌𝐶𝑝
𝜕𝑇

𝜕𝑡
= 𝐾 (

𝜕2𝑇

𝜕𝑟2
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

1

𝑟2

𝜕2𝑇

𝜕𝜃2
) + 𝑄0, (10) 

 

   𝑢𝑥|𝑟=0 < ∞, 𝑇|𝑟=0 < ∞,

(𝑢𝑥 + 𝑏
𝜕𝑢𝑥

𝜕𝑟
)|
𝑟=𝑅+𝜉𝑅 sin(𝑘𝜃)

= 0, 𝑇|𝑟=𝑅+𝜉𝑅 sin(𝑘𝜃) = 0, (11) 

where b is the slip parameter. 

The expressions for pressure gradient, velocity and temper-

ature in the x-direction for the oscillations in the form of a com-

plex function are obtained as: 

 
𝜕𝑝

𝜕𝑥
= −𝑃(𝑡) = −𝜑 cos(𝜔𝑡) = −𝜑ℜ{𝑒𝑖𝜔𝑡}, (12) 

 𝑢𝑥(𝑟, 𝜃, 𝑡) = ℜ{𝑢̃(𝑟, 𝜃)𝑒𝑖𝜔𝑡}, (13) 

 𝑇(𝑟, 𝜃, 𝑡) = ℜ{𝑇̃(𝑟, 𝜃)𝑒𝑖𝜔𝑡}, (14) 

where ℜ{∙} shows the real part, ω is the angular frequency of 

oscillation, and φ represents the amplitude of a pressure gradi-

ent, P(t) denotes the time-dependent oscillatory pressure gradi-

ent, and (∙)̃ denotes the complex amplitude of the corresponding 

harmonically oscillating variable. 

Inserting Eqs. (12)−(14) into Eqs. (9)−(11) yields: 

 𝑖𝜔𝑢̃(𝑟, 𝜃) = [
𝜕2𝑢(𝑟,𝜃)

𝜕𝑟2
+

1

𝑟

𝜕𝑢(𝑟,𝜃)

𝜕𝑟
+

1

𝑟2

𝜕2𝑢(𝑟,𝜃)

𝜕𝜃2
] (

𝜈

1+𝑖𝜔𝝀
) + 

                               + 
−𝜎𝐵0

2𝑢

1+𝑚2 −
𝜇

𝑘𝑝
𝑢̃ +

𝜑

𝜌
, (15) 

  𝜌𝐶𝑝𝑖𝜔𝑇̃(𝑟, 𝜃) = 𝐾 [
𝜕2𝑇̃(𝑟,𝜃)

𝜕𝑟2
+

1

𝑟

𝜕𝑇̃(𝑟,𝜃)

𝜕𝑟
+

1

𝑟2

𝜕2𝑇̃(𝑟,𝜃)

𝜕𝜃2
] + 𝑄0, (16) 

where ν = μ/ρ is the kinematic viscosity. 

The reduced boundary conditions are:  

 

𝑢̃|𝑟=0 < ∞,  𝑇̃|
𝑟=0

< ∞,

(𝑢̃ + 𝑏
𝜕𝑢

𝜕𝑟
)
|

𝑟=𝑅+𝜉𝑅 sin(𝑘𝜃)

= 0,  𝑇̃|
𝑟=𝑅+𝜉𝑅 sin(𝑘𝜃)

= 0.
 (17) 

The non-dimensional variables are defined as 

 

𝑟∗ =
𝑟

𝑅
, 𝑡∗ = 𝜔𝑡, 𝑢∗(𝑟∗, 𝜃) =

𝑢(𝑟,𝜃)

𝑈0
,

𝑏∗ =
𝑏

𝑅
, 𝜆∗ = 𝜔𝜆, 𝑇∗(𝑟∗, 𝜃) =

𝑇̃−𝑇0

𝑇1−𝑇0

𝑀 = √
𝜎𝜔

𝜇
𝑅𝐵0, Da =

𝑘𝑝

𝑟2
, Re =

𝑅2𝜔

𝜈
,

Pr =
𝐶𝑝𝜇

𝐾
, Pe = Pr𝑅, 𝑆 =

𝑅𝜔𝑄0

𝑇1−𝑇0
,

, (18) 

where U0 is the characteristic velocity scale, M is the magnetic 

parameter, Da denotes Darcy number, Pr – Prandtl number, Re 

– Reynolds number, Pe – Peclet number, S is the source param-

eter, T0 and T1 are the reference temperatures used for nondi-

mensionalisation, and T1‒T0 represents the characteristic tem-

perature difference. 

After removing the stearic signs for simplification, Eqs. (15) 

and (16) in non-dimensional form are reduced as 

 
𝜕2𝑢

𝜕𝑟2
+

1

𝑟

𝜕𝑢

𝜕𝑟
+

1

𝑟2

𝜕2𝑢

𝜕𝜃2
− (𝑖Re +

𝑀2

1+𝑚2 +
1

Da
) (1 + 𝑖𝜆)𝑢 +  

+(1 + 𝑖𝜆)𝜑 = 0,    (19) 

 Pe 𝑇 =
𝜕2𝑇

𝜕𝑟2
+

1

𝑟

𝜕𝑇

𝜕𝑟
+

1

𝑟2

𝜕2𝑇

𝜕𝜃2
+ 𝑆. (20) 

The dimensionless boundary conditions are defined as 

 

   𝑢|𝑟=0 < ∞, 𝑇|𝑟=0 < ∞,

(𝑢 + 𝑏
𝜕𝑢

𝜕𝑟
)
|

𝑟=1+𝜉 sin(𝑘𝜃)

= 0, 𝑇|𝑟=1+𝜉 sin(𝑘𝜃) = 0. (21) 
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3. Analytic solution 

As Eqs. (19) and (20) are the second-order partial differential 

equations (PDE’s), the perturbation technique is employed to 

derive the solution by assuming the perturbation parameter  

𝜉 ≪ 1  

 𝜒(𝑟, 𝜃) = 𝜒0(𝑟) + 𝜉𝜒1(𝑟, 𝜃) + 𝜉
2𝜒2(𝑟, 𝜃) + ⋯, (22) 

where the velocity and temperature are collectively represented 

by χ. 

The zero, first, and second order equations in velocity and 

temperature are derived from Eqs. (19) and (20) as 

 
𝑑2𝑢0

𝑑𝑟2
+

1

𝑟

𝑑𝑢0

𝑑𝑟
− 𝛼2𝑢0 +

1

𝐴
𝛼2𝜒 = 0, (23) 

 Pe 𝑇0 =
𝑑2𝑇0

𝑑𝑟2
+

1

𝑟

𝑑𝑇0

𝑑𝑟
+ 𝑆, (24) 

 
𝜕2𝑢1

𝜕𝑟2
+

1

𝑟

𝜕𝑢1

𝜕𝑟
+

1

𝑟

𝜕2𝑢1

𝜕𝜃2
− 𝛼2𝑢1 = 0, (25) 

 Pe 𝑇1 =
𝜕2𝑇1

𝜕𝑟2
+

1

𝑟

𝜕𝑇1

𝜕𝑟
+

1

𝑟

𝜕2𝑇1

𝜕𝜃2
, (26) 

 
𝜕2𝑢2

𝜕𝑟2
+

1

𝑟

𝜕𝑢2

𝜕𝑟
+

1

𝑟

𝜕2𝑢2

𝜕𝜃2
− 𝛼2𝑢2 = 0, (27) 

 Pe 𝑇2 =
𝜕2𝑇2

𝜕𝑟2
+

1

𝑟

𝜕𝑇2

𝜕𝑟
+

1

𝑟

𝜕2𝑇2

𝜕𝜃2
, (28) 

where  

 𝛼2 = (1 + 𝑖𝜆) (𝑖Re +
𝑀2

1+𝑚2 +
1

Da
)  

and 

 𝐴 = 𝑖Re +
𝑀2

1+𝑚2 +
1

Da
.  

By applying Taylor’s series, the slip boundary condition along 

r = 1 is expanded as 

                             0 = [𝑢0 + 𝑏
𝑑𝑢0

𝑑𝑟
]|
𝑟=1

+ 𝜉 [𝑢1 + 𝑏
𝜕𝑢1

𝜕𝑟
+ sin(𝑘𝜃) (

𝑑𝑢0

𝑑𝑟
+ 𝑏

𝑑2𝑢0

𝑑𝑟2
)]|

𝑟=1
+ 

 

                                                                  + 𝜉2 [𝑢2 + 𝑏
𝜕𝑢2

𝜕𝑟
+ sin(𝑘𝜃) (

𝜕𝑢1

𝜕𝑟
+ 𝑏

𝜕2𝑢2

𝜕𝑟2
) +

sin2(𝑘𝜃)

2
(
𝑑2𝑢0

𝑑𝑟2
+ 𝑏

𝑑3𝑢0

𝑑𝑟3
)]|

𝑟=1
+ O(𝜉3), (29) 

 0 =   𝑇0|𝑟=1 +   𝜉 [𝑇1 + sin(𝑘𝜃)
𝑑𝑇0

𝑑𝑟
]|
𝑟=1

+𝜉2 [𝑇2 + sin(𝑘𝜃)
𝜕𝑇1

𝜕𝑟
+

sin2(𝑘𝜃)

2

𝑑2𝑇0

𝑑𝑟2
]|
𝑟=1

+ O(𝜉3). (30) 

The related boundary conditions are 

 𝜉0 {
𝑢0|𝑟=1 = −𝑏

𝑑𝑢0

𝑑𝑟
|
𝑟=1

,      |𝑢0|𝑟=0| < ∞,

 𝑇0|𝑟=1 = 0,                     |𝑇0|𝑟=0| < ∞,
 (31) 

 𝜉1 {

𝑢1|𝑟=1= −sin(𝑘𝜃) (
𝑑𝑢0

𝑑𝑟
+ 𝑏

𝑑2𝑢0

𝑑𝑟2
)|
𝑟=1

 − 𝑏
𝜕𝑢1

𝜕𝑟
|
𝑟=1

, |𝑢1|𝑟=0| < ∞,

𝑇1|𝑟=1 = −sin(𝑘𝜃) (
𝑑𝑇0

𝑑𝑟
)|
𝑟=1

,                                    |𝑇1|𝑟=0| < ∞,
   

 (32) 

 𝜉2

{
 

 𝑢2|𝑟=1= −sin(𝑘𝜃) (
𝜕𝑢1

𝜕𝑟
+ 𝑏

𝜕2𝑢1

𝜕𝑟2
)|
𝑟=1

−
sin2(𝑘𝜃)

2
(
𝑑2𝑢0

𝑑𝑟2
+ 𝑏

𝑑3𝑢0

𝑑𝑟3
)|
𝑟=1

− 𝑏
𝜕𝑢2

𝜕𝑟
|
𝑟=1

, |𝑢2|𝑟=0| < ∞,

𝑇2|𝑟=1 = −sin(𝑘𝜃) (
𝜕𝑇1

𝜕𝑟
)|
𝑟=1

−
sin2(𝑘𝜃)

2
(
𝑑2𝑇0

𝑑𝑟2
)|
𝑟=1

,                                                 |𝑇2|𝑟=0| < ∞.
   

. (33) 

 

3.1. Zero-order solution  

The zero-order velocity and temperature equations, together 

with their corresponding boundary conditions, are obtained from 

Eqs. (23), (24) and (31) as follows 

 {

𝑑2𝑢0

𝑑𝑟2
+

1

𝑟

𝑑𝑢0

𝑑𝑟
− 𝛼2𝑢0 +

1

𝐴
𝛼2𝜒 = 0,

𝑢0|𝑟=1 = −𝑏
𝑑𝑢0

𝑑𝑟
|
𝑟=1

,   |𝑢0|𝑟=0| < ∞,
 (34) 

 {
Pe 𝑇0 =

𝑑2𝑇0

𝑑𝑟2
+

1

𝑟

𝑑𝑇0

𝑑𝑟
+ 𝑆,                  

𝑇0|𝑟=1 = 0,                   |𝑇0|𝑟=0| < ∞.
 (35) 

The solution of Eqs. (34) and (35) is obtained in the form of a Bes-

sel function with the imaginary argument as 

 𝑢0(𝑟) =
1

𝐴
𝜑 + 𝐵1𝐼0(0, 𝑟𝛼) + 𝐵2𝐾0(0, 𝑟𝛼), (36) 

 𝑇0(𝑟) =
𝑆

Pe
+ 𝐵3𝐼0(0, √Pe 𝑟) + 𝐵4𝐾0(0, √Pe 𝑟), (37) 

where I0 and K0 are the zero-order modified Bessel functions of 

the first and second kind, respectively.  

Substituting the condition |𝑢0|𝑟=0| < ∞ and |𝑇0|𝑟=0| < ∞
 

in Eq. (36) and (37) gives 𝐵2 = 0 and 𝐵4 = 0. Further, applying 

the boundary conditions from Eqs. (34) and (35) gives 

 𝐵1 = −
𝜑

𝐴[𝐼0(0,𝛼)+𝑏𝜉𝐼0[1,𝛼]]
, (38) 

 𝐵3 = −
𝑆

Pe 𝐼0(0,√Pe)
. (39) 

and the zero-order velocity and temperature take the form: 
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 𝑢0(𝑟) =
1

𝐴
𝜑 + 𝐵1𝐼0(0, 𝑟𝛼) = 

 

                                           =
1

𝐴
𝜑 [1 −

𝐼0(0,𝑟𝛼)

𝐼0(0,𝛼)+𝑏𝛼𝐼0(1,𝛼)
], (40) 

 𝑇0(𝑟) =
𝑆

Pe
[1 −

𝐼0[0,√Pe 𝑟]

𝐼0[0,√Pe]
]. (41) 

3.2. First order solution  

Similar to the zero-order formulation, the first-order velocity 

and temperature equations, along with boundary conditions, are: 

 

{
 
 

 
 

𝜕2𝑢1

𝜕𝑟2
+

1

𝑟

𝜕𝑢1

𝜕𝑟
+

1

𝑟

𝜕2𝑢1

𝜕𝜃2
− 𝛼2𝑢1 = 0,                         

𝑢1|𝑟=1 = [sin(𝑘𝜃) (
−𝑑𝑢0

𝑑𝑟
− 𝑏

𝑑2𝑢0

𝑑𝑟2
) − 𝑏

𝜕𝑢1

𝜕𝑟
]|
𝑟=1

,

|𝑢1|𝑟=0| < ∞,                                                               

 (42) 

 {
Pe 𝑇1 =

𝜕2𝑇1

𝜕𝑟2
+

1

𝑟

𝜕𝑇1

𝜕𝑟
+

1

𝑟

𝜕2𝑇1

𝜕𝜃2
,                                 

𝑇1|𝑟=1 = −sin(𝑘𝜃)
𝑑𝑇0

𝑑𝑟
,             |𝑇1|𝑟=0| < ∞.
   

 (43) 

The method of separation of variables derives the final ex-

pression for the first-order velocity and temperature as 

𝑢1(𝑟, 𝜃) = 𝐶6 sin(𝑘𝜃) 𝐼0(𝑘, 𝑟𝛼) = 

 

−[𝑏𝛼𝐼0(0, 𝛼) − (−1 + 𝑏) 𝐼0(1, 𝛼)] ×
𝐵1𝛼 sin(𝑘𝜃)𝐼0(𝑘,𝑟𝛼)

(1+𝑘𝑏)𝐼0(𝑘,𝛼)+𝑏𝛼𝐼0(𝑘+1,𝛼)
, 

(44) 

 𝑇1(𝑟) = 𝐷6 sin(𝑘𝜃) 𝐼0(𝑘, √Pe 𝑟) = 

 

                                         = −
√Pe 𝐼0(1,√Pe)𝐵3 sin(𝑘𝜃)𝐼0(𝑘,√Pe 𝑟)

𝐼0(𝑘,√Pe)
, (45) 

where B1 and B3 are the zero-order integration constants defined 

in Eqs. (38) and (39), respectively, while C6 and D6 are the first-

order constants determined by applying the boundary conditions 

in Eqs. (42) and (43). 

3.3. Second order solution  

The governing equations and boundary conditions for the sec-

ond-order problem are: 

 {

𝜕2𝑢2

𝜕𝑟2
+

1

𝑟

𝜕𝑢2

𝜕𝑟
+

1

𝑟

𝜕2𝑢2

𝜕𝜃2
− 𝛼2𝑢2 = 0,

𝑢2|𝑟=1 = −sin(𝑘𝜃) (
𝜕𝑢1

𝜕𝑟
+ 𝑏

𝜕2𝑢1

𝜕𝑟2
)|
𝑟=1

−
sin2(𝑘𝜃)

2
(
𝑑2𝑢0

𝑑𝑟2
+ 𝑏

𝑑3𝑢0

𝑑𝑟3
)|
𝑟=1

− 𝑏
𝜕𝑢2

𝜕𝑟
|
𝑟=1

,          |𝑢2|𝑟=0| < ∞.
 (46) 

 {

Pe 𝑇2 =
𝜕2𝑇2

𝜕𝑟2
+

1

𝑟

𝜕𝑇2

𝜕𝑟
+

1

𝑟

𝜕2𝑇2

𝜕𝜃2
,                                                                         

𝑇2|𝑟=1 = −sin(𝑘𝜃) (
𝜕𝑇1

𝜕𝑟
)|
𝑟=1

−
sin2(𝑘𝜃)

2

𝑑2𝑇0

𝑑𝑟2
|
𝑟=1

,                |𝑇2|𝑟=0| < ∞.
   

. (47) 

 

Similarly to zero and first order solution, the second order solu- 

tion is also finalised on the similar pattern as 

 𝑢2(𝑟, 𝜃) = 𝐸3 cos(2𝑘𝜃) 𝐼0(2𝑘, 𝑟𝛼) + 𝐸5𝐼0(0, 𝑟𝛼) =
2𝐵6𝐷1+𝐴1𝐷2

4
[

𝐼0(2𝑘,𝑟𝛼) cos(2𝑘𝜃)

(1−2𝑘𝑏)𝐼0(2𝑘,𝛼)+𝑏𝛼𝐼0(1+2𝑘,𝛼)
−

𝐼0(0,𝑟𝛼)

𝐼0(0,𝛼)+𝑏𝛼𝐼0(1,𝛼)
], (48) 

 𝑇2(𝑟, 𝜃) = 𝐹3 cos(2𝑘𝜃) 𝐼0(2𝑘, √Pe 𝑟) + 𝐹5𝐼0(0, √Pe 𝑟) =
2𝐶6𝐸1+𝐴3𝐸2

4
[
𝐼0(2𝑘,√Pe 𝑟) cos(2𝑘𝜃)

𝐼0(2𝑘,√Pe)
+

𝐼0(0,√Pe 𝑟)

𝐼0(2𝑘,√Pe)+𝑏𝛼𝐼0(0,√Pe)
], (49) 

 

where A1, A3, B6, C6, D1, D2, E1, E2, E3, E5, F3 and F5 are auxil-

iary/integration constants arising from the perturbation solution 

and boundary condition algebra. C6 is inherited from the first-

order solution, while the remaining constants used at second or-

der are fixed by the corresponding conditions in Eqs. (46) and 

(47). 

3.4. Approximate analytical solution 

The approximate analytic solution of velocity and temperature 

takes the form: 

 

 𝑢(𝑟, 𝜃) = 𝐴 −
𝐴𝐼0(0,𝑟𝛼)

𝐼0(0,𝛼)+𝑏𝛼𝐼0(1,𝛼)
− 𝜉𝐼0(𝑘, 𝑟𝛼)𝐵1𝛼 sin(𝑘𝜃) [

𝐵1𝛼 sin(𝑘𝜃)𝐼0(𝑘,𝑟𝛼)

(1+𝑘𝑏)𝐼0(𝑘,𝛼)+𝑏𝛼𝐼0(𝑘+1,𝛼)
] + 

 

                                                                +
2𝐵6𝐷1+𝐴1𝐷2

4
[

𝐼0(2𝑘,𝑟𝛼) cos(2𝑘𝜃)

(1−2𝑘𝑏)𝐼0(2𝑘,𝛼)+𝑏𝛼𝐼0(1+2𝑘,𝛼)
−

𝐼0(0,𝑟𝛼)

𝐼0(0,𝛼)+𝑏𝛼𝐼0(1,𝛼)
], (50) 

 𝑇(𝑟, 𝜃) =
𝑆

Pe
+ [1 −

𝐼0(0,√Pe 𝑟)

𝐼0(0,√Pe)
] 𝐴3 sin(𝑘𝜃) [

𝜉𝐼0(1,√Pe)𝐼0(𝑘,√Pe 𝑟)

𝐼0(𝑘,√Pe)
] + (

2𝐷6𝐹1+𝐵3𝐹2

4
) 𝜉2 [

𝐼0(2𝑘,√Pe 𝑟) cos(2𝑘𝜃)

𝐼0(2𝑘,√Pe 𝑟)
+

𝐼0(0,√𝑃𝑒 𝑟)

𝐼0(0,√Pe)
]. (51) 

 

where ξ is the perturbation parameter representing the dimen-

sionless wall roughness. It is substantial to mention that if the 

wall roughness is neglected, i.e. ξ = 0, then the problem is re-

duced from a rough circular channel to a smooth one.  

4. Shear stress  

The wall shear stress for unidirectional incompressible flow, 

where the tangential stress at the channel wall is proportional to 
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the radial gradient of the axial velocity, can be expressed math-

ematically as 

 𝜏 =
𝜕𝑢

𝜕𝑟
|
𝑟=1

, (52) 

which can be obtained by differentiating the approximate veloc-

ity solution and evaluating it at 1.r   

5. Nusselt number 

The dimensionless Nusselt number to determine the rate of heat 

transfer is obtained from the approximate temperature solution 

evaluated at the wall (Eq. (51)): 

 Nu(𝑟) = −
𝜕𝑇

𝜕𝑟
|
𝑟=1

. (53) 

6. Observations and discussion 

The current study presents the closed-form solution of magnet-

ised flow of Maxwell fluid along with the Hall effect in a porous, 

rough circular microchannel with slip boundary conditions. The 

thermal characteristics of the flow in the presence of a heat 

source are analysed in detail. The perturbation technique is ap-

plied to derive the solution, which is found in the form of a Bes-

sel function. The impact of controlling parameters on the fluid’s 

velocity and temperature is given graphically. Additionally, the 

impact of the fluid parameter, Darcy number and Hall parame-

ter, on shear stress and the influence of the source parameter and 

Peclet number on the Nusselt number are shown in tabular form. 

The characteristics of oscillatory flow are dominantly affected 

by the frequency parameter, which is represented by the angular 

Reynolds number. At low frequencies, the viscous forces are 

dominant, and the fluid is able to completely relax the oscilla-

tory pressure gradient, resulting in a smooth velocity profile and 

an increased flow rate. However, at higher frequencies, the iner-

tial forces become more pronounced, leading to a reduction in 

velocity magnitude due to the limited diffusion of momentum in 

the channel. Additionally, higher frequencies cause a phase lag 

between the velocity and the applied pressure gradient. In circu-

lar microchannels, this results in the development of annular ve-

locity profiles and backflow regions. The slip at the wall be-

comes less effective with increasing frequency due to the domi-

nance of oscillatory inertia. Wall roughness further disrupts the 

flow at higher frequencies, leading to an increase in near-wall 

fluctuations and a reduction in the overall transport. As a result, 

the flow rate decreases with increasing frequency. 

The accuracy and reliability of the present work was vali-

dated through a comparison of the obtained velocity profiles 

with those of the previous study by Li et al. [8].  

6.1. Velocity distribution 

Figures 2−4 show the impact of different parameters on the ve-

locity profile of a Maxwell fluid, while Figs. 5−7 depict the ve-

locity contours for the variation of the relaxation time (λ), the 

Darcy number (Da) and the magnetic parameter (M), respec-

tively. Figure 2a represents the effect of amplitude (φ) on veloc-

ity, showing that the velocity increases with increasing φ . This 

is because the oscillatory motion rises with the increment in am-

plitude, inducing an inclination in the fluid’s motion. The influ-

ence of the slip parameter (b) on the velocity profile is portrayed 

in Fig. 2b. It is noted that velocity rises near the wall of the mi-

crochannel, and overall velocity also increases with increasing 

the slip parameter, as the upsurge in b induces a decline in the 

friction at the wall, causing an ease for the fluid flow due to the 

slip condition. Figure 3a explains the impact of the relaxation 

time (λ) on the velocity distribution. It is perceived that the ve-

locity profile enhances significantly with the rise in λ. Physi-

cally, an increase in λ causes a strong elastic behaviour of the 

fluid and delayed relaxation, which aids the propagation of os-

cillatory flow, causing an increment in the liquid motion. As can 

be seen from Fig. 3b, as the perturbation parameter (ξ) increases, 

more energy is dissipated near the wall due to enhanced re-

sistance or irregular surface interaction. This leads to increased 

friction and momentum loss in the fluid layers. As a conse-

quence, the axial velocity decreases throughout the channel. Ad-

ditionally, the disturbance disrupts the smooth flow pattern, fur-

ther reducing the net flow efficiency. Therefore, a higher pertur-

bation parameter suppresses velocity due to dominant damping 

and resistance effects. 

Figure 4a illustrates the impact of magnetic parameter (M) 

on the fluid flow showing that velocity declines with an increase 

in the magnetic effect. It is because, this effect attributed to-

wards Lorentz force acts as a resistive force to the flow, causing 

a dampness in the flow. Figure 4b implies that the velocity pro-

file enhances with the rise in Hall effect. The increment in Hall 

(a)                                                                                             (b) 

 

Fig. 2. Velocity profile change with amplitude (a) and slip parameter (b). 
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effect leads to the decline in electrical conductivity generation, 

which opposes the dampness caused by the magnetic field, re-

sulting in the enhancement of the velocity. The impact of poros-

ity on the fluid flow is depicted in Fig. 4c. The escalation in 

Darcy number (Da) causes an increment in the permeability of 

the medium which aids the fluid to flow, causing an upsurge in 

the fluid velocity. Figure 4d compares the present velocity pro-

file with the results of Li et al. [8] under the corresponding lim-

iting conditions. The close agreement between the two profiles 

validates the accuracy of the present analytical solution. 

Figure 5 verifies the same behaviour as observed in Fig. 3a. 

Figure 6 presents velocity contours for increasing Darcy number 

and shows the enhancement of velocity due to reduced porous 

resistance, whereas Fig. 7 presents velocity contours for increas-

ing magnetic parameter and confirms the suppressing effect of  

the Lorentz force. These contour trends are consistent with the 

corresponding velocity-profile results in Fig. 4. 

6.2. Temperature distribution 

Figures 8a and b show the impact of the source parameter (S) 

and Peclet number (Pe) on the temperature profile, respectively. 

The rise in temperature with the increase in S is due to the fact 

that the increment in the source parameter adds more energy to 

the fluid, inducing an upsurge in the fluid temperature. In micro-

channel flows, an increase in the Peclet number indicates stronger 

convective heat transfer relative to conductive heat transfer. As Pe 

increases, the fluid transports thermal energy more effectively 

along the flow direction. This causes heat to accumulate within 

the fluid bulk, raising the overall temperature. 

(a)                                                                                                    (b) 

 

Fig. 3. Change of the velocity profile with the relaxation time  (a) and perturbation parameter (b). 

(a)                                                                                               (b) 

 

(c)      (d) 

 

Fig. 4. Velocity profile change with magnetic parameter (a), Hall parameter (b), Darcy number (c), 

and the comparison with the previous study (d). 
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(a)                                                                           (b) 

 

(c)         (d) 

 

Fig. 6. Velocity contours for various values of Darcy number: (a) Da = 1, (b) Da = 1.5, (c) Da = 2, (d) Da = 2.5. 

(a)                                                        (b) 

 

(c)         (d) 

 

Fig. 5. Velocity contours for various values of relaxation time: (a) λ = 0.5, (b) λ = 1, (c) λ = 2, (d) λ = 4. 
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Figures 9 and 10 present the temperature contours for the var-

iation in Peclet number and heat source parameter, respectively. 

It is observed that the temperature rises with the increment in both 

parameters, verifying the trend shown in Fig. 8. The increase in 

the source parameter adds significant energy to the fluid, causing 

an increase in the temperature, whereas the increment with in-

creasing Peclet number shows that the fluid transmits the energy 

more efficiently. 

Table 1 depicts the effect of the relaxation time, Darcy num-

ber and Hall parameter on the shear stress of the fluid. It is ob-

served that shear stress rises with an increase in relaxation time, 

while it declines as the Darcy number and Hall parameter in-

crease. Table 2 is produced to portray the influence of the source 

parameter and Peclet number on the Nusselt number. It is noted 

that the Nusselt number upsurges for both parameters, as the in-

crease in the source parameter and Peclet number enhances the 

heat transfer, causing an increase in the Nusselt number. 

7. Conclusions 

In this study, the magnetised oscillatory flow of a Maxwell fluid 

through a porous circular microchannel with a rough wall, con-

sidering both no-slip and slip boundary conditions with the Hall 

effect, is analysed. In addition to examining the influence of slip 

length, wave number and wall roughness on the velocity and 

volumetric flow rate, we extended the analysis to include the ef-

fects of the magnetic parameter, Hall effect and Darcy number 

on the velocity profiles, as well as the  Peclet  number  and  heat 

(a)                                             (b)    

 

               (c)                                                                (d) 

 

Fig. 7. Velocity contours for various values of magnetic parameter:  

(a) M = 1, (b) M = 1.5, (c) M = 2, and (d) M = 2.5.  

(a)                                                                                            (b) 

 

Fig. 8. Temperature profile change with source parameter (a) and Peclet number (b). 



Analysis of oscillatory flow and heat transfer of Maxwell fluid through a porous circular… 

 

135 
 

 

(a)                                                             (b)    

 

               (c)                                                             (d) 

 

Fig. 10. Temperature contours for various values of heat source/sink parameter:  

(a) S = 2, (b) S = 4, (c) S = 6, and (d) S = 8. 

(a)                                                               (b)    

 

               (c)                                                             (d) 

 

Fig. 9. Temperature contours for various Peclet numbers: (a) Pe = 1, (b) Pe = 1.5, (c) Pe = 2, and (d) Pe = 2.5.  



Rafiq M.Y., Abbas. Z., Naeem A. 
 

136 
 

source/sink parameter on the thermal characteristics of the flow. 

The following are the key findings. 

 Velocity increases with the slip length and wall roughness 

at a low Reynolds number. 

 The magnetic field suppresses velocity due to the Lorentz 

force, while the Hall effect causes a rise in the fluid veloc-

ity. 

 A heat source and a higher Peclet number lead to an in-

crease in the temperature profile. 

 The Nusselt number increases with an increase in the 

source parameter and the Peclet number. 

 Shear stress increases for Maxwell’s fluid parameter while 

it declines with an increase in porosity and Hall current. 
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1. Introduction 

Heat exchangers play a vital role in numerous industrial and en-

gineering applications, making their design a multifaceted and 

demanding discipline. Beyond financial and durability consid-

erations, thorough hydraulic and thermal performance analysis 

is essential in their development [1]. Strategies to enhance ther-

mal efficiency frequently involve a trade-off; for instance, de-

sign features that intensify heat transfer (e.g. fins, baffles, twist 

tape, twist tube or surface roughening) often simultaneously in-

crease hydraulic resistance, leading to higher pressure drops and 

greater pumping power requirements. 

Heat transfer enhancement techniques fall into two catego-

ries: active and passive. Among these, passive methods have at-

tracted significant attention due to their cost efficiency and sim-

plicity [2]. A common passive approach involves flow-modify-

ing devices like twisted tape, which generates secondary flows 

alongside axial motion, intensifying turbulence. This enhanced  
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Abstract 

This study investigates the thermal and hydraulic performance of three configurations of double twisted tube heat exchang-
ers (DTTHEs): circular (DCTTHE), elliptical (DETTHE) and square (DSTTHE) tubes, all with a twist ratio of 5. Numerical 
simulations were performed using Ansys Fluent with the k-ε turbulence model at Reynolds numbers ranging from 5000 to 
25 000 to analyse heat transfer enhancement mechanisms. The working fluids were hot water and cold water, with varied 
inlet mass flow rates. Key performance parameters, such as the Nusselt number, overall heat transfer coefficient, pressure 
drop and effectiveness, were computed. Results demonstrate that DETTHE outperforms the other configurations, achieving 
superior heat transfer efficiency due to intensified secondary flows and vortices that enhance fluid mixing and disrupt 
thermal boundary layers. DETTHE exhibited the highest overall heat transfer coefficient, Nusselt number and effective-
ness, with a maximum improvement in overall performance factor of approximately 74% and 300%, compared to DCTTHE 
and DSTTHE, respectively. However, this enhancement came at the cost of higher pressure drops. Temperature contours 
revealed uniform thermal distribution and improved heat exchange in DETTHE, particularly at the outlet region. Enhanced 
turbulence, secondary flow generation and stronger mixing near the tube walls contributed to these improvements. The 
study highlights the trade-off between thermal performance and hydraulic losses. The findings from this comparative anal-
ysis provide insights into the relative performance of different double twisted tube designs. Among the designs, DETTHE 
achieved the highest performance factor, making it a promising solution for compact and high-efficiency industrial heat 
exchangers. 

Keywords: Twisted tube heat exchanger; Thermal-hydraulic performance; Double-tube heat exchanger; Heat transfer 

enhancement 
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Nomenclature 

As ‒ heat transfer surface area, m2 

C ‒ heat capacity rate, W/K 

Cp ‒ specific heat, J/(kg K) 

d ‒ inner tube diameter, m 

D ‒ outer tube diameter, m 

Dh ‒ hydraulic diameter, m 

k – turbulent kinetic energy, J/kg 

L ‒ length, m 

LMTD – logarithmic mean temperature difference, K 

𝑚̇ ‒ mass flow rate, kg/s 

p ‒ twist pitch, mm 

P ‒ pressure, Pa 

ΔPT ‒ total pressure drop, Pa 

Qavg ‒ average heat transfer rate, W 

Re – Reynolds number, Re = 𝐷𝑢𝜌 / 

t ‒ time, s 

T – temperature, K  

Tr – twisted ratio 

u, υ, w ‒ velocity components, m/s 

U – overall heat transfer coefficient, W/(m2 K) 

x, y, z ‒ Cartesian coordinates, m 

 

Greek symbols 

Γ ‒ thermal conductivity, W/(m2 K) 

ε – turbulent energy dissipation, m2/s3 

ϵ – heat exchanger effectiveness 

η – overall performance index, 1/Pa 

 – dynamic viscosity, Pa s  

ρ – density, kg/m3  

 

Subscripts and Superscripts 

c – cold  

eff – effective  

h – hot  

i – inlet  

o – outlet  

t – turbulent  

 

Abbreviations and Acronyms 

DCTTHE – double circular twisted tube heat exchanger 

DETTHE – double elliptical twisted tube heat exchanger 

DSTTHE – double square twisted tube heat exchanger 

mixing reduces the boundary layer thickness within the heat ex-

changer tube [3]. 

A critical synthesis of the literature on heat transfer enhance-

ment using twisted geometries reveals a complex landscape de-

fined by significant advancements, yet marked by persistent 

methodological gaps and unresolved questions regarding opti-

mal configuration and scalability. The existing body of work can 

be broadly categorised and critically evaluated along several the-

matic lines. A primary focus has been on the geometric evolution 

from simple inserts to complex channel shapes. Early investiga-

tions effectively established the foundational principle that swirl 

flow induces thinning of the thermal boundary layer and improves 

fluid mixing. Studies employing twisted tape inserts, such as those 

by Salam et al. [3] and Murali et al. [4], consistently demonstrate 

this, reporting Nusselt number enhancements of 2.3−2.9 times 

and 1.4−1.8 times higher friction factors compared to smooth 

tubes. However, a critical limitation of this approach is the in-

herent trade-off between heat transfer augmentation and pres-

sure drop, as the solid tape core significantly obstructs flow. 

This limitation prompted a shift towards twisted tubes them-

selves (e.g. elliptical, oval), which generate swirl without a cen-

tral obstruction. For instance, Wu et al. [5] and Cheng et al. [6] 

found that twisted elliptical and oval tubes improve the synergy 

between the velocity vector and the temperature gradient, 

achieving performance evaluation criteria (PEC) in the range of 

1.6−1.7. This transition from inserts to integral twisted geome-

tries represents a pivotal development, moving towards systems 

that enhance heat transfer more efficiently by working with the 

flow path rather than obstructing it. 

Within the domain of twisted tubes, a critical analytical gap 

emerges concerning the comparative impact of different geo-

metric parameters under consistent flow regimes. For instance, 

while Cheng et al. [6] and Luo et al. [7] both investigated twisted 

oval tubes, their studies were confined to laminar flow (Reyn-

olds numbers less than 2000). Their findings on the optimal 

twist pitch are not directly transferable to the turbulent regime 

studied by Alempour et al. [8] (Reynolds numbers ranging from 

4000 to 16 000). This creates a significant knowledge gap: the 

interaction between twist pitch, aspect ratio and flow regime is 

poorly understood, making it difficult to predict performance 

across different operational scales. Furthermore, the work of 

Kim et al. [9] added another layer of complexity, suggesting that 

for twisted elliptic tubes, the number of revolutions has a sub-

stantial impact on thermal performance, while the aspect ratio’s 

variation is “negligible” – a conclusion that may be specific to 

their chosen geometric range and contradicts the importance 

placed on flattening ratios in other studies like Cheng et al. [6]. 

This apparent contradiction underscores the lack of a unified ge-

ometric optimisation framework. 

The pursuit of further enhancement has led to hybrid sys-

tems, which combine twisted geometries with nanofluids. The 

research of Mushatet and Youssif [10,11], Alempour et al. [8], 

and others consistently show a synergistic effect. For example, 

Mushatet and Youssif [11] reported a remarkable 214% heat 

transfer enhancement using Al2O3/water nanofluid in a tube with 

a twin twisted tape insert. However, a critical analysis of these 

hybrid studies reveals a common, and potentially limiting, meth-

odological trend: a heavy reliance on numerical simulations 

[8,10‒12] or highly controlled experimental setups. While these 

approaches are invaluable for parametric analysis, they often fail 

to fully capture the long-term practical challenges, such as na-

noparticle sedimentation, corrosion, and increased pumping 

power costs associated with the compounded pressure drops 

from both the twist and the nanofluid, as noted by Karimi  

et al. [13]. 

This synthesis exposes a critical and underexplored niche in 

the literature. First, there is a pronounced disconnect between 

studies focused on geometric optimisation and those investigat-

ing hybrid nanofluid applications; few works systematically dis-

sect whether the performance gains from a hybrid system are 



Numerical investigation of a different configurations double twisted tube… 

 

141 
 

due to a truly optimal geometry or simply the additive effect of 

the nanofluid. Second, the literature is heavily fragmented ac-

cording to flow regimes, with most studies operating exclusively 

in either laminar [5,7,8] or turbulent [4,11,12] conditions, with 

a notable scarcity of research that bridges this divide. Finally, 

there is an overreliance on numerical models that have not been 

extensively validated against experimental data for the specific 

combination of complex geometries and nanofluids. 

This study explores the thermal performance of double- 

twisted-tube heat exchangers by analysing three geometric con-

figurations: circular, elliptical and square. Using 3D computa-

tional modelling, the research assesses the flow behaviour, heat 

transfer efficiency and overall system effectiveness across dif-

ferent twisted tube designs. A mesh independence analysis was 

performed, with stringent checks on mesh quality (including or-

thogonal quality and aspect ratio) to ensure solution accuracy in 

Ansys Fluent. Furthermore, critical dimensionless parameters – 

such as Reynolds number, Nusselt number and overall perfor-

mance metrics – were computed, alongside a detailed evaluation 

of average heat transfer rates and exchanger effectiveness. 

2. Mathematical analysis  

The study examines three configurations of twisted double-tube 

heat exchangers, each with a twist ratio (Tr = p/D, where p de-

notes the twist pitch and D denotes the outer tube diameter) of 5 

and a uniform tube thickness of 4 mm. The first design illus-

trated in Fig. 1 (left side) features circular tubes, with an inner 

tube diameter (di) of 18 mm and an outer tube diameter (Di) of 

50 mm, spanning a length (L) of 1 m. In this counter-flow ar-

rangement, hot water passes through the inner tube while cold 

water flows through the outer annular space, with varying mass 

flow rates tested for both fluids. The second configuration, illus-

trated in Fig. 1 (middle), employs elliptical twisted tubes with 

semi-major and semi-minor radii of 13 mm and 6.3 mm, respec-

tively. The third design, depicted in Fig. 1 (right side), utilises 

square twisted tubes with side lengths of 15.9 mm (inner) and 

44.3 mm (outer). All models are constructed from aluminium 

and share identical operational parameters for comparative anal-

ysis. 

The dynamics of fluid flow are governed by fundamental 

conservation laws — mass, momentum, and energy —which 

form the basis for numerical simulations and analytical solutions 

in fluid mechanics. The continuity equation enforces the princi-

ple of mass conservation, ensuring that the combined mass flow 

rate at the inlets is equal to that at the outlets:  

 
𝜕(𝜌𝑢)

𝜕𝑥
+

𝜕(𝜌𝑣)

𝜕𝑦
+

𝜕(𝜌𝑤)

𝜕𝑧
= 0, (1) 

where u, υ, and w are the velocity vector components, ρ is the 

density, and x, y and z are the Cartesian coordinates. Alongside 

the momentum and energy equations, this framework enables 

precise modelling and analysis of fluid behaviour under varying 

conditions [14]. 

Within this investigation, the Navier-Stokes equations gov-

ern momentum conservation, enabling precise evaluation of 

pressure and velocity profiles across the heat exchanger [15]: 

 (
𝜕𝑢2

𝜕𝑥
+

𝜕𝑢𝑣

𝜕𝑦
+
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Fig. 1. A schematic illustration of a dual-loop heat exchanger configurations (circular tube, elliptical tube, square tube); 

cross-sections and 3D isometric views. 
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 (
𝜕𝑤𝑢

𝜕𝑥
+

𝜕𝑤𝒗

𝜕𝑦
+

𝜕𝑤2

𝜕𝑧 
) = −

1

𝜌

𝜕𝑃

𝜕𝑥
+

𝜕

𝜕𝑥
(𝜇𝑒𝑓𝑓
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𝜕𝑥
) +

𝜕

𝜕𝑦
(𝜇𝑒𝑓𝑓

𝜕𝑤

𝜕𝑦
) + 

 

                +
𝜕

𝜕𝑧
(2𝜇𝑒𝑓𝑓

𝜕𝑤

𝜕𝑧 
) +

𝜕

𝜕𝑥
(𝜇𝑒𝑓𝑓

𝜕𝑢

𝜕𝑧 
) +

𝜕

𝜕𝑦
(𝜇𝑒𝑓𝑓

𝜕𝒗

𝜕𝑧 
). (4) 

where P is the pressure and μeff is the effective dynamic viscosity. 

The energy conservation equation governs thermal energy 

transfer within fluid systems by accounting for heat exchange 

and mechanical work. In this analysis, it enables precise deter-

mination of temperature fields and heat flux across the heat ex-

changer’s fluid and solid domains. The governing energy equa-

tion for fluid flow is expressed as [15]: 

 
𝜕𝒖𝑇

𝜕𝑥
+

𝜕𝒗𝑇

𝜕𝑦
+

𝜕𝒘𝑇

𝜕𝑧
=

𝜕

𝜕𝑥
(𝛤𝑒𝑓𝑓

𝜕𝑇

𝜕𝑥
) +

𝜕

𝜕𝑦
(𝛤𝑒𝑓𝑓

𝜕𝑇

𝜕𝑦
) + 

 

                                                  +
𝜕

𝜕𝑧
(𝛤𝑒𝑓𝑓

𝜕𝑇

𝜕𝑧
), (5) 

where T is the temperature and Γeff represents the overall (effec-

tive) thermal conductivity. 

In the above equations, effective parameters are described as 

follows [15]: 

 𝜇𝑒𝑓𝑓 = 𝜇 + 𝜇𝑡, (6) 

 𝛤𝑒𝑓𝑓 = 𝛤 + 𝛤𝑡, (7) 

where μ and μt represent the viscosity as the baseline physical 

property and the turbulent dynamic viscosity, respectively. The 

latter becomes zero for laminar flow. Similarly, Γ and Γt denote 

the intrinsic/baseline and turbulent thermal conductivity, respec-

tively.  

The current investigation employs the k-ε turbulence model 

for analysing the outer boundary layer region. Selected for its 

computational efficiency and predictive reliability, this model 

demonstrates exceptional capability in resolving turbulent flow 

characteristics adjacent to solid boundaries while ensuring nu-

merical stability in undisturbed flow regions. Particularly advan-

tageous for complex flow geometries, the model accurately pre-

dicts separation phenomena and manages adverse pressure gra-

dients. It was applied to account for the turbulent boundary-layer 

interactions that are central to the present study, as expressed by 

the governing equations below [15]: 

 𝜌 (
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𝜕

𝜕𝑧
(

𝜇𝑡

𝜎

𝜕

𝜕𝑧
) +  𝐶1𝜌



𝑘
𝐺 − 𝐶2𝜌

2

𝑘
, (9) 

where k is the turbulent kinetic energy, G represents the rate of 

its production per unit volume, ε is the turbulence dissipation 

rate, and C1ε = 1.44, C2ε = 1.92, σk = 1, σε = 1.3. 

The twisted tube configuration introduces a paradigm in 

double-tube heat exchanger design, demanding comprehensive 

characterisation of key thermal-hydraulic parameters. Critical 

numbers including Reynolds and Nusselt, along with friction 

factor, effectiveness and heat transfer coefficients, form the fun-

damental framework for performance prediction and optimisa-

tion. This investigation employs the following relations [16]: 

 Re =  
𝜌𝐷ℎ𝑢


, (10) 

 𝐷ℎ,𝑖 = 𝑑𝑖, (11) 

 𝐷ℎ,𝑜 = 𝐷𝑖 − 𝑑𝑜, (12) 

where Dh,i and Dh,o denote the hydraulic diameter of the inner 

and outer tube, respectively. 

The logarithmic mean temperature difference is expressed 

by [16] 

 LMTD =
Δ𝑇1−Δ𝑇2

ln(
Δ𝑇1
Δ𝑇2

) 
,  (13) 

where 

 Δ𝑇1 = 𝑇ℎ𝑖 − 𝑇𝑐𝑜, (14) 

 Δ𝑇2 = 𝑇ℎ𝑜 − 𝑇𝑐𝑖 . (15) 

In the above, subscripts h and c refer to hot and cold fluid, re-

spectively, whereas subscripts i and o stand for inlet and outlet, 

respectively. 

The effectiveness of a heat exchanger is defined as [16] 

 𝜖 =
𝑞𝑎𝑐𝑡

𝑞𝑚𝑎𝑥
,  (16) 

where 

 𝑞𝑎𝑐𝑡 = 𝐶𝑐(𝑇𝑐𝑜 − 𝑇𝑐𝑖), (17) 

 𝑞𝑚𝑎𝑥 = 𝐶𝑚𝑖𝑛(𝑇ℎ𝑖 − 𝑇𝑐𝑖), (18) 

where 𝐶𝑚𝑖𝑛 is the lower value of capacity rates 𝐶ℎ or 𝐶c: 

 𝐶ℎ  =  𝑚̇ℎ𝐶𝑝ℎ,               𝐶𝑐=𝑚̇c𝐶𝑝𝑐,  

where Cp is the specific heat and 𝑚̇ is the mass flow rate. 

The Nusselt number and convective heat transfer coefficient 

are given as, respectively: 

 Nu =
ℎ 𝐷ℎ

𝐾𝑓
, (19) 

 ℎ =
𝑚̇ℎ𝐶𝑝ℎ(𝑇𝑖−𝑇𝑜)

𝐴𝑠(𝑇𝑚−𝑇𝑠) 
, (20) 

where As is the heat transfer surface area, Kf is the thermal con-

ductivity of the fluid, Ts is the wall temperature and Tm is bulk 

temperature of the fluid. 

The overall performance index can be expressed as follows 

[17]: 

 𝜂 =
𝝐

∆𝑃𝑇
,  (21) 

where ΔPT is the total pressure drop. 

3. Mesh modelling and mesh independence 

The computational domain was created using Ansys Design 

Modeler (2023R1) and meshed within the Ansys Workbench en-

vironment. To accurately resolve the critical flow physics, a hy-

brid meshing strategy was employed. This involved the use of 
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tetrahedral elements in the core volume, coupled with disci-

plined inflation layers at the walls to capture near-wall gradients, 

and targeted local refinement in regions prone to high velocity 

gradients and flow separation, such as the lee of the helical 

twists. 

A mesh independence study was conducted, monitoring key 

performance parameters (e.g. Nusselt number and pressure 

drop). As detailed in Table 1, the solution demonstrated stability 

for the selected mesh (marked with an asterisk), with variations 

in the overall heat transfer coefficient below a predefined thresh-

old of, e.g., 1% upon further refinement. This confirms that the 

computational results are quantitatively independent of the mesh 

discretisation, providing confidence in the reliability of the sub-

sequent simulation data. 

4. Boundary conditions 

The numerical simulations commenced upon implementing the 

prescribed boundary conditions. For the hot water stream, mul-

tiple mass flow rates were examined to investigate varying ther-

mal-hydraulic conditions, while maintaining a constant flow rate 

for the cold water circuit. The study explored Reynolds numbers 

ranging from 5000 to 25 000, with fixed inlet temperatures of 

25°C for the cold fluid and 70°C for the hot fluid. Adiabatic con-

ditions were imposed on all external surfaces to ensure thermal 

isolation of the system.  

5. Results and discussion 

Figure 2 illustrates the variation in hot fluid outlet temperature 

for the DCTTHE, DETTHE and DSTTHE configurations as 

a function of Reynolds number at Tr = 5. The DETTHE 

configuration exhibits the lowest outlet temperature due to 

enhanced heat transfer from the cold fluid. In contrast, the 

DCTTHE shows a consistently higher outlet temperature 

compared to both DSTTHE and DETTHE across all Reynolds 

numbers, primarily because it generates less turbulence than the 

other configurations. 

Figure 3 illustrates the variation of the cold fluid outlet tem-

perature (Tco) with Reynolds number for the DCTTHE, 

DSTTHE and DETTHE configurations at a twist ratio (Tr = 5). 

DETTHE presents the highest outlet temperatures across all 

Reynolds values, followed by DSTTHE, while DCTTHE 

exhibits the lowest Tco. This behaviour can be attributed to the 

more pronounced swirl motion and stronger secondary vortices 

generated within DETTHE, which enhance mixing and intensify 

local convective heat transfer. In contrast, although DCTTHE 

contains internal twisting, its lower induced turbulence strength 

results in reduced thermal exchange, leading to lower outlet 

temperatures. 

Figure 4 illustrates the temperature difference Th−Tc between 

hot and cold fluids for the three configurations at Tr = 5. The 

temperature difference decreases with the Reynolds number due 

to higher fluid velocity, with DCTTHE demonstrating the larg-

est differential. This trend stems from the DETTHE’s superior 

turbulence, which reduces Tho by facilitating more efficient cold-

fluid heat absorption. 

The overall heat transfer coefficient (U) variation is depicted 

in Fig. 5. U rises with Reynolds number for all designs, driven 

Table 1. Meshing independence.  

DETTHE DCTTHE DSTTHE 

No. of grid 
elements 

U 
U,  

deviation 
No. of grid 
elements 

U 
U,  

deviation 
No. of grid 
elements 

U 
U,  

deviation 

1789045 1650 0.09   468384 569.19 0.0300 2321543 1350 0.07 

2120000 1810 0.03   761362 585.12 0.0087 2865097 1450 0.03 

2527348* 1879 0.01   1208000* 590.22 0.0055 3155185* 1495 0.02 

2956732 1910 − 1782044 593.45 − 3754321 1533 − 

*) mesh size selected for further analysis 

 

Fig. 2. Variation of the hot water outlet temperature with Reynolds 

number for DCTTHE, DSTTHE and DETTHE at Tr = 5. 

 

Fig. 3. Variation of the cold water outlet temperature with Reynolds 

number for DCTTHE, DSTTHE and DETTHE at Tr = 5. 
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by greater thermal energy extraction from the hot fluid. 

DETTHE outperforms other designs due to vortices generated 

by its geometry, which amplify both heat transfer and pressure 

drop by disrupting the momentum boundary layer. 

Figure 6 compares heat exchanger effectiveness (ϵ) across 

configurations. Effectiveness decreases at higher Re values due 

to a significant reduction in fluid residence time inside the tube. 

At high flow velocities, the available time for heat exchange be-

comes insufficient to fully benefit from the increased heat trans-

fer coefficient. Moreover, for the enhanced geometries 

(DETTH, DSTTHE and DCTTHE), the improvement in turbu-

lence becomes less influential at high Reynolds numbers, while 

the associated pressure drop remains high, resulting in a relative 

decrease in effectiveness. 

The Nusselt number trends are shown in Fig. 7. The Nu val-

ues increase with an increase in Reynolds number, as heightened 

turbulence thins the thermal boundary layer. For DETTHE, it 

surpasses those for other configurations due to its larger effec-

tive surface area and flow disruption. 

Pressure drop (ΔPT) and average heat transfer rate (Qavg) are 

analysed in Figs. 8 and 9, respectively. DETTHE incurs the high-

est ΔPT due to intensified vortices, while also achieving the great-

est Qavg from enhanced fluid velocity and turbulence.  

Finally, Fig. 10 evaluates the overall performance index (η). 

The value for DETTHE peaks at a lower Reynolds number 

(Re = 5000), exceeding the values for DCTTHE and DSTTHE by 

approximately 0.0025 and 0.0040, respectively. Performance de-

clines across the Re range (Re = 5000–25 000) as pressure drop 

penalties outweigh thermal gains. Vortex generation, modulated 

by Tr = 5, critically influences this trade-off. 

 

Fig. 5. Variation of the overall heat transfer coefficient with 

Reynold number for DCTTHE, DSTTHE and DETTHE at Tr = 5. 

 

Fig. 7. Variation of the Nusselt number with Reynolds number 

for DCTTHE, DSTTHE and DETTHE at Tr = 5. 

 

Fig. 6. Variation of the heat exchanger effectiveness with 

Reynolds number for DCTTHE, DETTHE and DSTTHE at Tr = 5. 

 

Fig. 4. Variation of the temperature difference between the hot and 

cold fluids with Reynolds number for DCTTHE, 

DETTHE and DSTTHE at Tr = 5. 

 

Fig. 8. Variation of the total pressure drop with Reynolds number 

for DCTTHE, DSTTHE and DETTHE at Tr = 5. 
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Figure 11 shows the temperature contours for various config-

urations of the double twisted tube heat exchanger – specifically  

DCTTHE, DSTTHE and DETTHE – at selected axial positions 

(0.1 m, 0.3 m, 0.6 m, and 0.95 m), under a Reynolds number of 

25 000 and a twist ratio (Tr) of 5. At the inlet region, the tem-

perature of the hot fluid is at its highest. As heat is transferred 

through the tube wall to the cold fluid, the temperature of the hot 

stream gradually decreases along the flow direction, reaching its 

 

Fig. 9. Variation of average heat transfer rate with Reynolds 

number for DCTTHE, DSTTHE and DETTHE at Tr = 5. 

  

(a) DCTTHE (d) DCTTHE 

  

(b) DSTTHE (e) DSTTHE 

  

(c) DETTHE (f) DETTHE 

Fig. 11. Temperature distributions for DCTTHE, DSTTHE and DETTHE at Re = 25 000, Tr = 5. 

 

Fig. 10. Variation of the overall performance factor with Reynolds 

number for DCTTHE, DSTTHE and DETTHE at Tr = 5. 
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lowest value near the outlet. The twisting in each configuration 

promotes thermal interaction between fluid layers, causing the 

bulk temperature at each cross-section to rise due to internal en-

ergy redistribution. This interlayer exchange enhances thermal 

equilibrium within the flow. The application of twisted geome-

tries significantly improves temperature uniformity across cir-

cular, square and elliptical tube shapes. Notably, for all three de-

signs, the highest temperature contours are observed near the 

outlet region (x = 0.95 m), indicating elevated thermal levels at 

the tube exit. At a twist ratio of 5, the inner wall’s thermal 

boundary layer is disrupted by increased velocity and the devel-

opment of secondary flows. The induced vortices intensify mix-

ing within the fluid, leading to a progressive rise in temperature 

toward the outlet. The resulting temperature distribution around 

the inner tube surface exhibits a clear variation, emphasising the 

impact of twist-induced flow dynamics. 

6. Conclusions  

This study numerically evaluated the thermal and hydrodynamic 

performance of three twisted double tube heat exchanger config-

urations — circular (DCTTHE), square (DSTTHE) and elliptical 

(DETTHE) — under turbulent flow conditions with a fixed twist 

ratio of 5. The results demonstrated that the elliptical twisted tube 

(DETTHE) consistently outperformed the other geometries 

across all Reynolds numbers, exhibiting the highest Nusselt num-

ber, overall heat transfer coefficient and exchanger effectiveness. 

The enhanced performance is attributed to stronger secondary 

flows and turbulence generated by the elliptical twist, which im-

proved fluid mixing and disrupted thermal boundary layers. 

DCTTHE exhibited the lowest thermal performance due to 

weaker turbulence generation, while DSTTHE showed interme-

diate results. Temperature distribution analysis confirmed more 

uniform heat transfer in DETTHE, particularly near the outlet. 

The study also found that performance gains were more pro-

nounced at lower Reynolds numbers, with diminishing returns as 

flow velocity increased. While pressure drop increased with 

higher turbulence, DETTHE still achieved the best overall ther-

mal-hydraulic performance. Temperature contour analysis further 

validated improved heat distribution and uniformity in the twisted 

configurations. These findings confirm that twisted elliptical de-

signs significantly enhance heat transfer efficiency and are well-

suited for industrial applications requiring compact and high-per-

formance heat exchangers. 
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1. Introduction 

Fresh water is a fundamental necessity for all living beings to 

sustain their day-to-day routines. This concept is undeniably ac-

ceptable around the globe, but the efforts to adequately address 

this challenge remain insufficient. Fresh water supply to every 

household is now become a challenge due to continuous increas-

ing population and limited water resources. It was estimated that 

freshwater demand may rise by 55% by the end of 2050 [1]. This 

challenge intensifies further due to rapid industrialisation and its 

consequences, that is pollution of the available water resources. 

Therefore, exponential rise in freshwater demand has been ob-

served in the last few decades. Considering developing coun-

tries, in particular arid and remote areas, there is a large shortage 

of electricity, and conventional methods to treat impure water 
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Abstract 

Solar distillation has emerged as a vital technique for providing fresh water to communities at an economic level. Among 
various systems, the solar still has been recognised as a promising technology due to its simple design, low maintenance 
requirements and environmental benefits, particularly in reducing carbon footprint and supporting sustainable development 
goals. However, the yield of a solar still is highly dependent on solar intensity, which drops significantly at night, thereby 
limiting its overall efficiency. So, this review article explores a wide range of low-cost modifications for improving the 
evaporation rate and freshwater yield. The article covers the fabrication process of the solar still and discusses various 
design modifications. These modifications include the effects of fin geometry and placement. Furthermore, the article 
examines the integration of external attachments such as flat plate collectors (FPC) and evacuated tube collectors (ETC) 
to enhance heat transfer. The influence of wick materials, their types and placement within the solar still are also analysed. 
Lastly, the article provides a key recommendation highlighting the potential future research for the development of high-
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are not feasible for producing fresh water [2]. Major sources of 

fresh water in such regions are canals, groundwater, lakes, water 

streams, etc., which are either insufficient in amount or not ade-

quately clean [3]. These concerns underscore the dire need for  

a sustainable technique for water treatment, which is efficient, 

reliable and pocket friendly. 

It has been estimated that freshwater availability is limited 

(less than 3%) and distributed unevenly throughout the globe 

[4]. Despite that, saline water is plenty in nature and covers 97% 

area of the total water bodies [5]. However saline water cannot 

be considered for drinking due to the high content of total dis-

solved solids (TDS), salt, and bad pH [6]. Various water treat-

ment methods can be employed to treat saline water efficiently, 

and later they can be employed for betterment of the society. 

These water filtration techniques include reverse osmosis (RO), 

electrodialysis (ED), multistage flash distillation (MFD), nano-

filtration membrane (nFM), solar distillation using a solar still, 

and so on [7–11]. Nonetheless, the dilemma arises regarding 

which technique to use due to their respective advantages and 

disadvantages. 

For instance, data collected (published articles) for five ma-

jor water treatment techniques, that is reverse osmosis, electro-

dialysis, multistage flash distillation, nanofiltration membrane, 

and solar still taken from ScienceDirect for the years 2015 to 

2025, as represented in Fig. 1, suggesting that research and de-

velopment in the field of solar still is currently leading by a very 

big margin due to renewable energy input and ease of water pu-

rification. Data also signifies a steady rise in research publica-

tions for reverse osmosis but still trailing behind solar still by  

a huge margin. The lower number of publications in the field of 

electrodialysis, multistage flash distillation and nanofiltration 

membrane indicates the shift of research and development for 

water purifying techniques towards sustainable and low-cost 

freshwater production methods. 

Several key components of the solar still and its working 

principles have been presented in Fig. 2. The solar still system 

is an airtight chamber, covered with a transparent sheet of glass 

at the top. The saline or contaminated water is poured through 

the inlet into the basin of the solar still. The solar radiation is 

incident through the glass and impinges on the system's basin 

[12]. The material used for the basin has high radiation absorp-

tivity properties. These materials include different grades and 

gauges of steel, mild steel (MS), copper, stainless steel (SS), gal-

vanised iron (GI), aluminium, and so on [13]. Good insulation 

materials, especially foam, thermocol, glass wool, rock wool, 

and so on, are used to reduce the losses from sides and bottom 

[14]. The thermal radiation impinges on the basin surface and 

enhances the temperature of the contaminated water, causing 

evaporation and leaving behind all the impurities in the basin. 

The evaporated water gets condensed over the glass surface due 

to the temperature difference between the basin water and the 

glass surface. The condensed water droplets are collected in  

a separate clean container that can be used for domestic purpo-

ses [15]. 

Solar desalination has shown its prominence in getting atten-

tion from various scholars due to its ease of working principle, 

construction, manoeuvrability, maintenance, and so on [16]. Yet, 

along with several advantages, it has certain disadvantages such 

as low distillate yield, even zero at night due to the unavailability 

of solar energy. Earlier studies [17] reported an overall daily dis-

tillate yield of less than 3 kg/m2 a day using a basic design of the 

solar still, which is quite low. Papers [18–19] have suggested 

that the yield of the solar still depends on the heat transfer rate 

(at evaporation and condensation) within the system. A higher 

evaporation rate results in more vapour generation, while con-

densation helps turn that vapour back into water droplets.  

In addition, Fig. 3 presents a schematic classification of solar 

stills based on passive and active systems. Passive solar stills 

rely entirely on sunlight, making them simple, low-cost and suit-

able for small-scale use [20]. They include conventional designs 

such as basin-type stills, which vary in shape (single slope, dou-

ble slope, pyramid) and number of basins, as well as models en-

hanced with reflectors or condensers [21]. To improve effi-

ciency, modified designs introduce features like wick materials, 

rotating cylinders, or innovative shapes such as stepped, tubular, 

or concave forms, all aimed at increasing evaporation and con-

densation rates. Hybrid solar stills take this a step further by 

combining the still with technologies like photovoltaic panels, 

solar ponds, or waste heat sources to boost performance [22]. 

Active solar stills are designed for higher productivity by in-

corporating external energy support [23]. They are often inte-

grated with solar collectors, such as flat plate or concentrating 

collectors, to preheat water, with circulation occurring naturally 

or through pumps [24]. More advanced systems use components 

like evacuated tubes, heat pipes, or parabolic collectors to achie- 

 

Fig. 1. Number of published articles in ScienceDirect  

from 2015 to 2025 (source: ScienceDirect). 

 

Fig. 2. Schematic representation of a single slope solar still. 
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ve higher temperatures and faster distillation. Overall, the clas-

sification shows how solar still technology evolves from simple, 

standalone units to more advanced and efficient systems capable 

of producing greater amounts of fresh water [25]. 

In addition, the efficiency of a solar still can be enhanced by 

minimising the losses occurring in a solar still. Major losses that 

occur in a solar still are due to radiation and convection. Proper 

care can prevent heat losses from the solar still by applying in-

sulating materials [14]. Several types of insulations have been 

utilised in solar stills [15,26–28], such as foam, thermocol, saw 

dust and glass wool, focusing on specific insulating thickness. 

Without knowing about the thickness of insulation to be applied 

over the solar still, the effective output will not be achieved. For 

instance, the thickness of insulation of 60 mm for a single slope 

solar still (SSSS) operating at a water depth of 40 mm can pro-

duce a yield up to 80% as reported by Khalifa et al. [29]. Results 

have also been reported for insulating thickness of above 60 mm, 

which certainly performed better in terms of yield but only dur-

ing the nocturnal period. It was observed that materials such as 

sawdust (of thermal conductivity 0.08 W/(m·K)), glass wool 

(0.04 W/(m·K)), and plywood (0.13 W/(m·K)) are commonly 

used as insulation in solar stills to minimise heat loss to the sur-

roundings. A brief summary of the previously used insulation 

materials is given in Table 1. 

More focus has been given to enhancing the yield of the solar 

still system during the nocturnal period, and to do so, various 

developments have been done in the past that could store energy 

during peak hours and can deliver back to the system during low 

sunshine hours, i.e. the nocturnal period. Enhancement of yield 

can also be achieved by modifying the solar still system in which 

utilisation of flat plate collector, application of tilted khes wicks 

and incorporation of absorbers are included [15]. The rate of 

evaporation which eventually determines the yield of the solar 

still can also be tailored by incorporating phase change materials 

in the water basin, using fins at the surface, and incorporating 

nanoparticles with the basin water [30,31]. These modifications 

in the solar still help in improving the overall surface area and 

lead to higher yields as compared to the yield of an unmodified 

solar still. The said modifications of the solar still are cheap and 

do not require any complex engagements and have proved to be 

highly promising in enhancing the solar still yield [32]. There-

fore, this work primarily focuses on discussing various such 

modifications and techniques under practice for solar still yield 

enhancement at a very low cost. 

2. Modifications in the solar still 

2.1. Yield enhancement using fins 

Integration of fins on the basin of the solar still can be seen in 

Fig. 4. It has been evident from the past literature that the inte-

gration of fins improves the heat transfer rate of the system. It 

increases the surface area, resulting in improved basin water 

temperature and distillate yield. Notable enhancement in the 

yield of the solar still of about 3.07 l/m2 can be obtained by in-

tegrating fins at the surface, incorporating a phase change mate-

rial, applying wicks and utilising a condenser. These changes 

applied all together in a single slope solar still (SSSS) were re-

ported to have a yield 39.47% higher than that for a conventional 

conical solar still (CSS) without any modification [33]. The 

complete setup along with the yield obtained by the systems can 

be seen in Fig. 5. 

Additionally, it has been concluded that the integration of 

fins increases the greenhouse effect within the solar still as re-

ported by Rabhi et al. [34]. As per the study, apart from improv-

ing the heat transfer rate, fins are also used to evenly distribute 

water within the basin of the solar still [35]. The materials used 

to fabricate the fins are crucial, as the heat transfer properties  

of the system depend on them [36]. Contrary to this, Sebaii  

et al. [37] reported no significant improvement in varying fin 

materials. During the study, different fin materials such as alu-

minium, glass, stainless steel, brass, copper, iron and mica were 

used in solar stills. Figure 6 presents the complete 2D model of 

the setup along with the dimensions of the fins. As discussed 

previously, various factors such as the type of fins and  geometry

 

Fig. 3. Yield improvement techniques of the solar still. 

Table 1. Summary of the relevant studies on insulation materials. 

Publication Insulation material 
Thickness of  

insulation (mm) 
Modifications 

Enhancement 
(%) 

Agarwal et al. [68] rockwool 4 
copper tubes and copper cylinders  

filled with PCM 
92.02 

Ramzy et al. [69] steel wool pads  internal reflectors and woven wire mesh 22.1 

Karthikeyen et al. [70] thermocol  nanomaterial with colour die 66.7 

Negi et al. [64] foam 30 blackened inclined wick 14.9 

Omara et al. [71] saw dust 40 fins 40 
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are the influencing parameters that directly improve the  efficacy 

of the solar still. In a recent study, Panchal et al. [38] experi-

mented with vertical and inclined fins incorporated in a solar 

still. The inclined fins were tilted at a 30o angle. It was observed 

that the distillate yield of inclined fins was slightly higher com-

pared to vertical fins. The yield was improved by 26.77 % and 

24.19 % for an inclined and vertical fins-based solar still com-

pared to CSS. Also, Rajaseenivasana et al. [39] tested circular 

and square-shaped fins with varying water depth (1–3 cm) in 

SSSS. It has been reported that square-shaped fins in a solar still 

have higher distillate yield compared to circular fins. Based on 

the study, it was concluded that increasing the fin's height has  

a great impact on the rate of heat transfer, as reported in the lit-

erature. Apart from this, it has been observed that increasing fin 

quantity and width can significantly reduce the overall distillate 

yield [40]. This was observed due to higher heat loss from the 

side and bottom of the still. To reduce these losses, an acrylic 

material-based casing was used with aluminium fins. These 

modifications decrease the heat losses and improve the overall 

temperature of the basin water and hence contribute to overall 

improved water yield [41]. Modi et al. [42] experimented on  

a solar still with and without hollow circular fins. It was reported 

that the evaporative area of the still was significantly improved 

compared to the still without fins. Furthermore, it has been ob-

served that the number of fins also influences the distillate yield 

of the system. Islam et al. [43] reported significant improvement 

in the distillate yield using 14 fins and 4kg of fly ash. Apart from 

this, Panchal et al. [44] studied the effect of porosity on SSSS. 

The obtained results show a 42.3% improvement in distillate 

yield with porous fins compared to CSS. 

Few studies have incorporated both fins and energy storage 

materials simultaneously with the solar distillation setup. Sim-

ultaneously using these modifications increases the yield of the 

modified system and significantly lowers the cost per litre of ob-

tained water (CPL). In a similar fashion, Kumar et al. [45] mod-

ified a conventional solar still with aluminium, galvanised iron 

(GI) based fins and paraffin wax. Among fin materials, alumin-

ium was superior due to its thermo-physical properties. The au-

thors report a 36% improvement in the overall distillate yield for 

CSS, when compared to the conventional solar still. In another 

study, the authors studied the effect of fins above and beneath 

the absorber plate with paraffin wax. It has been evident from 

the study that the placement of the fins above the absorber plate 

increases the surface area of the system, while extending fins 

beneath the plate increases the heat storage capacity of the sys-

tem. This modification increases the distillate yield of CSS by 

55.59%. Also, these modifications lower CPL of the obtained 

distillate [46]. In another study, Abdullah et al. [47] modified 

the shape of the basin. Additionally, fins were covered with jute 

cloth to increase the capillary action. The CuO-based nPCM was 

used to store energy for improved distillate yield for a longer 

period. Apart from this, three heaters were provided to heat the 

basin water up to its evaporation temperature. These modifica-

tions improve the distillate yield by 196% as compared to a ref-

erence CSS, as reported by the author. 

2.2. Yield enhancement using solar collectors 

Solar collectors or solar water heating devices utilise solar en-

ergy to convert radiation into useful heat, particularly for water 

heating applications. These solar collectors are coupled with so-

lar stills to enhance the overall efficiency of the system by im-

proving the evaporation rate.  The  collectors  enhance  the  inlet  

 

Fig. 4. Fins integrated solar still. 

 

Fig. 6. Experimental setup modified with fins  

(drawn based on [37]). 

 

Fig. 5. Schematic diagram of the experimental setup (a), and yield  

obtained from the respective solar still (b) (drawn based on [33]). 
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basin water temperature, thereby reducing the amount of energy 

required for water evaporation. Various collector designs are ca-

pable of providing a wide range of operating temperatures. The 

classification of the solar water heating systems can be seen in 

Fig. 7. Among these, a flat plate collector (FPC) and an evacu-

ated tube solar collector (ETSC) are frequently used in the solar 

still. Flat plate collectors (FPCs) typically operate within the 

range of 20–80°C, whereas evacuated tube solar collectors 

(ETSCs) operate effectively at higher temperatures, between 

50–200°C [48].  

Among these, FPCs are the most commonly used due to their 

simple construction, low maintenance requirements and cost-ef-

fectiveness, yet they generally offer lower efficiency and outlet 

temperatures compared to other collector types. A scheme of uti-

lisation of collectors in the solar still can be seen in Fig. 8. 

The mass flow rate of the water, intensity of the solar radia-

tion, and properties of the absorber material are the crucial fac-

tors that improve the brine water temperature. In this regard, 

Negi et al. [15] observed a maximum yield of 3.99 kg/m2·a day 

from a tilted wick solar still fabricated from stainless steel ma-

terial integrated with flat plate collectors at an optimal flow rate 

of 0.041 kg/s. Furthermore, Raju et al. [49] reported a 41% in-

crease in distillate yield when a solar still was coupled with a 

single FPC compared to a conventional still. Furthermore, con-

necting three FPCs in series with the still enhanced the yield by 

up to 89%. Similarly, Badran et al. [50] demonstrated that inte-

grating an FPC with a solar still increased its productivity by 

approximately 36% relative to CSS. Furthermore, according to 

Sabiha et al. [51], FPCs exhibit two major drawbacks, i.e. a sig-

nificant convective heat loss through the glass cover from the 

absorber plate and the absence of a sun-tracking mechanism, 

which restricts their ability to consistently capture the maximum 

solar radiation throughout the day. 

According to [52], evacuated tube solar collectors (ETSCs) 

exhibit significantly higher efficiencies than flat plate collectors 

(FPCs). ETSCs are capable of capturing both direct and diffuse 

solar radiation. In addition to their superior thermal performance, 

they offer advantages such as convenient installation and ease 

of transportation. Applications that demand higher operating 

temperatures, such as seawater desalination, air conditioning, 

space heating, refrigeration, and various industrial heating pro-

cesses, benefit more from ETSCs than from FPCs [53]. Moreo-

ver, ETSCs are suitable for other high-temperature applications, 

including instantaneous gas heaters, boost element-integrated 

single solar tank systems, and boost tank-incorporated solar pre-

heaters [54]. 

Mangal et al. [55] reported that FPCs achieve their peak en-

ergy output primarily at midday when the sun’s rays are perpen-

dicular to the collector surface. In contrast, the cylindrical de-

sign of ETSCs enables passive solar tracking throughout the day, 

allowing the incident sunlight to strike the tubes at an approxi-

mately 90° angle, thus maintaining continuous high absorption. 

Additionally, ETSCs are less affected by low ambient tempera-

tures and wind, owing to the vacuum layer between the inner 

and outer tubes. This vacuum effectively minimises convective 

and conductive heat losses by eliminating air within the evacu-

ated tube. Furthermore, Ayompe et al. [56] conducted an inves-

tigation to compare the performance of an FPC and a heat pipe 

evacuated tube solar collector (ETSC) for domestic water heat-

ing. Under similar climatic conditions, FPC and ETSC achieved  

46.1% and 60.7% efficiencies, respectively, while the corre-

sponding system efficiencies were 37.9% and 50.3%. 

The integration of evacuated tube collectors with solar stills 

offers a highly effective method for improving heat transfer and 

increasing distillate yield. For instance, Panchal et al. [57] ex-

perimented by modifying a double slope solar still (DSSS) with 

fins and ETSC. Incorporating both fins and ETSC increases the 

system’s yield by 25% when compared to DSSS with ETSC 

alone. In the other study, Mevada et al. [58] modified CSS with 

ETSC, zig-zag condensers and fins. The authors reported  

a 73.45% improvement in distillate yield with the above-men-

tioned modifications compared to CSS. Apart from this, carbon 

credit values of the modified solar still (MSS) and CSS were 

reported to be 5.8$ and 2.9$ per year, respectively. The complete 

pictorial view of the experimental setup modified with a zig-zag 

shaped condenser can be seen in Fig. 9. 

2.3. Yield enhancement integrating wicks 

Wicks such as jute, cotton, khes (porous cotton) cloth are being 

used to improve the efficacy of the system. Along with this, it 

has been reported that wicks are low-cost modifications that are 

used to improve the evaporation area and capillary action of the 

system. These modifications are simple in construction, and  

they are incorporated in the design of the still, as shown in  

Fig. 10. 

 

Fig. 8. Integration of collectors  

with corrugated basin solar still. 

 

Fig. 7. Classification of solar water heating systems. 
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Researchers have made significant efforts to enhance the 

productivity of solar stills through both experimental investiga-

tions and numerical simulations. For instance, Namshad  

et al. (2013) [59] examined the performance of flat and rippled 

wick inverted V-type solar stills (SS) operating under a drip re-

gime in Kerala, considering various climatic conditions. Utilis-

ing wicks inside the solar still results in a higher increase in tem-

perature, which in a higher distillate yield. Observations sug-

gested that an increase in rippled angle may lead to a decrease 

in the productivity [60]. 

In a recent review, Jobrane et al. [61] analysed various inter-

nal and external enhancement techniques applied to wick-type 

solar stills designed for potable water production. Similarly, 

Manikandan et al. [62] reviewed the developments and perfor-

mance improvements of several wick-type solar still configura-

tions. 

Furthermore, it was evident that integrating tilted wicks 

(khes material) inside the basin at the angle of 30o (as presented 

in Fig. 11) improves the distillate yield by 37.17% compared to 

CSS [63]. This enhancement in yield was obtained by the extra 

exposed area of the wick. Apart from this, it has been observed 

that incorporating these modifications can help mitigate the car-

bon footprint. With a similar objective, CSS was modified with 

a black painted basin and tilted wick at various inclinations. It 

has been reported that a blackened basin with a tilted wick mit-

igates 2.01 ton of CO2 per year, which is higher compared to 

CSS [64]. Other wicks such as an inclined wick, a vertical rotat-

ing wick, a floating wick, multiple wicks, a moving wick, and 

black painted wick are also integrated with the system. For in-

stance, integrating a movable wick can significantly improve the 

distillate yield of CSS, as reported by Lee et al. [65]. It has been 

reported that the yield obtained by the system increased by 7% 

compared to the reference solar still. Similarly, integrating  

a convex-shaped absorber and jute cloth as a wick, and nano-

composites can lead to an improvement in the distillate yield of 

a tubular solar still (TSS) by 114.2% [66]. Tanaka et al. [67] 

investigated and validated the result for improved yield using  

a tilted wick in a vertical multi-effect solar still. Few studies sug-

gest that applying both wick and fins simultaneously leads to  

a significant improvement in distillate yield compared to CSS. 

3. Discussion and challenges 

The importance of using solar stills can be observed in several 

arid and coastal areas where the intensity of the solar radiation 

is high and the quality of water to be purified is poor. Solar stills 

also hold an edge over other purifying techniques when the cost 

is considered a critical factor. On the contrary, solar stills exhibit 

low yield mostly due to the unavailability of sunlight and there-

fore remain non-operational during the night time.  

Several design alterations have been proposed in the litera-

ture to enhance the evaporation rate and consequently its yield. 

These modifications include utilisation of nanofluids, thermal 

energy storage materials (sensible and latent), preheating the ba-

sin water and integration of external attachments, including 

FPCs and ETCs. Furthermore, the importance of insulation 

plays a crucial role in minimising heat loss from sides and bot-

toms. As far as the thickness of the insulating material is con-

cerned, it has been found that 60 mm thickness of styrofoam 

material can significantly reduce heat losses. This ensures im-

 

Fig. 9. Experimental setup of a solar still modified with  

a zigzag condenser and evacuated tube collector (a), and variation  

of hourly distillate output with time along with solar irradiance (b) 

(drawn based on [58]). 

 

Fig. 10. Modified solar still with inclined wick. 

 

Fig. 11. Schematic diagram of the modified solar still (a), 

and photograph of the actual experimental setup (b)  

(drawn based on [64]). 
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proved basin water temperatures, leading to a higher rate of 

evaporation. 

Furthermore, improving the surface area is highly recom-

mended while enhancing the evaporation rate. This can be 

achieved by integrating the fins and wicks alone or simultane-

ously. The material that is utilised for the fabrication of fins and 

wicks should possess favourable thermo-physical properties, 

and also a high capillary action. The inclination at which the fins 

and wicks are placed inside should need a critical assessment. 

Fins improve the water distribution within the basin. Among 

various materials studied, aluminium fins exhibit a higher ther-

mal conductivity and performance compared to glass, stainless 

steel or brass. Research further suggests that inclined fins 

(around 30°) and square geometries provide higher distillate 

yields than vertical or circular fins due to improved surface ex-

posure. However, increasing the number or width of fins can 

lead to higher heat losses through the sidewalls, thereby reduc-

ing efficiency. The combination of fins with phase change ma-

terials such as paraffin wax or nanoparticle-enhanced PCMs has 

shown yield improvements ranging from 50% to 190%, while 

also significantly lowering the cost per litre of produced water. 

The use of wick materials such as jute, cotton, and their fab-

ric cloths has been proven to significantly enhance the evapora-

tion rate and overall efficiency of solar stills. These low-cost, 

easily implemented modifications increase the effective surface 

area and promote capillary water movement. Among different 

configurations, tilted wicks (inclined according to the location 

latitude) have demonstrated yield improvements of up to 37% 

over conventional stills. Additional performance gains have 

been reported for blackened basins, movable wicks and multi-

layer wick systems, which also contribute to carbon footprint 

reduction. Furthermore, hybrid setups combining wicks with 

fins or nanoparticles suspended absorbers have achieved an im-

proved yield exceeding 100%, highlighting the potential of 

wick-assisted hybrid stills as a sustainable and economical ap-

proach for freshwater production.  

Additionally, the integration of evacuated tube collectors 

with the solar still enables operation of the system at higher tem-

peratures, leading to better heat retention and greater overall 

productivity. Compared to flat plate collectors, which are inex-

pensive and easy to construct but limited by higher heat losses 

and lower temperature ranges (20–80°C), evacuated tube collec-

tors operate efficiently at 50–200°C and benefit from passive 

solar tracking due to their cylindrical configuration. Studies re-

port yield enhancements of 36–73% when evacuated tube col-

lectors are combined with fins, condensers, or other hybrid de-

sign features. 

4. Conclusions and recommendation 

Solar stills are economical devices that can provide a fresh water 

supply to the backward arid areas. However, the low distillate 

yield of the solar still attracts researchers to seek for alternatives 

in order to improve the solar still yield. The following conclu-

sions can be drawn based on the above discussion: 

a) The low yield of conventional solar stills necessitates 

performance enhancement through effective modifica-

tions such as improved insulation, fins, wicks, and solar 

collector integration. 

b) Integration of fins significantly improves heat transfer 

and evaporation by increasing the effective surface area, 

resulting in yield enhancement of up to 39.47%, com-

pared to conventional solar stills. 

c) Fin geometry and configuration play a critical role; in-

corporating inclined fins improved the yield of the solar 

still by approximately 26.66%, whereas vertical fins re-

sulted in an improvement of about 24.19%, while square 

fins show better performance than circular ones. 

d) Integration of solar collectors effectively increases basin 

water temperature, leading to productivity improvements 

of 36% to 89% with flat plate collectors (FPCs). 

e) Evacuated tube collectors (ETSCs) demonstrate superior 

performance due to higher operating temperatures  

(50–200°C) and improved efficiency (up to ~60.7%), 

compared to FPCs. 

f) Hybrid systems combining ETSCs with fins and conden-

sers can enhance the yield by 25% to 73.45%, making 

them highly effective for large-scale applications. 

g) Wick materials significantly enhance evaporation 

through capillary action, with tilted wick configurations 

improving the yield by up to 37.17%, compared to con-

ventional systems. 

Future research should focus on developing a road map for 

hybrid solar still systems by integrating multiple modification 

techniques such as fins, wicks, phase change materials and solar 

collectors. Furthermore, there is a strong scope for optimisation 

of key design and operating parameters, including fin geometry, 

wick inclination, insulation thickness (around 60 mm), and wa-

ter depth, to achieve maximum efficiency under varying cli-

matic conditions. Additionally, the use of advanced materials 

such as nanomaterials and nano-enhanced phase change materi-

als can further improve heat transfer and energy storage capabil-

ities. Also, future work should be concentrated on integrating 

yield improvements with detailed techno-economic analysis of 

various solar still modifications to identify the most efficient and 

cost-effective configurations. 
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1. Introduction 

Natural convection heat transfer is a widespread research do-

main owing to its fundamental relevance in manufacturing pro-

cesses, like in marine engineering [1], heat exchangers [2], solar 

collectors [3], electronic cooling devices [4] and refrigeration 

systems [5], and so on. Free convection is a fundamental heat 

transfer mechanism, which arises from thermal gradients that 

create changes in fluid density, leading to the ascent of the 

warmer, lighter fluid and the descent of the cooler, denser fluid. 

The annular space with diverse cross-sectional morphologies of 

an  interior  cylinder,  including  circular,  elliptical,  and  square 
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Abstract 

This study examines natural convection heat transfer in a two-dimensional annular cavity, with the inner boundary stipu-
lated by the orthogonal intersection of two ellipses. The geometric configuration is defined by the ratio of the radii of the 
heated inner surface to the cooled outer cylinder such as RR = a/r = 0.4. The enclosure is filled with a porous medium and 
exposed to a uniform magnetic field, while the working fluid comprises water combined with nano-encapsulated phase 
change material (NEPCM) particles. The governing equations that include buoyancy effects, magnetic forces, porous me-
dium resistance and phase-change behaviour are resolved with the Galerkin weighted residual finite element method. The 
flow is presumed to be steady, laminar and incompressible. A comprehensive parametric study is conducted to investigate 
the impact of governing physical and geometrical factors, encompassing the Rayleigh number (103–106), Hartmann number 
(0–80), Darcy number (10–5–10–2), nano-encapsulated phase change material volume fraction (0–5%), and cavity inclina-
tion angle (0°–80°). The outcomes demonstrate the progression of the flow structure, thermal field, heat transfer rate and 
distribution of specific heat capacity ratio within the enclosure. The elevated Ra and Da amplify convective circulation, 
whereas the increased Ha inhibits fluid mobility. The incorporation of nano-encapsulated phase change material markedly 
enhances thermal storage and mitigates temperature differences. The findings underscore the promise of NEPCM-based 
fluids, in conjunction with tailored cavity geometries, particularly enhancing the cross-section angles of the heated obstacle 
for enhanced heat management and energy-efficient mechanical system applications.  

Keywords: Annular space; Natural convection; Nano-encapsulated phase change material; Heat transfer rate; Galerkin 

weighted residual finite element method 
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Nomenclature 

a ‒ major elliptical radius, m 

b ‒ minor elliptical radius, m 

B0 ‒ magnetic flux density, T 

Cp ‒ specific heat capacity, J/(kg K) 

Cr ‒ ratio of heat capacity 

Da ‒ Darcy number 

f ‒ non-dimensional form of phase change behaviour 

g ‒ gravitational acceleration, m/s2 

hsf ‒ latent heat of the core, kJ/kg 

H ‒ aspect ratio, H = b/a 

Ha ‒ Hartmann number 

k ‒ thermal conductivity, W/(m K) 

K0 ‒ permeability, m2 

L ‒ length of the annular space, L = r – a, m 

n, s ‒ normal direction 

Nc  ‒ suspension conductivity enhancement factor 

Nul ‒ local Nusselt number 

Nu̅̅ ̅̅  ‒ average Nusselt number 

Nv ‒ suspension dynamic viscosity enhancement factor 

p ‒ pressure, Pa 

P ‒ dimensionless pressure 

Pr ‒ Prandtl number 

r ‒ radius of the outer cylinder, m 

Ra ‒ Rayleigh number 

RR ‒ radii ratio, RR = a/r 

Ste ‒ Stefan number 

Tc, Th ‒ cold and hot temperatures, K 

Tfu ‒ fusion temperature, K 

TMr ‒ temperature melting interval, K 

u, v ‒ velocity along x, and y directions, m/s 

U, V‒ dimensionless velocity components 

x, y ‒ Cartesian coordinates, m 

X, Y‒ dimensionless coordinates 

 

Greek symbols 

α ‒ thermal diffusivity, m2/s 

β ‒ thermal expansion coefficient, 1/K 

ε ‒ porosity of the porous medium 

θ ‒ dimensionless temperature 

λ ‒ dimensionless heat capacity 

ι ‒ mass ratio of the shell and core of NEPCM 

μ ‒ dynamic viscosity, kg/(s m) 

ρ ‒ density, kg/m3 

ϕ ‒ nanoparticle volume fraction, % 

 

Subscripts and Superscripts 

b ‒ mixture 

co ‒ core of the NEPCM 

f ‒ host fluid 

p ‒ NEPCM particle 

sh ‒ NEPCM shell 

 

Abbreviations and Acronyms 

ANN – artificial neural network  

GFEM – finite element method 

MHD – magnetohydrodynamic 

NEPCM– nano-encapsulated phase change material 

PCM – phase change material 

shapes, was the focus of scientific scrutiny owing to its potential 

of enhancing heat transfer efficiency. The research initiatives 

aim to contribute to the integration of these concepts into indus-

trial frameworks. 

A considerable number of numerical and experimental stud-

ies have significantly expanded our understanding of natural 

convection heat transfer in circular enclosures. For example, 

Kuehn and colleagues [6] conducted an experimental investiga-

tion to examine the effects of eccentricity and Rayleigh number 

on the thermal performance of horizontal cylindrical annuli. 

Similarly, Wang and co-workers [7] applied a computational 

method based on the central difference approach and validated 

their results using the Mach-Zehnder interferometer in an annu-

lar configuration. In a different series of studies, Laidoudi and 

colleagues [8–11] performed numerous numerical analyses in 

cold circular enclosures containing one or more hot concentric 

internal cylinders arranged in various configurations. Helmaoui 

et al. [12] investigated the effect of a pair of heated semi-circular 

tubes, while Khudhair et al. [13] demonstrated that vibration en-

hances heat transfer in annular spaces at low Rayleigh numbers, 

achieving improvements of up to 3.8 times when the inner cyl-

inder is eccentrically positioned at the bottom. At higher Ray-

leigh numbers, natural convection dominates and vibration has 

minimal effect. Furthermore, Majdi et al. [14] examined natural 

convection in a horizontal concentric ring and concluded that the 

radius ratio and Rayleigh number strongly influence heat trans-

fer, whereas the inclination angle has little impact. 

Additional insight was provided by Horimek et al. [15], who 

performed computational studies of natural convection between 

two concentric ellipses under fifty configurations with two heat-

ing conditions. Their research highlighted the influence of Ray-

leigh number, aspect ratio and orientation on flow dynamics, 

temperature distributions and average Nusselt number, demon-

strating that geometry substantially affects heat transfer and 

thermal uniformity. Moreover, Laidoudi et al. [16] and Moham-

med [17] showed that varying the inclination angle of non-cir-

cular inner tubes, such as elliptical or triangular shapes, can also 

influence heat transfer efficiency. 

In recent decades, numerous strategies have been proposed 

to improve heat transfer performance, particularly for natural 

convection systems. Effective approaches include the use of 

cavities filled with porous media, which alter fluid flow and 

thermal characteristics through their permeability and porosity, 

as well as the application of magnetic fields to control the flow. 

For instance, Abdullah et al. [18] analysed natural convection 

within a vertical porous annulus, while Azzouz et al. [19] stud-

ied the effect of magnetic forces on natural convection in a cir-

cular enclosure containing four internal cylinders, emphasising 

their relevance to thermal performance. Wang et al. [20] demon-

strated that, in a radiative magnetohydrodynamic natural con-

vection system within a horizontal annulus, the magnetic field 

suppresses fluid motion and heat transfer, whereas radiation and 

fluid optical properties modify flow patterns and reduce angular 

variations in heat transfer. 
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Nanofluids, with their superior thermal conductivity and fa-

vourable rheological properties, have emerged as promising flu-

ids for enhancing heat transfer, improving both energy transport 

and flow characteristics compared with conventional fluids [21]. 

Abdullah et al. [22] conducted computational modelling of nat-

ural convection in an inclined annular enclosure filled with an 

aluminium oxide-water nanofluid using the stream function-vor-

ticity method, showing that heat transfer is affected by the Ray-

leigh number, inclination angle and nanoparticle volume frac-

tion. Joby et al. [23] reviewed the effects of internal object ge-

ometry and enclosure tilt on natural convection in rectangular 

enclosures, emphasising the roles of Rayleigh number, nanopar-

ticles, and porous media while noting that most previous studies 

were numerical, laminar and simplified, limiting their practical 

applicability. Other relevant studies include Mahdy et al. [24], 

who investigated magneto-natural convection of a micropolar 

hybrid nanofluid over a vertical plate in a porous medium; Pay-

am et al. [25], who examined the influence of heat source eccen-

tricity on entropy generation and natural convection of a copper-

water nanofluid within a porous annulus; and Allouche  

et al. [26], who used silver-magnesium oxide nanofluid in  

a ring-shaped cavity considering radiation and heat absorp-

tion/generation, employing the finite volume method with the 

Gauss-Seidel approach. Bouzerzour et al. [27] studied a confo-

cal elliptical annulus filled with a silver-water nanofluid, while 

Ali et al. [28] investigated an egg-shaped porous copper nano-

fluid enclosure with an internal cylindrical object using the finite 

element method based on the Galerkin approach. Tayebi  

et al. [29] examined magnetohydrodynamic natural convection 

in a circular annulus filled with a carbon nanotube-based nano-

fluid containing a heat-generating solid cylinder. 

Phase change materials are acknowledged for their ability to 

reduce energy consumption and improve thermal storage capa-

bilities; however, their limited thermal conductivity constrains 

overall effectiveness. Nano-encapsulated phase change materi-

als address this limitation by enhancing thermo-physical prop-

erties, expediting thermal responses and facilitating integration 

with cooling systems, photovoltaic modules and energy storage 

devices, as demonstrated by Mebarek-Oudina et al. [30]. Alo-

mari et al. [31] demonstrated that the Rayleigh number, NEPCM 

concentration and the orientation of the magnetic field signifi-

cantly affect heat transfer in cavities composed of oscillating 

fins. Conversely, the paper [32] indicated that magnetic fields 

may decrease heat transfer by as much as 25.9%, even in the 

presence of enhancements from nanoparticles and elevated Ray-

leigh numbers. Rashid et al. [33] conducted a review on heat 

transfer across different cavity geometries utilising phase 

change materials and non-equilibrium phase change materials. 

Additionally, Abderrahmane et al. [34] showed that an increase 

in Rayleigh and Darcy numbers within a porous, magnetised in-

verse T-shaped enclosure leads to a notable enhancement in the 

average Nusselt number. Mehryan et al. [35] observed that 

within eccentric annuli, a particle concentration of 5% optimises 

heat transfer, while variations in eccentricity or cylinder eleva-

tion lead to a decrease in efficiency. Ghalambaz et al. [36] in-

vestigated NEPCM suspensions within eccentric annular geom-

etries, demonstrating improved thermal performance through 

mechanisms of absorption, storage and release, with optimal fu-

sion temperatures varying according to the Rayleigh number. 

Furthermore, the paper [37] illustrated that NEPCM suspensions 

incorporating eccentric copper foam within shell-and-tube con-

figurations enhance thermal storage efficiency. 

The latest advances involve the studies of Hussain et al. [38], 

who investigated the phenomenon of magneto-bioconvection in 

non-Newtonian electro-rheological phase change materials 

within H-type cavities populated by oxytactic microorganisms. 

Their research elucidates the influence of various parameters, 

including cavity aspect ratio, Darcy and Hartmann numbers, as 

well as Rayleigh and bioconvection Rayleigh numbers, on the 

dynamics of flow and thermal characteristics. Their research 

demonstrated that an elevated cavity aspect ratio improves the 

performance, whereas higher Hartmann numbers diminish 

nanofluid velocity and the distribution of microorganisms, with 

artificial neural networks (ANNs) effectively forecasting critical 

parameters. El Shehabey et al. [39] utilised incompressible 

smoothed particle hydrodynamics to investigate thermosolutal 

convection of NEPCM suspensions within a Bezier annulus. 

Their findings indicate that the Frank-Kamenetskii number, So-

ret-Dufour effects, Rayleigh number and nanoparticle fraction 

have a substantial impact on the temperature, velocity and per-

formance of NEPCM. Additionally, artificial neural networks 

(ANNs) demonstrated efficacy in predicting average Nusselt 

and Sherwood numbers. The findings from these studies indi-

cate that NEPCMs, when integrated with sophisticated cavity 

geometries, magnetic fields, bioconvection effects and compu-

tational intelligence tools, present significant opportunities for 

enhancing heat transfer and thermal energy storage in intricate 

systems. 

Considering the existing literature, ring-shaped cavities fea-

turing diverse inner cylinder shapes (circular, triangular, square) 

have been thoroughly examined regarding their implications for 

natural convection heat transfer, particularly in relation to con-

temporary manufacturing systems. Despite the existence of var-

ious studies on this subject, there is a scarcity of comprehensive 

analysis regarding the mixtures of water-based nano-encapsu-

lated phase change materials within an annular space that in-

cludes an internally shaped cylinder. This study seeks to address 

the existing gap by analysing enclosures featuring an elliptical 

inner cylinder positioned at various inclination angles with the 

intention of providing more guidance to industrial manufactur-

ers in optimising configurations that improve heat transfer rates 

and minimise potential discrepancies in thermal performance. 

The present research examines the occurrence of laminar natural 

convection heat transfer taking place within an eccentric circular 

cavity, which is cooled at its outer boundary and contains  

a heated inner cylinder created by the orthogonal intersection of 

two similar elliptical cylinders. The annular space includes a po-

rous medium and is subjected to a magnetic force. The host fluid 

is comprised of water and nano-encapsulated phase change ma-

terial. This research investigates the influence of various param-

eters including the Rayleigh number (103–106), Hartmann num-

ber (0–80), Darcy number (10⁻5–10⁻2), nanoparticle volume 

fraction (0–5%), and inclination angle (0–80°). The analysis fo-
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cuses on the average Nusselt number, flow structures, tempera-

ture distribution and heat capacity ratio. 

2. Problem formulation 

As shown in Fig. 1, the problem under study is a 2d ring-shaped 

hollow comprising two elliptical cylinders of identical size 

crossing perpendicularly to form a concentric inner cylinder. 

The outer space is a circular enclosure sustained at a cold tem-

perature Tc, designated by its radius r, whereas the interior cyl-

inder is regarded as warmer at a temperature Th (Th > Tc). 

The elliptical section is geometrically represented by the aspect 

ratio, defined as the ratio of the semi-minor axis b to the semi-

major axis a (H = b/a = 0.1). The radial gap between the exterior 

and interior cylinders is delineated by (L = r – a). The radii ratio, 

known as the ratio of the semi-major axis a to the radius r of the 

cold space, is defined as RR = a/r = 0.4. The annular space is 

occupied by a porous medium and is affected by a magnetic 

force. The elliptical cylinder is slanted at an angle ω that fluctu-

ates between 0° to 80°. The injected fluid is a combination of 

pure water and nano-encapsulated PCM, regarded as an incom-

pressible and Newtonian fluid. An NEPCM is formed of a PCM 

core, which is nonadecane and a polyurethane encapsulating 

shell developed from polymeric ingredients to guarantee ther-

mal stability and prevent leakage. 

The Boussinesq approximation is employed to deal with the 

thermal buoyancy force brought about by vertical temperature 

gradients. The analysis aims to assess the influence of several 

fundamental governing and geometrical parameters on the flow 

behaviour, thermal patterns, and heat capacity ratio. Namely, the 

inclination angle, Darcy number, Rayleigh number, Hartmann 

number, as well as the volume fraction ratio and the Nusselt 

number. Thermo-physical features of the working fluid are pre-

sented in Table 1. 

3. The governing equations 

This inquiry pertains to laminar and stationary flow. The funda-

mental equations of continuity, momentum, and energy are re-

solved in two dimensions within the framework of the Cartesian 

coordinate system. Consequently, the governing equations can 

be outlined as [34,35,37,38]: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
= 0, (1) 

 
𝜌𝑏

𝜀2
(𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑥
+

𝜇𝑏

𝜀
∇2u −

𝜇𝑏

𝐾0
𝑢, (2a) 

 
𝜌𝑏

𝜀2
(𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
) = −

𝜕𝑝

𝜕𝑦
+

𝜇𝑏

𝜀
∇2v + 𝛽𝑏𝜌𝑏𝑔(𝑇 − 𝑇𝑐) + 

 −
𝜇𝑏

𝐾0
−

σ𝐵0
2

ρ
𝑣, (2b) 

 (𝜌𝐶𝑝)𝑏 (𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
) = 𝑘𝑏∇

2𝑇, (3) 

where u and v denote the velocity components in both x- and y-

axes, respectively. P indicates the pressure, whereas T stands for 

the temperature. 

Boundary conditions 

The boundary conditions for heat transfer and fluid flow are de-

fined in accordance with the schematic model laid out in Fig. 1: 

at the cold boundary (cylinder): 

 𝑢 = 𝑣 = 0 and 𝑇 = 𝑇𝑐, (4a) 

at the hot boundary: 

 𝑢 = 𝑣 = 0 and 𝑇 = 𝑇ℎ. (4b) 

The suspension’s bulk features: 

The expression that follows provides the global density of 

the NEPCM mixture: 

 𝜌𝑏 = (1 − 𝜙)𝜌𝑓 + 𝜙𝜌𝑝. (5) 

However, the density of the nanoparticles is:  

 𝜌𝑏 =
(1+𝜄)𝜌𝑐𝑜𝜌𝑠ℎ

𝜄𝜌𝑐𝑜+𝜌𝑠ℎ
. (6) 

The notations f, p, co, sh characterise the base fluid, added na-

noparticles, the core and the shell, while f, p, co, sh and ι are 

the host fluid density, the additional nanoparticle density, the 

core and shell densities, and the mass ratio of the shell and core 

constituents, given by ι∼0.447, respectively. In addition, ϕ de-

notes the concentration of the NEPCM particles [35,40].  

Also, the density of the PCM core is found by averaging the 

densities of its liquid and solid forms. Upon incorporating the 

NEPCM into the water-based suspension, and based on the en-

ergy equation, the specific heat capacity of the suspension is as-

certained as being: 

 

Fig. 1. Representation of the physical problem. 

Table 1. Thermo-physical properties of the working fluid [35,40].  

Material 
Ρ 

(kg/m3) 
β 

(105 K1) 
Cp 

(kJ/(kg K)) 
K 

(W/(m K)) 

Water base: 
fluid 

997.1 21 4.179 0.613 

Nonadecane: 
core 

721  2.037  

Polyurethane: 
shell 

786 17.28 1.3177  
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 𝐶𝑝,𝑏 =
(1−𝜙)(𝜌𝐶𝑝)𝑓

+𝜙(𝜌𝐶𝑝)𝑝

𝜌𝑝
. (7) 

At the lack of phase change, the heat capacity of an encap-

sulated nanoparticle is expressed as: 

 𝐶𝑝,𝑝 =
(𝐶𝑝,𝑐𝑜+𝜄𝐶𝑝,𝑠ℎ)𝜌𝑐𝑜𝜌𝑠ℎ

(𝜌𝑠ℎ+𝜄𝜌𝑐𝑜)𝜌𝑝
. (8) 

The internal material, often designated as the core, can be 

represented by calculating the average of the specific heat ca-

pacities of its solid and liquid states. This methodology eluci-

dates the role of latent heat during phase transitions in influenc-

ing the effective heat capacity of the NEPCM, without consid-

ering the state of the nanoparticle core, whether it be solid or 

liquid. The latent heat associated with phase transitions can be 

integrated into the specific heat of the core by employing various 

profiles, including rectangular, triangular, or sinusoidal func-

tions – Eqs. (9)–(11). The enhanced formulation for  thermal  ca- 

pacity is presented as follows [40]: 

 𝐶𝑝,𝑝 = 𝑣𝐶𝑝,𝑐𝑜 +
ℎ𝑠𝑓

𝑇𝑀𝑟
, (9) 

𝑐𝑝,𝑝 = 𝑐𝑝,𝑐𝑜 + {
𝜋

2
 (
ℎ𝑠𝑓

𝑇𝑀𝑟
− 𝐶𝑝,𝑐𝑜)  sin (𝜋

𝑇−𝑇𝑓𝑢+(𝑇𝑀𝑟/2)

𝑇𝑀𝑟
)}, (10) 

 𝐶𝑝,𝑝 = 𝐶𝑝,𝑐𝑜 + 2(
ℎ𝑠𝑓

𝑇𝑀𝑟
2 −

𝐶𝑝,𝑐𝑜

𝑇𝑀𝑟
) (𝑇 − 𝑇𝑓𝑢). (11) 

Most of researchers use a simplified method to deal with the 

problems, such as the linear interpolation. In this work, the si-

nusoidal function – Eq. (10) – is employed to maintain numeri-

cal convergence. TMr in this instance signifies the temperature 

band which involves the phase alteration. To prevent the energy 

equilibrium from becoming erratic, this discrepancy is intended. 

The aggregate specific heat capacity of the nanoparticle's core is 

determined by the function TMr, which entails both sensible and 

latent heat contributions. In this case, the phase transition  occurs  

 𝑢𝑐𝑝,𝑝 = 𝑐𝑝,𝑐𝑜 + {
𝜋

2
 (
ℎ𝑠𝑓

𝑇𝑀𝑟
− 𝑐𝑝,𝑐𝑜)  sin (𝜋

𝑇−𝑇𝑓𝑢+(𝑇𝑀𝑟/2)

𝑇𝑀𝑟
)}

{
 
 

 
 0, 𝑇 < 𝑇𝑓𝑢 −

𝑇𝑀𝑟

2

1, 𝑇𝑓𝑢 −
𝑇𝑀𝑟

2
< 𝑇 < 𝑇𝑓𝑢 +

𝑇𝑀𝑟

2

0, 𝑇 > 𝑇𝑓𝑢 +
𝑇𝑀𝑟

2
 

}
 
 

 
 

. (12)

over a finite temperature range centred at the fusion temperature 

Tfu with a melting-range width of TMr. 

The volumetric thermal expansion of the mixture is esti-

mated by the formula: 

 𝛽𝑏 = (1 − 𝜙)𝛽𝑓 + 𝜙𝛽𝑝. (13) 

Furthermore, the dynamic viscosity and thermal conductiv-

ity of a solution containing nano-encapsulated particles have 

been widely investigated by different scientists. As a result, 

these quantities are determined via linear expressions [40]: 

 
𝑘𝑏

𝑘𝑓
= 1 + 𝜙𝑁𝑐, (14) 

 
𝜇𝑏

𝜇𝑓
= 1 + 𝜙𝑁𝑣. (15) 

The preceding formulas indicate that Nc and Nv stand for 

thermal conductivity and dynamic viscosity enhancement fac-

tors, respectively. In a mixture with nanoparticles, higher values 

of these parameters enhance the effective thermal conductivity 

and dynamic viscosity. In several types of nanofluids and hybrid 

nanofluids, Ghalambaz et al. [40] implemented set values for  

Nc and Nv that were compatible for ϕ < 5%, which is a specific 

nanoparticle volume fractional percentage [40]; the values taken 

in this study are Nc = Nv = 3 [40–43]. 

The governing equations in non-dimensional form: 

The following variables are introduced to alter the governing 

equations and the  boundary  conditions  into  a  non-dimensional  

form: 

 𝑋 =
𝑥̅

𝐿
, 𝑌 =

𝑦̅

𝐿
, 𝑅𝑅 =

𝑎

𝑟
, 𝑃 =

𝑝̅𝐿2

𝜌𝑓𝛼𝑓
2 , 𝜃 =

𝑇−𝑇𝑐

∆𝑇
,  

 𝐿 = 𝑟 − 𝑎,  𝛼𝑓 =
𝑘𝑓

(𝜌𝐶𝑝)𝑓

, 𝑈 =  
𝑢𝐿

𝛼𝑓
, 𝑉 =

𝑣̅𝐿

𝛼𝑓
. (16) 

where  ∆𝑇 = 𝑇ℎ − 𝑇𝑐.  

The dimensionless key parameters that govern the natural 

convection heat transfer in a porous medium with a magnetic 

field are represented by the Rayleigh number 'Ra', Prandtl num-

ber 'Pr', Darcy number 'Da', and Hartmann number 'Ha' are also 

introduced: 

 Ha = 𝐵0𝐿√
𝜎𝑓

𝜇𝑓
, (17) 

 Ra =
𝑔𝜌𝑓𝛽𝑓∆𝑇𝐿

3

𝛼𝑓𝜇𝑓
, (18) 

 Pr =
𝜇𝑓

𝛼𝑓𝜌𝑓
, (19) 

 Da =
𝐾0

𝐿2
. (20) 

The set of governing equations (1)–(3) can then be converted 

into the following set of non-dimensional equations: 

 
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0, (21) 

 𝜀−2 (
𝜌𝑏

𝜌𝑓
) (𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑋
+ Pr 𝜀−1 (

𝜇𝑏

𝜇𝑓
) ∇2𝑈 −

Pr

Da
(
𝜇𝑏

𝜇𝑓
)𝑈, (22a)

 𝜀−2 (
𝜌𝑏

𝜌𝑓
) (𝑈

𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑌
+ Pr 𝜀−1 (

𝜇𝑏

𝜇𝑓
) ∇2𝑉 + (

𝛽𝑏

𝛽𝑓
) Ra Pr 𝜃 − Ha2 𝑉 −

Pr

Da
(
𝜇𝑏

𝜇𝑓
) 𝑉, (22b)
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(𝜌𝐶𝑝)𝑏

(𝜌𝐶𝑝)𝑓

(𝑈
𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
) = (

𝑘𝑏

𝑘𝑓
) ∇2𝜃, (23) 

with 

 (
𝜌𝑏

𝜌𝑓
) = (1 − 𝜙) + 𝜙 (

𝜌𝑝

𝜌𝑓
), (24) 

 (
𝛽𝑏

𝛽𝑓
) = (1 − 𝜙) + 𝜙 (

𝛽𝑝

𝛽𝑓
). (25) 

It is postulated that NEPCM particles expand in a manner 

that is identical to that of the host fluid, water, due to the absence 

of a slip mechanism between the base fluid and NEPCMs. Thus, 

the thermal expansion ratio is approximately 𝛽𝑝/𝛽𝑓 ∼ 1.  

The relative heat capacity of the basic fluid and the suspen-

sion Cr can be found via [40]: 

 Cr =
(𝜌𝐶𝑝)𝑏

(𝜌𝐶𝑝)𝑓

= (1 − 𝜙) + 𝜙𝜆 +
𝜙

𝛿Ste
𝑓. (26) 

The sensible heat capacity ratio λ, Stefan number Ste, the dimen-

sionless melting interval Θ, and fusion parameter f are estab-

lished as [35,40]: 

 𝜆 =
(𝐶𝑝,𝑐𝑜+𝜄𝐶𝑝,𝑠ℎ)𝜌𝑐𝑜𝜌𝑠ℎ

(𝜌𝐶𝑝)𝑓
(𝜄𝜌𝑐𝑜+𝜌𝑠ℎ)

, (27) 

 Ste =
(𝜌𝐶𝑝)𝑓

(𝑇ℎ−𝑇𝑐)(𝜄𝜌𝑐𝑜+𝜌𝑠ℎ)

𝛼𝑓(ℎ𝑠𝑓 𝜌𝑐𝑜 𝜌𝑠ℎ)
, (28), 

 𝛩 =
𝑇𝑀𝑟

∆𝑇
=

𝑇𝑀𝑟

𝑇ℎ−𝑇𝑐
, (29) 

𝑓 =
𝜋

2
 sin (

𝜋

𝛩
(𝜃 − 𝜃𝑓𝑢 +

𝛩

2
))

{
 
 

 
 0, 𝜃 < 𝜃𝑓𝑢 −

𝛩

2

1, 𝜃𝑓𝑢 −
𝛩

2
<  𝜃 < 𝜃𝑓𝑢 +

𝛩

2

0, 𝜃 > 𝜃𝑓𝑢 +
𝛩

2
 

}
 
 

 
 

(30) 

This leads to the identification of the non-dimensional tem-

perature of fusion 𝜃𝑓𝑢 as: 

 𝜃𝑓𝑢 =
𝑇𝑓𝑢−𝑇𝑐

𝑇ℎ−𝑇𝑐
. (31) 

The final form of the derived governing equations is as fol-

lows: 

 
𝜕𝑈

𝜕𝑋
+

𝜕𝑉

𝜕𝑌
= 0, (32) 

 𝜀−2 ((1 − 𝜙) + 𝜙
𝜌𝑏

𝜌𝑓
) (𝑈

𝜕𝑈

𝜕𝑋
+ 𝑉

𝜕𝑈

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑋
+ Pr 𝜀−1(1 + 𝜙𝑁𝑣)∇

2𝑈 −
Pr

Da
(1 + 𝜙𝑁𝑣)𝑈, (33a)

𝜀−2 ((1 − 𝜙) + 𝜙
𝜌𝑏

𝜌𝑓
) (𝑈

𝜕𝑉

𝜕𝑋
+ 𝑉

𝜕𝑉

𝜕𝑌
) = −

𝜕𝑃

𝜕𝑌
+ Pr 𝜀−1(1 + 𝜙𝑁𝑣)∇

2𝑉 + ((1 − 𝜙) + 𝜙 (
𝛽𝑝

𝛽𝑓
))Ra Pr 𝜃 − Ha2𝑉 −

Pr

Da
(1 + 𝜙𝑁𝑣)𝑉,  (33b) 

((1 − 𝜙) + 𝜙𝜆 +
𝜙

𝛿Ste
𝑓) (𝑈

𝜕𝜃

𝜕𝑋
+ 𝑉

𝜕𝜃

𝜕𝑌
) = (1 + 𝜙𝑁𝑐)∇

2𝜃.    (34) 

 

Boundary conditions in dimensionless form 

The non-dimensional model of the boundary conditions can be 

formulated as: 

at the cold wall (cylinder):  

 𝑈 = 𝑉 and  𝜃 = 0, (35a) 

at the hot cylinder:  

 𝑈 = 𝑉 and  𝜃 = 1. (35b) 

The foregoing equation describes the local heat transfer 

across the heated wall: 

 Nu = −(1 + 𝜙𝑁𝑐)
𝜕𝜃

𝜕𝑌
. (36) 

The overall heat transfer rate is determined from the integra-

tion of the earlier developed mathematical expressions: 

 Nu̅̅ ̅̅ =
1

2𝜋
∫ Nu d𝑌
2𝜋

0
. (37) 

4. Computational procedure 

The fundamental equations can be resolved using several ap-

proaches. In the investigated problem, the Galerkin weighted re-

sidual finite element method is employed to streamline the com-

puting procedure. 

This method converts the differential equations governing 

the heat transfer and fluids motion into algebraic formulas that 

can be numerically solved. For the discretisation of the non-di-

mensional governing equations, a non-uniform triangular mesh 

is employed. A damped Newton technique with a minimum 

damping factor of 10−6 is utilised to solve the coupled momen-

tum and energy equations, and the Galerkin approach is applied 

for handling the residuals. The PARDISO direct solver is imple-

mented to improve numerical stability during matrix factorisa-

tion by incorporating a pivot perturbation value of 10−8. The 

convergence criterion for the modelling process is determined 

by the tolerances defined by the solver. The relative tolerance is 

fixed at 10−6, ensuring that the solution was deemed converged 

when the relative change between successive iterations fell be-

low 0.1%.  

A grid resolution analysis was conducted to verify the mesh 

independence of the outcomes, utilising the average Nusselt 

number as the reference parameter. Table 2 presents a summary 

of the results corresponding to different mesh densities: fine, 

finer, extra fine and extremely fine. The distinction between the 

extra fine and extremely fine meshes is barely noticeable. ΔNu 

is approximately 0.0193, suggesting that the solution has  effect- 
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tively reached convergence. Despite the increased computa-

tional time associated with the extremely fine mesh, which is 

137 s in contrast to 58 s for the extra fine mesh, it is selected for 

all subsequent simulations. This choice ensures mesh independ-

ency and highly accurate outcomes, capturing all flow, thermal 

gradients, along with fluctuations in the optimal heat capacity 

ratio. 

The typical quantities of the non-dimensional variables  

are established as follows: Ste = 0.313, λ = 0.4, Pr = 6.2, 

ρ
p
 /ρ

f
 = 0.9, θfu = 0.3, TMr = 0.05, and Nc = Nv =3. 

The numerical model underwent additional validation 

through a comparative analysis with benchmark data provided 

by Ghalambaz et al. [40]. Average Nusselt numbers were com-

puted for Rayleigh numbers with ϕ = 0 and Pr = 0.7, and the 

findings were compared with the reference values. The data pre-

sented in Table 3 indicate a high level of concordance with the 

benchmark, demonstrating a maximum relative error of 0.04% 

across all examined cases. The robust quantitative correlation 

validates the precision of the governing equations, the models 

of material properties, and the suitability of the existing compu-

tational framework for parametric analysis. 

Finally, the precision and reliability of the proposed frame-

work were verified by comparing the streamline, temperature 

and Cr ratio with those reported by Ghalambaz et al. [40], as 

illustrated in Fig. 2. The close agreement demonstrates the ro-

bustness of the numerical model and validates its use for the sen-

sitivity and parametric studies.

5. Results and discussion 

In the first place, it is apparent that all contours (streamlines, 

isotherms and heat capacity ratio) exhibit an axisymmetric pat-

tern along the y-axis for all the cases studied. 

 

5.1. Effect of Rayleigh number for ω = 0° 

Figure 3 demonstrates the significance of varied Rayleigh num- 

ber values (Ra = 103–106) on streamline contours of fluid flow, 

thermal features and heat capacity ratio, considering Ha = 0,  

ϕ = 0.05, Pr = 6.2, and Da = 102 at a constant inclination angle 

of ω = 0°. 

Table 2. Discretisation sensitivity analysis for Ra = 105, Ha = 0,  

ω = 0, ϕ = 5%. 

Mesh size 
Number of 
elements 

Average Nusselt 
number 

CPU time 
(s) 

Fine 9640 7.1929 14 

Finer 18174 7.2786 37 

Extra fine 32896 7.2950 58 

Extremely fine 88746 7.3143 137 

  

        

       

Fig. 2. Comparison of the present results (temperature, heat capacity and streamline contours, from left to right)  

with those of Ghalambaz et al. [40] placed on the right-side for Ra = 105, Ha = 0, Pr = 6.2, ω = 0°. 

Table 3. Comparison of the mean Nusselt number  

at the hot wall with values published in [40]  

under the conditions of ϕ = 0 and Pr = 0.7.  

Ra Nu average 
[40] 

Nu average 
(Present study) 

Relative error 
(%) 

103 1.1174 1.1178 0.0358 

104 2.2441 2.2443 0.0089 

105 4.5174 4.5182 0.0177 

106 8.8167 8.8188 0.0238 
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The fluid flow profile exhibits a marked intensification of 

motion, especially in the regions adjacent to the hot and cold 

sides of the cylinders. As the Rayleigh number increases, the 

velocity within the annular space rises significantly, causing the 

flow to extend upward along the wall boundaries. Near the upper 

portion of the heated cylinder, the velocity reaches its maximum 

at Ra = 10⁶ due to the dominance of convective heat transfer. 

The thermal distribution pattern shows a gradual temperature 

rise from the heated cylinder toward the cooler one. The increase 

in Ra further amplifies this effect, as the hot fluid migrates to-

ward the cold region, leading the warmer, lighter fluid to ascend 

and the cooler, denser fluid to descend in response to the thermal 

gradient. At Ra = 10⁶, the temperature field develops a charac-

teristic mushroom-shaped layer that expands progressively. This 

behaviour reflects the mechanism of thermal buoyancy, wherein 

fluid near the hot surface becomes less dense and rises, while 

fluid near the cold surface gains density and sinks. The Cr ratio 

layer forms a closed circular contour around the heated cylinder, 

marking the region where the phase transition occurs within the 

cavity. Increasing the dimensionless parameter distorts this con-

tour, causing it to widen along the lateral sides while narrowing 

near the cold wall and the lower section of the heated area. The 

resulting slender shape of the layer delineates the most favoura-

ble region for phase-change heat transfer to take place. 

   

   

    

   

Fig. 3. Rayleigh number influence on streamline patterns (left), temperature (centre) and heat capacity ratio (right)  

for Ha = 0, ϕ = 0.05, Pr = 6.2 and Da = 102. Streamlines show an increase in maximum velocity  

from 0.0247 m/s (Ra = 103) to 114 m/s (Ra = 106), while isotherms vary in the range 0–1. 
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5.2. Effect of the Hartmann number for ω = 0° 

Figure 4 depicts the effect of increasing Hartmann number on 

the flow field, temperature distribution and heat capacity ratio 

for Ra = 106, ϕ = 0.05, Pr = 6.2 and Da = 10⁻2 at a fixed inclina-

tion angle ω = 0°. 

The streamline contours show that increasing the magnetic 

field intensity (Hartmann number) leads to a reduction in the 

overall flow rate due to the Lorentz force, which acts as a resis-

tive mechanism opposing fluid motion. The isotherms indicate 

a more uniform temperature distribution under stronger mag-

netic effects. The heat capacity ratio contours exhibit a mush-

room-shaped layer surrounding the heated cylinder, character-

ised by thicker lateral regions that narrow towards both the 

lower part of the hot boundary and the vicinity of the cold wall. 

As the non-dimensional parameter increases, this pattern shows 

no deformation. 

5.3. Darcy number impact for ω = 0° 

Figure 5 presents the permeability influence in the porous me-

dium cavity denoted by the Darcy number at Ra = 106, ϕ = 0.05, 

Pr = 6.2, and Da = 102 at a fixed inclination angle ω = 0°. 

 

 

   

    

   

   

Fig. 4. Hartmann number influence on streamline patterns (left), temperature (centre) and heat capacity ratio (right) 

for Ra = 106, ϕ = 0.05, Pr = 6.2 and Da = 102. Streamlines show a decrease in maximum velocity  

from 114 m/s (Ha = 0) to 83.7 m/s (higher Ha), while isotherms vary in the range 0–1. 
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The velocity contours reveal that increasing the Darcy num-

ber promotes stronger fluid movement inside the enclosure, par-

ticularly around the extremities of the lateral edges of the heated 

cylinder, its upper section and along the cold boundary. 

The thermal field displays an initially uniform distribution 

from the hot region to the cold region; as the Darcy number rises, 

this distribution expands outward and develops into a mush-

room-shaped thermal layer. 

The heat capacity ratio contours exhibit a curved boundary 

encircling the heated obstacle. As the dimensionless parameter 

increases, this boundary undergoes noticeable deformation: it 

becomes thinner near the cold wall and in the lower part of the 

hot boundary, while the lateral regions expand and become com-

paratively thicker. 

5.4. The influence of inclination angle ω (10°, 30°, 60°, 

and 80°) on the streamlines, isotherms and Cr patterns 

Figures 6, 7, and 8 designate the streamlines, isotherms and Cr 

contours, respectively, at multiple degrees of inclination angle 

and Ra number with Ha = 0, ϕ = 0.05, Pr = 6.2 and Da = 102. 

 

 

 

   

    

   

   

Fig. 5. Darcy number influence on velocity (left), temperature (centre) and heat capacity ratio (right) 

for Ha = 0, ϕ =0.05, Pr = 6.2 and Ra = 106. Streamlines show an increase in maximum velocity  

from 7.32 m/s (Da = 105) to 114 m/s (Da = 102), while isotherms vary in the range 0–1. 
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As observed, the inclination angle ω exerts a significant in-

fluence on the streamlines, isotherms and Cr ratio patterns. No-

tably, an inclination of 10° behaves as the angular counterpart of 

80°, while 30° mirrors 60°. 

The streamline patterns indicate that the velocity reaches its 

maximum near the corners of the inner cylinder and along the 

sidewalls of the outer enclosure, generating concentrated veloc-

ity zones on both the left and right sides. Increasing both the 

Rayleigh number and the inclination angle enhances the fluid 

motion, causing the flow to accelerate and extend upward across 

the upper region of the annular domain. 

Figure 7 illustrates the thermal field, where the temperature 

is the highest near the heated surface and  gradually  diffuses  to- 

wards the cooler region. The rise in Rayleigh number facilitates 

the upward migration of heat within the cavity, producing  

a mushroom-shaped isotherm pattern. As the inclination angle 

increases, the heat distribution expands, resulting in a more pro-

nounced deformation of this mushroom-like structure. 

Figure 8 displays the heat capacity ratio, characterised by  

a thick, curved boundary surrounding the heated cylinder. For 

inclination angles of 10° and 80°, increasing the Rayleigh num-

ber causes this boundary to bend outward, becoming broader 

along the lateral sides while narrowing near the upper region of 

the outer cylinder and the lower region adjacent to the heated 

surface at Ra = 106. Additionally, a semi-circular line emerges 

near the lower wing of the cavity. A similar behaviour is ob- 

 

 

    

     

    

     

Fig. 6. Streamlines for various values of inclination angle (ω =10o, 30o, 60o, 80o, respectively) and Ra number  

for Ha = 0, ϕ =0.05, Pr = 6.2 and Da = 102. The maximum velocity increases from 0.263 m/s (Ra = 103) to 113 m/s (Ra = 106). 
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served for inclination angles of 30° and 60°, although the pattern 

more closely resembles a mushroom-like contour enveloping 

the hot boundary. 

5.5. Average Nusselt number influence 

Figure 9 presents variations of the average Nusselt number with 

the Rayleigh number (103–106) for different Hartmann numbers 

(0–20), Darcy numbers (105–102), NEPCM volume fractions 

(0%–5 %), and inclination angles (10°–80°). 

Figure 9a shows that the Nusselt number decreases as both 

the Hartmann and Rayleigh numbers increase. This reduction is 

attributed to the resistive action of the Lorentz force, which sup-

presses fluid motion and consequently slows the heat transfer 

rate within the cavity. 

Figure 9a illustrates a direct correlation between the Darcy 

and Rayleigh numbers, demonstrating that an increase in the 

Rayleigh number leads to a corresponding rise in the Darcy 

number. As the Darcy number increases, the permeability of the 

porous medium improves, enhancing convective heat transfer 

and resulting in a higher Nusselt number. 

Figure 9a demonstrates that the increasing NEPCM volume 

fraction (0–0.05) augments the thermal storage capacity of the 

suspension. This behaviour confirms a direct proportionality be-

tween the Rayleigh number and the NEPCM concentration, en-

abling more efficient heat transport and producing higher 

Nusselt number values.  

Figure 9d highlights the influence of the inclination angle, 

showing that its increase leads to larger Rayleigh number values. 

Unlike the previous cases, increasing the inclination angle from 

0° to 30° results in a reduction of the Nusselt number, indicating 

diminished heat transfer. In contrast, for inclination angles be-

tween 60° and 80°, the Nusselt number rises significantly, indi-

cating an enhancement of heat transfer across the annular region. 

 

    

     

    

     

Fig. 7. Isotherms for various values of inclination angle (ω = 10o, 30o, 60o, 80o, respectively) and Ra number  

for Ha = 0, ϕ = 0.05, Pr = 6.2 and Da = 102. 
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The Nusselt number trends indicate that configurations with 

inclination angles between 0° and 30° are better suited for ther-

mal insulation applications, as they promote energy efficiency 

and help preserve temperature differences. Conversely, inclina-

tion angles ranging from 60° to 80° are more advantageous for 

processes requiring intensified heat transfer. 

6. Conclusions 

The presented work undertakes a numerical analysis of a two-

dimensional annular space comprising a cold outer cylinder and 

a hot inner obstacle generated through the overlap of two con-

gruent elliptical cylinders. The aspect ratio of the overlapping 

cylinders is 0.1, and the radii ratio between the annular spaces  

is 0.4. 

The suspension incorporated is NEPCM, which is a compo-

site nanofluid developed by suspending nano-encapsulated pha-

se change materials in pure water. The enclosure is porous and 

subject to the influence of a magnetic field. This study investi-

gates the effects of several dimensionless parameters on stream-

line patterns, isotherms and the heat capacity ratio (Cr). The pa-

rameters considered are the Rayleigh number (103–106), Darcy 

number (10−5–10−2) and Hartmann number (0–80), along with 

the inclination angle of the intersecting inner cylinders  

ω (0°–80°). The results also highlight the practical implementa-

tion of these geometries in contemporary applications. 

At ω = 0°, the fields of velocity, temperature, and concentra-

tion ratio exhibit symmetry throughout the annular space. The 

flow velocity is particularly high along  the  lateral  sides  of  the 

    

     

    

     

Fig. 8. Heat capacity ratio patterns for various values of inclination angle (ω = 10o, 30o, 60o, 80o) and Rayleigh number 

for Ha = 0, ϕ = 0.05, Pr = 6.2 and Da = 102. 
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inner cylinder and near the sidewall of the outer enclosure. In-

creasing the Rayleigh and Darcy numbers strengthens the vorti-

ces and promotes stronger convective currents. This intensifica-

tion enhances the temperature gradients, increases the heat 

transfer rate and modifies the spatial distribution of the NEPCM 

effective heat capacity, with higher values becoming concen-

trated near the boundary regions and extending along the side-

walls. 

Additionally, the Lorentz forces generated by the magnetic 

field significantly affect the flow, reducing convective velocities 

as the Hartmann number increases. This leads to weakened vor-

tices, a uniform nanoparticle distribution and a decrease in the 

average Nusselt number, reflecting a reduced heat transfer in-

tensity, while the inclination angle ω directly influences the 

level of imbalance and asymmetry of the flow rate, thermal gra-

dient and Cr patterns. 

Lastly, the changes in the average Nusselt number with re-

gard to Ra, Da, Ha, ϕ and ω are provided to shed light on their 

relevance in specific sectors of industry. For instance, inclina-

tion angles ranging from 0° to 30° signify that the configuration 

performs as an insulator due to slower heat transfer rates, in con-

trast to angles between 60° and 80°, which are more beneficial 

to heat transfer enhancement. 
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1. Introduction 

Statistics Poland [1] have reported that in 2024, district heating 

was utilised for the heating of 45% of households in Poland. 

This share is so large that even a negligible enhancement in the 

energy efficiency of heat generation has the potential to mark-

edly diminish the environmental impact of heat production in 

residential buildings. According to data from the Energy Regu-

latory Office [2], the average efficiency of licensed sources was 

84% in 2024, representing a 5pp increase since 2002. The effi-

ciency level is determined by the magnitude of various heat 

losses that occur in the process of heat production. For coal-fired 

heating plants, the following factors warrant consideration: ex-

haust heat loss carried by flue gases into the environment, in-

complete combustion loss caused by the presence of combus-

tible particles in fly ash and slag, heat losses to the environment 

through convection and radiation, physical heat contained in 

combustion residues (the so-called physical enthalpy of resi-

dues), and incomplete combustion loss resulting from the partial 

combustion of gaseous combustible components in flue gases. 

Figure 1 shows examples of the shares of these heat losses for 

a coal-fired water boiler.  
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Abstract 

The article presents the experimental validation of a numerical model of heat losses from a horizontal rectangular flue gas 
duct situated outside a heating plant building. The duct is insulated with mineral wool mats and protected with galvanised 
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Nomenclature 

a1 – model constant 

CV(RMSE)– relative root mean square error coefficient, % 

cp – specific heat capacity at constant pressure, J/(kg K) 

D – measured value 

Dω – cross-diffusion term, kg/(m3 s2) 

d – hydraulic diameter, m 

e – error, % 

E – comparison error 

F1, F2– first and second blending functions 

G – energy production, kg/(m/s3) 

GCI  – grid convergence index, %  

Gr – Grashof number 

g – gravitational force, m/s2 

h – characteristic cell size, m 

H – height, m 

I – turbulence intensity, % 

k – kinetic energy of turbulence, m2/s2 

Ma – Mach number 

n – number of measurements in a series 

N – number of grid cells 

p – pressure, Pa 

pconv  – order of convergence 

Q – heat flux density, W/m2 

r – grid refinement ratio 

Re – Reynolds number 

RMSE– root mean square error 

s – standard deviation 

S – modulus of the mean rate-of-strain tensor, 1/s 

Snum  – numerical simulation value 

t – temperature, oC  

tp – Student's t-distribution coefficient for confidence level p 

T – absolute temperature, K 

ua – type A standard uncertainty 

ub – systematic standard uncertainty 

uc – combined standard uncertainty 

U – uncertainty 

UV – process validation metric 

V – computational domain volume, m3 

w – velocity vector, m/s 

wx ‒ velocity component in the x-axis direction, m/s 

x – segment length in x-axis direction, m 

y+ ‒ dimensionless wall distance in turbulence models 

 

Greek symbols 

α* – coefficient damping the turbulent viscosity 

β* – modified dissipation coefficient for k 

βi  – blended dissipation coefficient for ω 

γ1 – production coefficient for ω 

δ – thickness, m  

λ – thermal conductivity, W/(m K) 

 – dynamic viscosity,  = ρk/ω, kg/(m s) 

t – turbulent viscosity, kg/(m s)  

ν – kinematic viscosity, m2/s 

νdof – number of degrees of freedom 

ρ – density, kg/m3 

σ – diffusion coefficient 

ω – turbulence dissipation rate, 1/s 

 

Subscripts and Superscripts 

a – relative 

c – total 

D – experimental value 

ext – extrapolated 

i – measurement number in a series 

k – turbulent kinetic energy  

SN – numerical simulation value 

SPD – due to input data 

t ‒ turbulent 

x ‒ coordinate direction 

ν ‒ viscous sublayer 

ω – turbulence dissipation rate 

1 – for wall layers 

2 – for the region far from the wall 

‘ – fluctuation of a variable 

 

Abbreviations and Acronyms 

CFD – computational fluid dynamics 

GCI – grid convergence index 

 

In the case of a boiler that is operated in accordance with the 

established guidelines, exhaust loss constitutes the most signifi-

cant element in its energy balance. As Zhang et al. [3] assert, 

this may account for as much as 8‒9% in the case of coal-fired 

water boilers, a subject to be analysed later in this article. This 

phenomenon of heat losses can be mitigated through various 

means, including the reduction of flue gas temperature, with due 

consideration for the issue of sulphur corrosion on the walls of 

both horizontal and vertical flue gas ducts. The conditions for its 

occurrence are associated with the location of the ducts, which, 

in the context of heating plants, are partially situated outside the 

building. Subsequently, the flue gas is exposed to meteorologi-

cal conditions, including wind and precipitation, which prompt 

a rapid cooling process. It is imperative to maintain the temper-

ature of the flue gas above the so-called acid dew point, where 

the mixture of sulfuric acid and water vapour condenses, leading 

to the corrosion of ducts. Consequently, proper insulation of the 

flue gas discharge route, and even at the design stage, the opti-

mal route for reducing heat loss, is a factor that significantly af-

fects the efficiency of district heating production. 

 

Fig. 1. Shares of heat losses for an example coal-fired  

water boiler (own study based on [3]). 
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It is evident that a considerable number of heating plants and 

combined heat and power plants are currently in operation in 

Poland. It is important to note that many of these facilities were 

constructed several decades ago. The modernisation of existing 

flue gas ducts has been demonstrated to result in a substantial 

enhancement of the efficiency of district heating production. 

The magnitude of this increase can be estimated using numerical 

simulations, provided that the extent to which they reflect reality 

is known. The validation of numerical models of flue gas flows 

in heating plants by comparing simulation results with measure-

ments on actual facilities is a subject that is rarely described in 

the literature. The primary rationale for this is the complexity 

inherent in such studies, which is compounded by the extensive 

scale of the model and frequently necessitates disruption to the 

existing installation.  

A review of the extant literature reveals a paucity of research 

on the validation of numerical models for a horizontal rectangu-

lar section of flue gas ducts based on measured heat flux density. 

Nevertheless, there are a number of publications that address 

this topic in specific areas.  

Matas et al. [4] and Chen et al. [5] described the issue of 

a rectangular horizontal section of a flue gas duct, focusing on 

flow velocities. Matas et al. [4] validated a numerical model of 

the flue gas system between the boiler and the fan by comparing 

the simulation results with measurement data obtained at a com-

bined heat and power plant. The model under consideration in-

corporated short rectangular horizontal sections. It was deter-

mined that the correspondence between the simulation outcomes 

and the measurement data was deemed to be satisfactory, as ev-

idenced by the findings concerning the flue gas flow rates and 

velocity distribution. Chen et al. [5] presented an analysis of the 

numerical simulation results for a rectangular flue gas duct, ex-

amining the conditions upstream and downstream of an electro-

static precipitator. The velocity distribution was also described. 

The publication did not include any validation.  

Conversely, El-Shafie [6] utilised temperature measure-

ments to validate a numerical model, albeit for a vertical circular 

flue gas duct discharging flue gas from a glass furnace. The 

demonstration revealed a substantial degree of concordance be-

tween the temperature distribution that was derived from the nu-

merical simulation and the measurement results. 

None of the above publications takes into account the current 

influence of wind. None of the numerical models presented 

cover the air around the flue gas duct. Nevertheless, this ap-

proach is frequently employed in numerical simulations of flows 

around buildings, as articulated by Huang et al. [7]. The litera-

ture provides comprehensive guidelines for the numerical simu-

lation and validation of numerical models of buildings, with 

consideration for external air flow (see, for example, Franke 

et al. [8], Tominaga et al. [9]). Outside the boiler room building, 

the flue gas duct is significantly affected by the external air. 

Consequently, it appears that, in numerical simulations, it could 

be treated in the same way as a building. 

It has been observed that the aforementioned publications 

neglect to consider the impact of solar radiation, a factor that is 

undoubtedly implicated in the intensity of heat exchange be-

tween the flue gases and the environment. 

The present work serves to augment the extant body of 

knowledge concerning the impact of outside air and solar radia-

tion on heat losses from flue gas ducts. The objective of this 

study is to utilise numerical simulations to formulate solutions 

that enhance the efficiency of district heating production by re-

ducing heat losses from flue gas ducts. 

2. Numerical model of heat losses from 

the flue gas duct of a heating plant 

2.1. Fundamental equations of conservation 

Computational fluid dynamics (CFD) is a technique for solving 

problems involving fluid flow and the accompanying heat ex-

change using numerical methods. It is imperative that these so-

lutions adhere to the established laws of conservation in the 

physics of the phenomenon. It is imperative to acknowledge the 

fundamental principle of fluid mechanics: the conservation of 

mass. In accordance with Newton's second law of motion, the 

change in momentum of a fluid particle must be equal to the sum 

of the forces acting upon it. In accordance with Newton's first 

law of motion, the change in energy must be equal to the sum of 

the changes in heat transfer and the changes in work done on the 

fluid element.  

The law of conservation of mass gives rise to the continuity 

equation described in Eq. (1), under the assumption that the phe-

nomenon is steady-state. The numerical model investigated in 

this study involves two fluids: flue gas and air. Both are assumed 

to be incompressible with respect to pressure changes, as the 

Mach number remains below 0.3. While flue gas is also consid-

ered incompressible with respect to thermally induced density 

changes, due to the dominance of forced convection within the 

duct, air is treated as thermally compressible. This approach is 

necessary to model the mixed convection around the duct, which 

is key to capturing buoyancy effects caused by flow separation 

as the wind encounters the structure. Equation (1) represents the 

continuity equation for both fluids 

 ∇ ∙ (𝜌𝒘) = 0, (1) 

where: ρ – density, w – velocity vector. In the case of flue gas, 

the density is assumed constant, whereas for air, it varies accord-

ing to the thermal compressibility assumption. 
The law of momentum change is described by the momen-

tum conservation equation. This work presents its averaged ver-

sion, i.e. the Reynolds equation described in Eq. (2). The veloc-

ity component in the x-axis direction is given. In addition to the 

aforementioned assumptions, the fluid flow is turbulent, and 

gravity is taken into account in the x-axis direction, with the op-

posite sign: 

 ∇ ∙ (𝜌𝒘𝑤𝑥) = −
∂𝑝

∂𝑥
+ ∇ ∙ (𝜇∇𝑤𝑥) − ∇ ∙ (𝜌𝑤𝑥′𝒘′) − 𝜌𝑔, (2) 

where: w – velocity, p - pressure, x – segment length in the x-

axis direction, µ – dynamic viscosity, g – gravitational acceler-

ation, and other quantities as indicated in Eq. (1). The subscript 

x denotes the vector component in the x-axis direction, and 

’ denotes fluctuations of variables. Analogous equations de-

scribe the conservation of momentum’ in the other directions. 
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In the analysed phenomenon of heat exchange between flue 

gas and air, the influence of gravity on the flow from the flue 

gas side is negligible. However, this is not the case on the air 

side. The phenomenon of mixed convection can be defined as 

a combination of free convection, which is influenced by tem-

perature differences and affects density, and forced convection, 

which is driven by the action of wind. In order to estimate the 

influence of gravity, the ratio of the Grashof number to the 

square of the Reynolds number was calculated for the measure-

ment from the experiment at the highest wind velocity. The re-

sult obtained was 0.04, which, according to Bejan [10], indicates 

a small but not negligible influence of buoyancy forces on air 

density. It is important to note that this effect will increase as the 

wind velocity decreases. It is therefore evident that all simula-

tions were performed with due consideration for gravitational 

forces. 

The governing law of energy changes is regulated by the en-

ergy conservation equation, as outlined in Eq. (3). Along with 

the previously stated assumptions, there are no internal heat 

sources, and energy dissipation due to working against viscous 

forces can be neglected: 

 ∇ ∙ (𝜌𝑐𝑝𝒘𝑇) = ∇ ∙ (𝜆∇𝑇) − ∇ ∙ (𝜌𝑐𝑝𝒘′𝑇′), (3) 

where: cp – specific heat capacity at constant pressure, T – abso-

lute temperature, λ – thermal conductivity. 

2.2. Turbulence model 

The phenomenon of heat exchange in the flue gas duct was mod-

elled using the software programme ANSYS Fluent 2024 R2. It 

is widely used in numerical simulations of flows around build-

ings that take into account the influence of external air velocity, 

as described by Huang et al. [7]. 

In the analysed case, turbulent motion occurs on both the flue 

and air sides. In the proximity of the walls, the nature of the flow 

undergoes a transformation. In order to achieve a reliable repre-

sentation of the flow field within a reasonable computational 

time, appropriate turbulence models are selected. It is posited 

that these models provide a reliable approximation of the effect 

of turbulence on the average velocity, pressure and temperature 

fields. This enables accurate and stable calculation results to be 

obtained with an acceptable computational effort.  

In the aforementioned issue, the Reynolds-averaged Navier-

Stokes (RANS) model was selected, in which all vortex scales 

are modelled, the so-called Shear-Stress Transport (SST k–ω). 

This model has been employed in analogous analyses within the 

extant literature (see, for example, Matas et al. [4]). The model 

demonstrates an effective solution to the equations in the wall 

layer at low speeds. In the fully turbulent area far from the wall, 

the k–ε model is employed. Hamisu et al. [11] posit that the rec-

ommended value of y+ for the SST k–ω model is approximately 

1, although values up to 5 are deemed acceptable. 

The phenomenon of turbulence is taken into account in CFD 

in the k–ω SST model by solving the equations of kinetic energy 

transport of turbulence and turbulence dissipation rate, respec-

tively: 

 ∇ ∙ (𝜌𝑘𝒘) = ∇ ∙ [(𝜇 + 𝜇t𝜎𝑘)∇𝑘] + 𝐺𝑘 − 𝜌𝛽∗𝜔𝑘, (4) 

∇ ∙ (𝜌𝜔𝒘) = ∇ ∙ [(𝜇 + 𝜇t𝜎𝜔)∇𝜔] + 𝛾1
𝜔

𝑘
𝐺𝑘 − 𝜌𝛽i𝜔

2 + 𝐷𝜔 . (5) 

The model also incorporates a specific formulation for tur-

bulent viscosity, a blended dissipation coefficient and a cross-

diffusion term, respectively: 

 𝜇t =
𝜌𝑘

𝜔

1

max[
1

𝛼∗,
𝑆𝐹2
𝑎1𝜔

]
, (6) 

 𝛽i = 𝐹1𝛽i,1 + (1 − 𝐹1)𝛽i,2, (7) 

 𝐷𝜔 = 2(1 − 𝐹1)𝜌𝜎𝜔,2
1

𝜔
∇𝑘 ∙ ∇𝜔, (8) 

where: k – turbulent kinetic energy, μt – turbulent viscosity, σk, 

σω – diffusion coefficients both equal to 0.5 in wall layers, and 

equal to 1.0 and 0.856 (σω,2) far from the walls, respectively,  

Gk – production of turbulent kinetic energy, β* – modified dis-

sipation coefficient for k equal to 0.09, ω – specific dissipation 

rate, γ1 – production coefficient for ω equal to 0.52 for high-

Reynolds number flows, βi  – blended dissipation coefficient for 

ω, Dω – cross-diffusion term, α* – coefficient damping the tur-

bulent viscosity equal to 1 for high-Reynolds number flows, 

S – modulus of the mean rate-of-strain tensor, F1, F2 – first and 

second blending functions, a1 – model constant equal to 0.31, 

βi,1, βi,2 – dissipation coefficients for ω equal to 0.075 in wall 

layers and 0.0828 far from the walls, respectively. 

The mathematical formulation follows the original notation 

proposed by Menter [12], while coefficients and model imple-

mentation are based on the ANSYS Fluent documentation [13]. 

It was assumed that the flue gas is incompressible with respect 

to both pressure and temperature changes. In contrast, air was 

modelled as incompressible regarding pressure but thermally 

compressible, as described in Subsection 2.1. The phenomenon 

is assumed to be steady-state, and no internal heat sources are 

present. 

2.3. Solar radiation model 

In order to account for the impact of solar radiation on the flue 

gas duct, the Solar Load Model in ANSYS Fluent 2024 R2 was 

utilised. In this model, the impact of solar radiation is deter-

mined on the basis of three factors. Firstly, data on the location 

of the actual installation must be taken into account. Secondly, 

the date of the measurement series must be considered. Thirdly, 

the solar radiation coefficient must be taken into account. The 

solar radiation coefficient was calculated on the basis of the air 

temperature measured in conditions of shade and in the sun dur-

ing the measurement series in the validation experiment. For the 

measurement series for which a cloudless sky was observed, this 

coefficient was assumed to be equal to 1. This corresponds to 

the difference in air temperature between the measurement in 

the shade and in direct sunlight, as measured at that time. For 

the remaining measurement series, the insolation coefficient was 

calculated in relation to the above-mentioned measurement se-

ries, based on the current difference in air temperature measured 

in the shade and in direct sunlight. 

The absorptivity of the duct walls, ground (predominantly 

grass) and building envelope was assumed to be 0.8, accounting 

for material properties, ageing, and coal dust deposition typical 
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of the coal-fired heating plant environment. Carvalho et al. [14] 

reported an albedo of 0.25 for grass corresponding to an absorp-

tion coefficient of 0.75. In this study, the absorption coefficient 

was increased to 0.8 to reflect the significant darkening of veg-

etation caused by coal dust accumulation. Similarly, the building 

envelope’s absorptivity was based on Yu et al. [15], who identi-

fied a range of 0.65 ‒ 0.85 for grey wall-facing materials. The 

value of 0.8 was selected due to long-term environmental ex-

posure. For blue-painted steel ducts, the baseline from Liu  

et al. [16] (0.63‒0.75 for grey coatings) was adjusted to 0.8. This 

adjustment accounts for the higher near-infrared absorption typ-

ical of standard blue pigments compared to grey ones, as well as 

the further increase in absorptivity caused by coal dust contam-

ination. 

While ANSYS Fluent also allows for radiation exchange cal-

culations between surfaces and gases, the Radiation Model was 

not activated for two main reasons. First, at the investigated tem-

peratures (below 400 K for flue gas, and below 300 K for air), 

gases are generally considered transparent [17]. Furthermore, 

since radiant energy emission is proportional to the fourth power 

of absolute temperature, its contribution at these moderate tem-

peratures is negligible compared to convective fluxes observed 

in this study. Consequently, omitting the radiation model does 

not significantly impact the final results. 

2.4. Geometry of the computational domain 

The geometry of the model was created in ANSYS DesignMod-

eler. The issue was regarded as a three-dimensional problem. 

The modelled geometry is shown in Fig. 2: 

The duct in question was modelled with a thickness of 4 mm, 

with the material used being steel sheet. The duct insulation is 

composed of two mineral wool mats, each measuring 50 mm in 

thickness, which are sheathed in 0.5 mm-thick galvanised sheet 

metal. The duct exhibits a rectangular cross-section, with the 

following internal dimensions: width of 2.12 m, height of  

1.06 m, length of 7.04 m. The geometry of the model is such that 

it takes into account the volume of the duct and the insulation. 

The sheets were modelled as surfaces with thicknesses assigned 

in ANSYS Fluent 2024 R2. 

The direction of flow of flue gas and the direction of air inlet 

are perpendicular to each other. The location of the air outlet is 

above rather than behind the duct. This is due to the proximity 

of a building, which blocks the flow. The dimensions of the 

computational domain, in the absence of guidelines for flue 

ducts, were based on guidelines for modelling wind flow around 

buildings, presented by Franke et al. [8] and Tominaga et al. [9]. 

The domain extends 10H above the duct, while a distance of 5H 

was modelled between the wind inlet plane and the duct, where 

H is the height of the duct. The selection of these values was 

informed by a blockage ratio of 7%. This ratio is utilised to as-

certain the distances between the wind inlet and outlet, and the 

object around which the wind flows. The ratio is defined as the 

cross-sectional area of the obstacle (in this case, the channel) 

divided by the cross-sectional area of the air domain in the di-

rection of air inflow. The location of the installation was a de-

termining factor in the dimensions of the air domain: 11.5H be-

hind the channel (building boundary) and 4 m below the channel 

(ground level). The width of the computational domain was as-

sumed to be equal to the length of the analysed section. 

2.5. Discretisation of the computational domain 

The spatial discretisation of the computational domain per-

formed in ANSYS ICEM CFD 2024 R2 is presented in Fig. 3.  

The limit for the minimum cell size in the fully turbulent area 

on the air side was assumed based on the cube root of the duct 

volume, i.e. 0.27 m, in accordance with the guidelines for build-

ings provided by Franke et al. [8]. 

The mesh was refined near the duct walls in order to rectify 

the issue of heat transfer in the wall layers. These are the layers, 

in which the fluid's viscosity is a significant factor in determin-

ing its flow. For the purpose of this study, the thickness of the 

aforementioned zone was estimated for flue gases based on the 

formula for turbulent flow through a pipe, Eq. (9), as posited by 

Schlichting and Gersten [18]. Such flow is divided into a viscous 

sublayer and a turbulent core: 

 𝛿ν = 122
ln Re

Re G(ln Re)
𝑑, (9) 

where: δν – thickness of the viscous sublayer of flue gas, Re – 

Reynolds number, and function G(ln Re) is equal to 1.35 at 

2300 < Re < 107, and d – hydraulic diameter. 

However, the thickness of the wall layer was calculated ac-

cording to the formula given by Schlichting and Gersten [18] for 

turbulent flow along a plate: 

 𝛿t = 0.14
Re

ln Re
G(ln Re)

𝜈

𝑤
, (10) 

where δt is the thickness of the turbulent  boundary  layer  of  air,  

 

Fig. 3. Numerical mesh: view from the flue gas inlet 

toward the duct (ANSYS ICEM CFD 2024 R2). 

 

Fig. 2. Geometric model showing the direction of flue gas 

and air flows (ANSYS DesignModeler 2024 R2). 
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ν is the kinematic viscosity, and function G(ln Re) is equal to 15 

at 105 < Re < 106. 

According to Duan et al. [19], the Reynolds number on the 

flue gas side was determined using the square root of the channel 

cross-sectional area as the characteristic dimension. On the air 

side, the channel width was taken as the characteristic dimension 

for the flow along the plate. 

The thicknesses at which mesh refinement is important were 

calculated for the data from each measurement series. The max-

imum values recorded were 0.004 m on the flue gas side and 

0.04 m on the air side. On this basis, the grid refinement at the 

walls was modelled accordingly so that it covered at least the 

estimated thickness of the wall zone. The layer thickness growth 

rate was set at 1.2, at which the independence of the grid influ-

ence on the numerical simulation result, as determined by the 

grid convergence index (GCI), is less than 1%. In accordance 

with the recommendations set out by Franke et al. [8], the max-

imum value for numerical simulations of wind flow around 

buildings, it should not exceed 1.2. The thicknesses of the first 

layer in the wall zone are 0.0001 m on the flue gas side and 

0.0003 m on the air side, respectively. In the context of these 

thicknesses, the maximum values of y+ at the walls did not  

exceed 5, in accordance with the recommendations for the  

SST k–ω turbulence model. 

The simulations were executed on a grid, the independence 

analysis of which is presented in the following chapter. The total 

number of mainly hexahedral volume elements was approxi-

mately 2 million. The quality of the mesh was verified to ensure 

numerical stability and accuracy. The skewness reached a max-

imum value of 0.8 (with an average of 0.2), and the minimum 

orthogonal quality was 0.2 (with an average of 0.9). Although 

a maximum aspect ratio reached 1005 (with an average of 86 for 

the entire domain), these peak values occurred exclusively 

within the wall layers. In the computational domain far from the 

walls, the maximum aspect ratio remained below 6. 

2.6. Mesh independence analysis 

The independence of the results from the mesh used was tested 

using GCI. This method is frequently employed to estimate dis-

cretisation error in numerical fluid dynamics analyses, as evi-

denced by the works of Franke et al. [8] and Celik et al. [20]. 

According to Roache [21], GCI is derived from the generalised 

Richardson extrapolation method, which determines the numer-

ical uncertainty associated with spatial discretisation errors. The 

relative error of the test of independence of results from the 

mesh necessitates solutions for a minimum of three grids of var-

ying refinement. A uniform refinement in all directions was as-

sumed between successive meshes, and the layer growth rate 

was modified in the wall area (changes of approximately 25%). 

The number of layers at the walls was adjusted to cover the es-

timated total thickness of the near-wall layer. In all types of 

grids, meticulous attention was paid to ensure adequate quality. 

This was achieved by analysing the aspect ratio, orthogonality 

and skewness of its elements. If deemed necessary, the mesh di-

vision along the flue gas duct axis was corrected. 

Celik et al. [20] proposed the following methodology for cal-

culating GCI from Eq. (11) based on the results of numerical 

simulations on three distinct grids, designed as follows: fine – 1, 

medium – 2, and coarse – 3: 

 GCI1
21 =

1.25𝑒a
21

𝑟21
𝑝conv−1

, (11) 

where: ea – relative error between the results obtained from the 

two meshes, r – grid refinement ratio (recommended > 1.3), 

pconv – order of convergence. 

The relative error between the results from two meshes is 

calculated from: 

 𝑒𝑎
21 = |

𝑆num,1−𝑆num,2

𝑆num,1
|, (12) 

where Snum stands for the numerical simulation value. 

The grid refinement ratio, expressed as 

 𝑟21 =
ℎ2

ℎ1
 (13) 

is determined based on the characteristic cell size using the 

equation: 

 ℎ1 = (
𝑉

𝑁1
)

1
3⁄

, (14) 

where V is the computational domain volume and N is the num-

ber of grid cells. 

The order of convergence of the numerical method is deter-

mined iteratively according to the equation: 

 𝑝conv =
1

ln(𝑟21)
|ln |

𝑆num,3−𝑆num,2

𝑆num,2−𝑆num,1
| +  

                      + ln (
𝑟21

𝑝conv−sgn(
𝑆num,3−𝑆num,2
𝑆num,2−𝑆num,1

)

𝑟32
𝑝conv−sgn(

𝑆num,3−𝑆num,2
𝑆num,2−𝑆num,1

)
)|, (15) 

for which the quantities are described in the preceding formulas. 

The relative error extrapolated between the results obtained 

from the two grids is calculated from: 

 𝑒ext
21 = |

𝑆ext
21 −𝑆num,1

𝑆ext
21 |, (16) 

where the extrapolated value is expressed as: 

 𝑆ext
21 =

(𝑟21
𝑝conv𝑆num,1−𝑆num,2)

(𝑟21
𝑝conv−1)

. (17) 

In Table 1, the GCI for the measurement with the highest 

wind velocity is presented, along with several additional values 

that were obtained through the utilisation of the aforementioned 

methodology. The GCI for the medium and fine grids was found 

to be below 1%. The solution was within the asymptotic range 

of convergence. Although the medium grid was sufficient, the 

fine grid was selected for the final simulations to ensure maxi-

mum numerical precision.  

2.7. Material properties, boundary and initial condi-

tions 

As illustrated in Tables 2 and 3, the physical properties are 

assigned to individual surfaces and volumes. The material 
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properties were adopted in accordance with established 

standards. The properties of gases were obtained from 

established standards and authoritative publications on air and 

gas mixtures. Regarding density, different density models were 

applied to each fluid. Air was modelled as an incompressible 

ideal gas, where density varies with a local temperature. This 

approach accurately captures the buoyancy effects around the 

duct. In contrast, the flue gas was modelled with a constant 

density. 

The initial conditions were established at the inlet to the flue 

gas duct and the air domain. These conditions included the ve-

locity and temperature, as determined by the experimental study, 

as well as the turbulence intensity, which was calculated using 

the equation proposed by Russo and Basse [26]: 

 𝐼 = 0.14Re−0.0790, (18) 

where I denotes the turbulence intensity. The Reynolds number 

was determined for the square root of the channel cross-sec-

tional area as a characteristic dimension, in accordance with the 

recommendation of Duan et al. [19]. 

The temperature and velocity values for all measurement se-

ries are presented in Table 4. The turbulence intensity for the 

flue gas is 5% in all cases, while for the air, it varies between 

4% and 5%. The hydraulic diameter is 1.413 m for the flue gas 

and 10.1 m for the air.  

The boundary conditions are described in Table 5. The steel 

duct walls were modelled on both sides of the insulation body 

using the Shell Conduction option, allowing for heat conduction 

within the plane of the metal sheets. A no-slip condition was set 

on the duct walls, as they are fluid-solid interfaces. An adiabatic 

condition was applied to the cross-sections of the duct walls 

(duct ends). A constant temperature equal to the air temperature 

was assumed on the ground and on the building side, while the 

other side walls of the wind domain were designated as sym-

metry boundaries.  

The flue gas and air inlets were modelled as velocity-inlet, 

while the outlets were modelled as pressure-outlet. At the pres-

sure-outlets, a zero-pressure gradient was assumed, with the 

backflow temperature and turbulence parameters set to values 

Table 1. Results of the study on the independence of results from grid 

refinement.  

Grid type Fine Medium Coarse 

Number of elements 1 985 410 829 650 312 240 

Grid refinement ratio 1.34 1.39 ‒ 

Characteristic cell size, m 0.11 0.15 0.21 

Maximum element, m 0.27 0.34 0.42 

Layer thickness growth 
factor 

1.2 1.5 1.9 

Relative error, % 0.3 0.9 ‒ 

Extrapolated relative  
error, % 

0.2 0.5 ‒ 

Grid convergence index, % 0.25 0.65 ‒ 

 

Table 2. Physical properties of materials.  

 Mineral wool mat Steel Reference 

Thermal  
conductivity, 
W/(m K) 

0.0002t+0.033 50 [22] 

Density, kg/m3 100 7 800 
mat: [23] 
steel: [22] 

Specific heat  
capacity, J/(kg K) 

750 450 [23] 

t – arithmetic mean of the flue gas and air temperatures 

Table 3. Physical properties of gases – average values  

for all measurements.  

 Flue gas [22] Air [24,25] 

Thermal conduc-
tivity, W/(m K) 

0.0281 0.0250 

Density, kg/m3 0.977 
1.225  

(at 288.15 K) 

Dynamic viscos-
ity, kg/(m s) 

1.904×10‒5 1.778×10‒5 

Specific heat 
capacity, J/(kg K) 

1 026 1 041 

 

Table 4. Inlet initial conditions for all measurement series. 

Measurement 
series 

Temperature, K Velocity, m/s 

Flue gas Air Flue gas Air 

1 363.8 282.0 6.7 2.7 

2 365.2 282.2 6.8 3.7 

3 366.1 282.3 6.9 3.2 

4 362.1 282.5 8.5 2.5 

5 364.3 284.5 6.3 2.7 

6 364.8 284.3 6.3 3.0 

7 364.8 284.1 6.4 1.9 

8 364.9 286.0 6.4 1.9 

9 364.7 286.4 6.3 3.2 

10 363.4 286.3 6.2 4.1 

 

Table 5. Summary of boundary conditions and numerical settings.  

Boundary 
name 

Type 
Thermal 

conditions 
Momentum 
conditions 

Flue gas  
inlet 

Velocity-
inlet 

Temperature 
(Tab. 4) 

Velocity (Tab. 4) 
and turbulence 

parameters 

Flue gas 
outlet 

Pressure-
outlet 

Backflow: inlet 
value 

Gauge pressure: 0, 
backflow: inlet value 

Duct walls Wall 
Coupled (shell 
conduction) 

No-slip 

Duct ends Wall Adiabatic ‒ 

Air inlet 
Velocity-

inlet 
Temperature 

(Tab. 4) 

Velocity (Tab. 4) 
and turbulence 

parameters 

Air outlet 
Pressure-

outlet 
Backflow: inlet 

value 
Gauge pressure: 0, 

backflow: inlet value 

Wind  
domain, 
side walls 

Sym-
metry 

‒ ‒ 

Ground / 
building 

Wall 
Temperature: 
air inlet value 

No-slip 
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corresponding to the respective inlet conditions. This was justi-

fied because the temperature drop of the flue gas along the in-

vestigated part of the insulated duct is minimal, and the ambient 

air outside maintains a nearly uniform temperature throughout 

the domain.  

2.8. Basic assumptions in numerical modelling 

The issue was modelled as a time-steady problem.  

Both flue gas and air were treated as incompressible with re-

spect to pressure changes, as the Mach number was below 0.3. 

Therefore, a pressure-based calculation module was selected. 

The calculations were performed in double precision. 

A coupled algorithm was used to solve the system of pres-

sure and velocity equations. In order to solve the pressure equa-

tion, due to the presence of mixed convection, the PRESTO! 

(pressure staggering option) discretisation scheme was used, 

while second-order upwind schemes were used for the remain-

ing equations.  

Franke et al. [8] and Celik et al. [20] posit that the residual 

value resulting from solving the aforementioned equations 

should be a minimum of 1×10⁻⁴, and that this should be reduced 

further for the purposes of validation. In accordance with the 

recommendation of Franke et al. [8], the parameter under inves-

tigation should be observed simultaneously. If it remains un-

changed during successive iterations, the simulation can also be 

considered convergent. The convergence criterion was estab-

lished at a residual value of 1×10‒6, with a simultaneous heat 

flux density variability of less than 0.01% in the final 100 itera-

tions. 

3. Experimental validation of the numerical model 

in a real heating plant 

3.1. Test methodology 

In order to analyse the phenomenon of heat losses from the hor-

izontal flue gas duct of a heating boiler, an existing system lo-

cated in a municipal heating plant was selected for the purpose 

of this study. The boiler operating parameters were meticulously 

monitored at the plant, which demonstrated that the flue gas 

losses during the experiment ranged from 4 to 5%. The heat 

source employed was a WR-25 water grate boiler, which was 

fuelled by hard coal with an average calorific value of 23 MJ/kg. 

The nominal parameters, in conjunction with the range of values 

obtained from measurements during the experiment, are pre-

sented in Table 6. 

Figure 4 presents a satellite map of the analysed section of 

the flue gas duct located downstream of the dust extraction sys-

tem. The system in question connects to the ducts from the other 

boilers operating within the plant just before entering the chim-

ney. 

In Figure 5, the measurement stations are indicated. The in-

itial measurement station is situated 1.3 m posterior to the el-

bow. The measurement holes are located at an interval of 

7.04 m. In the section of the duct that was analysed, there was 

an absence of fully developed flow in the cross-section, which 

can be attributed to the configuration of the duct. Bejan [27] as-

serts that fully developed turbulent flow occurs after approxi-

mately 10 equivalent diameters have passed behind the disturb-

ance. In this case, such a section would have to start after ap-

proximately 14 m. The analysed flue gas duct did not contain 

any such section. 

The measurements were taken a few days after the boiler was 

started up, when thermal equilibrium had been achieved. 

Heat flux sensors were utilised to assess heat losses. The 

components were installed on the bottom and upper walls of the 

duct, and situated within the cross-section of the measuring 

opening, with an approximate distance of 60 cm from the duct 

axis. The installation of the components along the duct axis was 

rendered infeasible by the presence of metal sheet joints. The 

sensor was positioned on the side wall in a location exhibiting  

uniform insulation quality. This location was selected on the ba- 

 

Fig. 4. The examined section of the flue gas duct on a satellite map 

of the heating plant (own work, based on geoportal.gov.pl). 

Table 6. Characteristics of the WR-25 water-grate boiler: nominal and 

experimentally obtained values.  

 Nominal 
values  

Values during 
the experiment 

Thermal power, MW 32 19 ‒ 24 

Efficiency, % 82 73 ‒ 81 

Boiler feed water temperature, oC 70 65 ‒ 72 

Heating water temperature, oC 150 115 ‒ 128 

Flue gas volume downstream of 
the boiler, m³/h 

53 000 23 000 ‒ 47 000 

 

 

Fig. 5. Measurement stations on the tested section 

of the duct (own archive). 
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sis of thermal imaging tests, with the sensor placed at a distance 

of approximately 60 cm from the measuring station. 

The flue gas temperature was measured using PT100 ther-

mometric resistors. During the measurements, the surrounding 

air humidity was measured using a capacitive humidity probe, 

and the current weather conditions (cloud cover, precipitation) 

were recorded. The device was located at the duct support, 

which was positioned approximately in the middle of the duct 

section that had been selected for measurement. This section 

was situated in a location that was sheltered from wind and sun. 

The calculations furthermore incorporated the readings of in-

struments that had been permanently installed in the heating 

plant, including the mass of coal fed to the boiler, the excess air 

coefficient, the CO2 and O2 content in the flue gas, the flue gas 

velocity, the wind azimuth and velocity, the ambient air temper-

ature, as well as the air temperature in direct sunlight. 

The measurement of air humidity and flue gas temperature 

was conducted at an interval of 10 s, while the electromotive 

force measurements from heat flux sensors were recorded at a 

frequency of 2 min. The readings from the heating plant instru-

ments were recorded as 10-min. averages. The measurement 

data, which had been prepared for the purpose of validating the 

numerical model, were grouped into 10-min averages. 

3.2. Experimental results and discussion 

During the course of the measurements, considerable fluctua-

tions in the heat flux sensor for the upper wall were observed. 

A rigorous examination of the relationship between the heat flux 

density on the subject wall and the ambient air temperature in 

direct sunlight revealed a discernible correlation. Subsequent 

analysis indicated that this correlation was attributed to the im-

pact of solar radiation, which exhibited a marked intensity that 

was significantly higher than that observed in other areas. Pear-

son's correlation coefficient for the heat flux density of the upper 

wall with the air temperature in direct sunlight was 0.9. Conse-

quently, the outcomes derived from the bottom and side walls 

(Pearson's coefficients of 0.6 and 0.1, respectively) were se-

lected for validation.  

The measurement series were analysed in terms of wind 

pressure on the duct. The location of the heating plant building 

is such that it is in close proximity to the duct. The building 

functions as a barrier to south and west winds. The wind velocity 

value was obtained from the heating plant's instruments; conse-

quently, it was not measured exactly at the duct location. Fol-

lowing the consideration of wind azimuth readings, as deter-

mined by the data measured at the heating plant, the validation 

was conducted exclusively on those measurements during which 

the wind was not blowing from the direction of the building. 

Figure 6 shows the results of the heat flux density measure-

ments together with the total uncertainty bars. The graph also 

shows the values of ambient air temperature, air temperature in 

direct sunlight, wind velocity and the temperature difference be-

tween the flue gas and the air. The values are connected by lines 

to make the profiles of the variables easier to read. During meas-

urements, the heat losses obtained from the bottom wall ranged 

from 28 to 37 W/m2, and from 29 to 44 W/m2 from the side wall. 

In each measurement series, the total uncertainty of the heat flux 

density from the bottom wall was lower than that of the side 

wall. For the bottom wall, the total measurement uncertainty is 

clearly greater where solar radiation heats the flue gas duct walls 

intensively.  

The obtained heat flux density profiles show a negative cor-

relation with the temperature difference between the flue gases 

and the air. This is due to the simultaneous influence of weather 

phenomena, such as solar radiation and wind velocity, on the 

temperature of the duct wall (Pearson's coefficient is ‒0.7 for the 

bottom wall and ‒0.4 for the side wall). The measured electro-

motive force increases as the temperature of the duct wall in-

creases. This temperature increase is due not only to the temper-

ature difference between the media on both sides of the wall, but 

also to solar radiation and conduction of absorbed heat along the 

wall. The incorrect correlation is clearly visible in measure-

ments 8–10. During these measurements, a significant rise in 

heat losses was observed despite a decrease in the temperature 

difference between the flue gas and the air. This decrease should 

result in decreased heat losses, yet a negative Pearson coefficient 

was obtained.  

As shown above, measuring heat losses with heat flux sen-

sors, which have the advantage of not requiring significant in-

terference with the existing installation, is also subject to con-

siderable uncertainty due to current weather conditions, particu-

larly those resulting from the intensity of solar radiation and 

wind gusts. Nevertheless, bearing these limitations in mind and 

accounting for measurement uncertainty, the test results were 

used to validate the numerical model of heat exchange in the 

heating plant's flue gas duct. 

 

Fig. 6. Experimental results for heat flux density (a)  

and weather parameters (b). 



Mirosz L. 
 

182 
 

4. Simulation results and model validation 

All simulations were considered to have converged because the 

behaviour equations reached the assumed residual value, and the 

heat flux density stabilised below 0.01% in at least the last  

100 iterations in all simulations. 

Figure 7 shows the results of the numerical simulation com-

pared with the results of the experimental study, together with 

the total uncertainty. In the case of the bottom wall, the measur-

ing sensor was mounted approximately 60 cm from the duct axis 

in the windward direction, while the simulation result includes 

the average heat flux density across the entire surface. 

The consistency of the numerical calculations with the ex-

perimental data was analysed using two methods. The first 

method leads to the determination of the key validation metric, 

UV. This method was described by Stern et al. [22], for example. 

It takes into account errors and uncertainties in both data cate-

gories to assess the level of validation. The second method is 

used when there is insufficient data to calculate the aforemen-

tioned errors and uncertainties, and it calculates the relative co-

efficient of variation of the root mean square error CV(RMSE). 

This method was employed to compare the results with those in 

the literature, even though the data were available. No publica-

tions describing the validation of numerical models by an exper-

iment conducted in the presence of variable weather conditions 

based on the first method were found. The second method, on 

the other hand, is used in publications concerning the validation 

of analyses of phenomena on external building elements. 

In the method used to determine the validation metric UV, 

the comparison error E should not exceed the metric itself, indi-

cating good agreement between the results obtained in the nu-

merical simulation and the experiment on the actual object: 

 𝐸 = |𝐷̅ − 𝑆num|, (19) 

 𝑈V
2 = 𝑈D

2 + 𝑈SPD
2 + 𝑈SN

2, (20) 

where: E – comparison error, 𝐷̅ – mean measured value, 

UV – process validation metric, UD – uncertainty of experimental 

values, USPD – uncertainty due to input data (e.g. material data), 

USN – uncertainty of numerical simulation. 

The uncertainty of the values obtained in the experiment 

(UD) was taken as the expanded uncertainty according to 

Eqs. (21)–(25). The confidence level p was taken to be 95%, and 

the number of degrees of freedom was taken to be 4. Therefore, 

the Student's t-distribution critical value was 2.7765. 

 𝑈D = 𝑡𝑝(𝜈dof)𝑢c,𝑖, (21) 

 𝜈dof = 𝑛 − 1, (22) 

 𝑢c,𝑖 = √𝑢a
2 + 𝑢b

2, (23) 

 𝑢a =
𝑠

√𝑛
, (24) 

 𝑠 = √
1

𝑛−1
∑ [𝐷𝑖 − 𝐷̅]2𝑛

𝑖=1 , (25) 

where: tp(νdof) – Student's t-distribution coefficient for confi-

dence level p and degrees of freedom νdof , uc,i – combined stand-

ard uncertainty for measurement number i, n – number of meas-

urements in a series, ua – type A standard uncertainty, ub – sys-

tematic standard uncertainty, s – standard deviation, Di – i-th 

measured value. 

Errors resulting from the use of the input data (USPD) were 

determined based on the assumption that heat losses mainly de-

pend on the temperature difference between flue gas and air, as 

well as the insulation thickness and thermal conductivity coeffi-

cient. According to Żarnowski and Wiśniewski [29], the thermal 

conductivity coefficient of mineral wool insulation does not 

change significantly over time; therefore, this parameter was 

omitted in the analysis of uncertainties resulting from the use of 

input data. The heat flux density is directly proportional to the 

temperature difference between the flue gases and the air, and 

inversely proportional to the thickness of the insulation: 

 𝑄~
∆𝑇

𝛿
, (26) 

where: ∆T – temperature difference between flue gas and air, 

δ – insulation thickness. 

The uncertainty in the insulation thickness was assumed to 

be 3%, due to settlement, in accordance with the results of the 

study by Nagy et al. [30]. In the absence of measurement uncer-

tainty for the air temperature, which was measured by devices 

permanently installed in the heating plant, the total uncertainties 

of the temperature difference were determined only on the basis 

of the systematic and random errors of the flue gas temperature 

measurements. A value of approximately 1% was obtained for 

all measurements. The total uncertainty of the heat flux density 

resulting from the use of input data was determined in accord-

ance with the law of uncertainty propagation, assuming a linear 

relationship between the temperature difference, insulation 

thickness and heat losses. 

The GCI obtained in the grid independence analysis was 

adopted as the uncertainty of the numerical simulation (USN). 

When analysing the compliance of the numerical simulation 

results with the measurement data, a second method was em-

ployed to determine CV(RMSE) according to the following 

equations: 

 

Fig. 7. Comparison of simulation and experimental results. 
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 CV(RMSE) =
RMSE

𝐷̅
100, (27) 

 RMSE = √
1

𝑛
∑ (𝑆num − 𝐷𝑖)2𝑛

𝑖=1 , (28) 

where: CV(RMSE) – relative root mean square error, RMSE – 

root mean square error, i – measurement number in a single 

measurement series, n – number of measurements in a single 

measurement series. 

The validation results are presented in Fig. 8. With the ex-

ception of measurements 4 and 6 for the side wall, the compari-

son error E does not exceed the validation metric UV, proving 

that the numerical simulation results are consistent with the 

measurements within the accepted uncertainty limits. 

CV(RMSE) ranged from 7% to 22% for the bottom wall and 

from 9% to 36% for the side wall. These high percentage values 

result from the low absolute value of the measured heat flux and 

the variability of weather conditions during the experiment, 

which were averaged for each 10-min  measurement series. Sim-

ilar levels can be found in the literature. For example, Demanega 

et al. [31] calculated CV(RMSE) for heat losses from a build-

ing's window surface. The measurements were taken on cloud-

less days using heat flux sensors. Depending on the numerical 

model selected, the relative root mean square error ranged from 

16% to 38%. 

Figure 9 shows the heat flux density distributions across the 

bottom and side walls of the duct. It should be noted that the 

extreme values observed during the experiment do not coincide 

with the numerical extremes (see Fig. 7). Therefore, Fig. 9 pre-

sents the simulation results for the bottom wall measurement se-

ries, corresponding to both the numerical and experimental ex-

tremes (the latter being intermediate in the simulation). For all 

illustrated series, heat flux density on the bottom wall on the 

windward side is significantly lower. Regarding the side wall, 

a single simulation result is presented (for the series with the 

highest experimental heat flux density), which is sufficient to 

demonstrate that the heat flux density is distributed more evenly 

along its surface. The characteristic profile shape on the bottom 

wall remains consistent regardless of the heat flux density mag-

nitude (covering maximum, minimum and intermediate values). 

It confirms the robustness of the model in reproducibly captur-

ing the heat transfer patterns across all measurement series. 

The heat flux density distributions illustrate the result from 

the velocity field and wind streamlines shown in Fig. 10. After 

flowing into a channel-shaped obstacle, the air stream separates 

and changes direction, forming vortices that lead to a local de-

crease in convection intensity. In turn, the intensity of convec-

tion affects the air temperature around the duct, the field of 

which is presented in Fig. 11. Both figures refer to the series 

with the highest heat flux density, which was obtained in simu-

lations on the bottom wall. 

The nature of the wind flow described affects the variation 

in heat losses on the surface of individual walls and between 

them. Figure 12 illustrates the temperature field on the outer sur- 

 

Fig. 8. Validation consistency: a) validation metric (E/Uv),  

and b) relative root mean square error (CV(RMSE)). 

 

Fig. 9. Heat flux density (Q) across the bottom (B) and side (S) wall 

of the duct (wind reversal on the bottom wall opposite 

to the horizontal axis reversal). 

 

Fig. 10. Velocity field and air flow streamlines around the duct; 

right side of the illustration corresponds to the windward side 

(ANSYS CFD-Post 2024 R2). 
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faces of the bottom and side walls. As can be seen from the dif-

ference in surface temperature, heat losses on the leeward side 

of the side walls are lower than on the windward side. The side 

walls follow the typical trend of lower temperatures on the wind-

ward side. For the bottom wall, the temperature is higher on the 

windward side than on the leeward side. This phenomenon is 

attributed to the separation of the air stream at the leading edge 

and the formation of local flow disturbances, which reduce local 

heat transfer efficiency despite the windward orientation. 

Figure 13 shows the temperature field in the flue gas duct 

insulation. On the windward and bottom sides of the duct, the 

temperature of the insulation in contact with the outside air is 

significantly lower than on the top wall and leeward side. 

5. Summary and conclusions 

The article describes the process of validating a numerical 

model of the heat exchange between the flue gas flowing 

through the horizontal, rectangular duct of a heating plant and 

the surrounding air. The model considers the effects of wind and 

solar radiation. The computational domain includes both the 

duct and the surrounding airspace. This was defined based on 

guidelines for numerical simulations for buildings. 

The validation experiment was conducted under variable 

weather conditions, including cloud cover, air temperature and 

wind velocity. 

Validation was carried out for the bottom and side walls of 

the duct. This was analysed in two ways. The uncertainty-based 

method showed that, for almost all measurement series, the 

comparison error did not exceed the validation metric. In con-

trast, the second method, which did not take uncertainty into ac-

count, produced fairly high values of the relative mean square 

error coefficient: up to 22% for the bottom wall and 36% for the 

side wall. However, these values are comparable to those re-

ported in the literature, describing the experimental validation 

of models of external building elements exposed to rapidly 

changing weather conditions. It should be noted that heat losses 

measured with heat flux sensors are subject to high error due to 

rapidly changing intensity of solar radiation, wind velocity and 

wind direction. Nevertheless, they are a research tool that inter-

feres very little with the existing installation. 

The results obtained indicate that the developed numerical 

model can be used to analyse flue gas duct modernisation in or-

der to reduce heat losses from flue gases flowing through the 

duct in terms of the bottom and side walls. These analyses may 

include the actual sunlight conditions, as well as the wind veloc-

ity and temperatures at a given location.  
To summarise, the following specific conclusions were 

drawn from the research: 

‒ the upper wall was excluded from the validation process 

due to extreme heat flux fluctuations caused by direct solar 

exposure. A very high Pearson correlation coefficient (0.9) 

between the heat flux density and air temperature in direct 

sunlight confirmed that solar radiation dominated the ther-

mal signal, making these measurements unsuitable for re-

liable numerical comparison; 

‒ the validation showed a significantly higher discrepancy 

for the side walls compared to the bottom wall. This is at-

tributed to the high sensitivity of heat flux sensors to rapid 

solar radiation changes, which introduces measurement 

uncertainty that affects the final validation results for those 

surfaces; 

‒ the numerical model, utilising the k–ω SST turbulence 

model, correctly captured the well-known phenomenon of 

flow separation at the leading edge of the duct. The result-

ing vortices explain the specific heat flux density profile 

on the bottom wall observed in the simulations; 

‒ the numerical model demonstrated robustness, as the char-

acteristic shape of the heat flux density profile on the bot-

tom wall remained consistent across measurement series, 

 

Fig. 11. Air temperature field around the duct; right side 

of the illustration corresponds to the windward side 

(ANSYS CFD-Post 2024 R2). 

 

Fig. 12. Temperature field on the duct walls; right side 

of the illustration corresponds to the windward side 

(ANSYS CFD-Post 2024 R2). 

 

Fig. 13. Temperature field in the duct insulation; right side 

of the illustration corresponds to the windward side 

(ANSYS CFD-Post 2024 R2). 
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regardless of the heat flux density magnitude. This con-

firms that the model reproducibly captures the underlying 

heat transfer patterns under boundary conditions observed 

during the experiment. 

The study leads to the following general conclusions: 

‒ the use of heat flux sensors, while subject to environmental 

interference, is a non-invasive diagnostic method for large-

scale energy systems where operational continuity is re-

quired; 

‒ the application of an uncertainty-based validation approach 

(based on the E/UV ratio) is recommended for evaluating 

industrial models in uncontrolled environments (changing 

weather conditions), as it provides a more objective meas-

ure of accuracy than the standard error coefficient 

CV(RMSE), by accounting for experimental uncertainty; 

‒ the developed numerical model offers an important step 

towards making thermal insulation of ducts in district heat-

ing infrastructure adaptable to individual location and en-

vironmental conditions. 
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1. Introduction 

Modern technological demands related to efficient thermal en-

ergy management and the intensification of heat transfer pro-

cesses necessitate the optimisation of heat exchanger design. 

Small-sized heat exchangers represent a promising solution, as 

they provide a large heat transfer surface area while maintaining 

low mass and compact dimensions. Owing to their enhanced 

thermal efficiency and reduced size, such structures are widely 

used in electronic cooling systems, photovoltaic/thermal 

(PV/T) solar modules and server cooling applications. Ad-

vances in microchannel technology have led to the develop-

ment of high-performance liquid-cooling devices that offer 

significantly higher heat transfer coefficients than conven-

tional air-cooling systems and enabling further system minia-

turisation. 

The development of hybrid PV/T solar systems and the 

continuous improvement of their efficiency make effective 

thermal management a critical issue. Abdelrazik et al. [1] re-

viewed recent advances in PV/T technology,  including  various 

Co-published by 

Institute of Fluid-Flow Machinery 

Polish Academy of Sciences 

Committee on Thermodynamics and Combustion 

Polish Academy of Sciences 

 
Copyright©2026 by the Authors under licence CC BY-NC-ND 4.0 

 
http://www.imp.gda.pl/archives-of-thermodynamics/ 

Experimental investigation of flow boiling heat transfer  
in a minichannel heat exchanger with countercurrent  

hot and cold fluid circuits 

Kinga Strąka*, Dariusz Strąkb 

aKielce University of Technology, al. Tysiąclecia Państwa Polskiego 7, Kielce 25-314, Poland 
bIndependent Researcher, ul. Zagórska 72/1, Kielce 25-362, Poland 

*Corresponding author email: kzietala@tu.kielce.pl 

 

 

 

Vol. 47(2026), No. 3, 187‒197; doi: 10.24425/ather.2026.7517 

Cite this manuscript as: Strąk, K., & Strąk, D. (2026). Experimental investigation of flow boiling heat transfer in a minichannel heat 

exchanger with countercurrent hot and cold fluid circuits. Archives of Thermodynamics, 47(3), 187‒197. 

Received: 01.03.2026; revised: 12.06.2026; accepted: 30.06.2026 

Abstract 

This study presents a novel experimental investigation of flow boiling heat transfer in a minichannel module with simultane-
ous hot and cold fluid circuits. The novelty of the work lies in the analysis of a multilayer minichannel configuration with 
interacting hot and cold working fluids, enabling detailed evaluation of interfacial heat transfer mechanisms. Experiments 
were conducted in two groups of six parallel minichannels with rectangular cross-sections (1.5 mm depth, 20 mm width, and 
140 mm length, hydraulic diameter 2.77 mm), heated by a 1000 W halogen lamp. The system was tested under steady laminar 
countercurrent flow conditions at a heat flux of 6000 W/m2, with FC-72 fluid and distilled water mass flow rates of 0.006 kg/s 
and 0.0087 kg/s, respectively, and an inclination angle of 165°. The temperature of the outer copper plate surface was meas-
ured using an infrared camera. Local heat transfer coefficients were calculated using a one-dimensional computational ap-
proach at the heated plate – FC-72, FC-72 – central plate, central plate – water and water – closing plate interfaces. The results 
show the distributions of temperature and heat transfer coefficients along the channel length. An increase in the heat transfer 
coefficient was observed at the heated plate – FC-72 interface, whereas decreasing values were found at the remaining inter-
faces. The one-dimensional approach was validated using computational fluid dynamics simulations, showing a maximum 
discrepancy of 26.6% at the heated plate – FC-72 interface across all minichannels. These results offer insight into interfacial 
heat transfer in multilayer minichannel systems and support the design of compact, high-performance devices. 

Keywords: Countercurrent flow; Flow boiling; Heat transfer coefficient; Minichannel; Working fluids 
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Nomenclature 

A ‒ surface area, m2 

cp ‒ specific heat, J/(kg K) 

dh ‒ hydraulic diameter, m 

E ‒ the radiation intensity for the copper heated plate, W/m2 

k ‒ overall heat transfer coefficient, W/(m2 K) 

L ‒ length of the minichannel, m 

MRE – mean relative error 

p ‒ pressure, Pa 

q ‒ heat flux density, W/m2 

Q – heat flux, W  

Qm – mass flow rate, kg/s  

Re ‒ Reynolds number 

T – temperature, K  

x ‒ coordinates in the direction of flow, m 

 

Greek symbols 

α – heat transfer coefficient, W/(m2 K) 

 – thickness, depth, m 

 – difference 

 – emissivity coefficient 

 – thermal conductivity, W/(m K) 

 – kinematic viscosity, m2/s  

ρ – density, kg/m3 

 – surface tension, N/m 

 

Subscripts and Superscripts 

c ‒ closing plate 

Cu ‒ copper plate 

f ‒ fluid 

FC ‒ FC-72 fluid 

H ‒ heated plate 

in ‒ inlet 

IR ‒ infrared camera 

lin ‒ linear 

TC ‒ thermocouple  

out ‒ outlet 

s ‒ ambient 

w ‒ distilled water 

 

Abbreviations and Acronyms 

AM – additive manufacturing 

1D – one-dimensional 

CFD – computational fluid dynamics 

CHF – critical heat flux  

GCI – grid convergence index  

HTC  – heat transfer coefficient 

MCHS– microchannel heat sink 

PCM – phase change material 

PPMC– porous parallel minichannel 

PV/T – photovoltaic/thermal 

TIM – thermal interface material 

VOF – volume of fluid 

heat exchanger design solutions, and the application of nanoflu-

ids and phase change nanomaterials (nanoPCM) as alternatives 

to conventional cooling and thermal energy storage methods. 

The modified PV/T system reduced PV cell temperature by 

13°C, increased electrical efficiency from 10.5% to 11.9%, and 

improved thermal efficiency by approximately 9% compared to 

a conventional PV/T system. These findings highlight the effec-

tiveness of enhanced cooling and optimised heat collection tech-

niques. In [2], Dubey and Tiwari presented a mathematical 

model for a flat-plate collector, and the calculated results were 

compared with experimental data. The study demonstrated a sig-

nificant increase in instantaneous efficiency, from 33% to 64%, 

resulting from an increase in the glazing area. 

During research on flow boiling heat transfer, systems in 

which the working fluid flows through multiple parallel chan-

nels of small dimensions are of particular importance, as they 

enable an increase in heat flux density while simultaneously re-

ducing the volume of the heat exchanger, whether using mini- 

[3] or microchannels [3,4]. Kandlikar [3] highlighted the im-

portance of the configuration of single- and multichannel heat 

exchangers in determining heat transfer and pressure drop. Flow 

boiling in mini- and microchannels is characterised by isolated 

bubble, slug and annular flow regimes. In microchannels, nucle-

ating bubbles as small as 10–20 μm have been observed, while 

surface tension has been found to strongly influence flow behav-

iour. Significant pressure-drop fluctuations and flow reversals 

occur in multichannel evaporators. Heat transfer can be approx-

imated using conventional flow boiling correlations; however, 

flow instabilities and pressure drop oscillations remain insuffi-

ciently understood. Small diameter evaporators generally oper-

ate with higher acceptable pressure drops to achieve enhanced 

heat transfer performance. The intensification of flow boiling is 

also influenced by the available heat transfer area, fluid stagna-

tion zones, channel distribution and microchannel topology, as 

reported in the work of Lu et al. [4]. Optimisation of microchan-

nel heat sink (MCHS) geometry significantly improves thermal 

performance. Biomimetic channel designs maintain temperature 

differences below 2°C, while ribbed microchannels enhance 

heat transfer by about 50% compared to smooth rectangular 

channels. Triangular/trapezoidal cross-sections and triangular 

cavity structures exhibit the best thermal characteristics. Addi-

tionally, diamond/copper composites and nanofluids are prom-

ising solutions for further heat transfer enhancement. Harirchian 

and Garimella [5] presented the characteristics of two-phase 

flow structures and the enhancement of flow boiling heat trans-

fer of dielectric liquid FC-77 in parallel microchannels with 

widths ranging from 100 μm to 5850 μm. Experimental studies 

showed that channels of widths ≥ 400 μm exhibit conventional 

nucleate boiling over a wide range of heat fluxes. In contrast, 

smaller channels (< 400 μm) suppress wall bubble nucleation at 

relatively low heat fluxes, indicating a strong influence of chan-

nel size on flow boiling regimes and regime transitions. Mihai 

[6] discussed the analysis of the cooling process in micro- and 

nanochannels using a one-dimensional (1D) mathematical ap-

proach. The 1D approach simplifies analysis and is useful for 

determining effective heat transfer coefficients. The CPU cool-

ing systems showed that efficient heat removal depends strongly 

on channel geometry and the thermal interface material (TIM). 

Microscope analyses revealed micro/nanochannels in the TIM 

with widths of 0.01–0.05 μm and depths up to 1000 Å, which 
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can disrupt heat transfer and contribute to overheating. Experi-

mental studies also identified thermal expansion (‘pump-out’ ef-

fect) at the CPU–cooler interface, while surface roughness re-

mained largely unchanged with increasing temperature, indicat-

ing good thermal stability of the TIM. Studies reported in the 

article by Prończuk and Krzanowska [7] on a shell-and-tube heat 

exchanger with a minichannel system of 0.8 mm internal diam-

eter confirmed high heat transfer efficiency and highlighted the 

importance of precise pressure drop measurements. The transi-

tion from laminar to transitional flow was identified at a critical 

Reynolds number of Re = 1160. The authors developed a corre-

lation for the tested heat exchanger, which showed good agree-

ment with both the experimental data and correlations available 

in the literature. In contrast, Lan et al. [8] presented experimental 

studies of boiling heat transfer in a minichannel heat sink 

equipped with twisted tapes inducing swirling flow. The optimal 

configuration (twist ratio R = 3, tape length = 150 mm) reduced 

the wall superheat required for boiling onset by 34.4%, in-

creased the heat transfer coefficient by up to 80.9%, and de-

creased inlet pressure fluctuations by 44.4% compared with  

a plain minichannel. Additionally, longer twisted tapes gener-

ated stronger swirl flow and more effective heat transfer en-

hancement. Ye et al. [9] presented studies on flow boiling heat 

transfer of R134a refrigerant in open minichannels, both ordi-

nary and etched, at mass fluxes of 60.5–187.4 kg/(m2 s) and heat 

fluxes up to 151 kW/m2. The authors observed that surfaces with 

high nucleation site density exhibit the strongest hysteresis ef-

fect, leading to up to a 120% increase in the average heat transfer 

coefficient due to sequential activation of nucleation sites with 

increasing heat flux. Hysteresis is reduced in channels with lim-

ited nucleation sites or vapour backflow, and is influenced by 

inlet subcooling and mass flow rate. In the subsequent work, 

Yaghoubi et al. [10] analysed various geometric configurations 

of channels with rectangular side-wall cavities to enhance the 

R141b flow boiling heat transfer. The introduction of these cav-

ities led to a six-fold increase in the heat transfer coefficient 

compared to a plain channel. The cavities act as nucleation sites, 

reducing the onset of boiling and enhancing heat transfer in bub-

bly flow. However, in slug flow and near outlet regions, they 

may reduce HTC (heat transfer coefficient) due to higher wall 

temperatures. Ye et al. [11] investigated minichannels produced 

by additive manufacturing (AM) with microengineered surfaces 

for R134a flow boiling. These channels achieved a 210% in-

crease in heat transfer coefficient compared to conventionally 

machined channels, achieving values up to 54.9 kW/(m2 K). En-

hancement factors reached 2.5–3.0, confirming that engineered 

microstructures provide abundant nucleation sites and signifi-

cantly improve boiling heat transfer performance. Another type 

of surface enhancement was applied in integrated server cooling 

circuits during HFE-7100 flow boiling by Shang et al. [12]. Ra-

diators made of 6061 aluminium alloy with a hydraulic diameter 

of 2 mm were used, where etching created a porous parallel min-

ichannel (PPMC) structure. Such porous surfaces acted as effec-

tive nucleation sites and significantly reduced wall temperature 

(the maximum wall-temperature reduction reached 2.39% at 

181.4 kg/(m2 s) and ~70 kW/m2) during flow boiling. Titanium 

carbide nanowires with thicknesses of 4 µm and 12 µm were 

also employed to intensify flow boiling by Sun et al. [13]. The 

results showed that a nanowire surface of 12 µm thickness in-

creased the heat transfer coefficient by 19.84% under single-

phase flow, whereas a 4 µm nanowire surface increased the  

coefficient by 27.9% under two-phase flow conditions. Li  

et al. [14] examined flow stability during boiling in minichan-

nels with phase-separated configurations using porous mem-

branes for vapour–liquid separation. In tests with multiple-pore, 

phase-separated configurations, a 24.71% reduction in pressure 

drop was observed in two-phase flow compared to conventional 

poreless structures. Hsu et al. [15] employed minitubes with di-

ameters of 30 mm and 10 mm, featuring hydrophilic and hydro-

phobic surfaces, to enhance thermal efficiency during flow boil-

ing. The results showed that hydrophilic surfaces (5° contact an-

gle) significantly improved heat transfer performance, while hy-

drophobic surfaces (150° contact angle) stabilised the vapour 

layer, reducing overall pressure drop to 698.4 Pa and minimis-

ing fluctuations. 

Comprehensive reviews of the literature on heat transfer 

have been presented in studies [16,17]. Pereira et al. [16] sum-

marised active pool-boiling enhancement techniques beyond 

surface modification, including fluid additives, external fields, 

mechanical interventions and thermal-geometric optimisation. 

These methods aim to improve the heat transfer coefficient, in-

crease critical heat flux (CHF), and reduce boiling hysteresis. 

The review also highlights the lack of comprehensive datasets 

and standardised reporting, which limits the development of pre-

dictive models and practical cooling system designs. Etminan 

et al. [17] examined gas-liquid and liquid-liquid two-phase 

flows in microchannels, focusing on flow-regime transitions, 

liquid-film behaviour and pressure drop characteristics. The au-

thors highlighted the lack of a universal flow-regime classifica-

tion and emphasised the key role of liquid-film thickness and 

contact angle in determining flow patterns, pressure drop, and 

heat and mass transfer. Existing correlations for slug length, film 

thickness, and pressure drop are based on dimensionless num-

bers, flow rate ratios and thermophysical properties. 

In the previous study [18], a comparison between one-dimen-

sional and two-dimensional approaches for estimating the heat 

transfer coefficient was performed using the Trefftz method. The 

analysis was based on energy equations for the copper plate and 

FC-72, supported by appropriate boundary conditions. Experi-

ments were conducted on a test module with two rectangular min-

ichannels (1.5 mm×24 mm×240 mm). Although heat transfer in 

minichannel systems has been widely studied, few works com-

bine infrared heat flux measurements with CFD (computational 

fluid dynamics) validation for separate hot and cold channel 

groups. In this study, the heat transfer coefficient was determined 

experimentally for 12 minichannels (six hot and six cold) using  

a 1D approach and validated based on STAR-CCM+ simulations 

under countercurrent flow conditions [19]. 

The available data for the considered configuration remain 

limited in the literature, which highlights the need for dedicated 

experimental and numerical analysis. The main novelties of this 

study include: (i) a redesigned test module with two groups of 

minichannels and copper plates replacing previous materials 

(e.g. glass, solar cells, Haynes-230), (ii) channel dimensions of 
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140 mm×20 mm×1.5 mm (dh = 2.77 mm), (iii) heating of a cop-

per plate using a 1000 W halogen lamp, (iv) experiments at  

heat flux of 6000 W/m2 under countercurrent flow conditions  

at the hot channel (Qm,FC = 0.006 kg/s), cold channel  

(Qm,W = 0.0087 kg/s), and a 165° inclination, and (v) combined 

experimental, 1D analytical and CFD analysis of FC-72 refrig-

erant and distilled water flow in a steady-state multi-minichan-

nel system. 

This paper presents innovative experimental studies on flow 

boiling heat transfer of two working fluids: FC-72 in the hot 

minichannel circuit and distilled water in the cold minichannel 

circuit under subcooled boiling conditions. Temperature distri-

butions of the copper heated plate, the central copper plate, and 

the working fluids were measured at the inlets and outlets of 

both minichannel circuits. Local heat transfer coefficients at the 

interfaces between each partition of the working fluid plate were 

calculated using a one-dimensional computational approach 

based on the experimental data. Previous studies on flow boiling 

in minichannels have predominantly focused on heat exchangers 

with a single working fluid circuit. However, data on the heat 

transfer coefficients of individual partitions, as well as studies 

employing minichannel arrays with two fluid circuits (addition-

ally cooled with water), are lacking. The presented test module, 

featuring two countercurrent fluid circuits, has potential appli-

cations in cooling systems for high-performance computer pro-

cessors. 

2. Research stand and research procedure 

2.1. Research stand 

Figure 1 shows a schematic of the test rig with its main compo-

nents. The experimental setup comprises a test module with 

a group of minichannels (1), magnetic circulation pumps 

(2a,2b), pressure transmitter (3), heat exchangers (4a,4b), filters 

(5a,5b), electromagnetic flow metres (6a,6b) and air separators 

(7a,7b). The primary flow circuits consist of two closed circula-

tion loops for the working fluids: a low-boiling refrigerant 

FC-72 circuit (referred to as ‘hot’) and a distilled water circuit 

(referred to as ‘cold’). The output of magnetic circulation pumps 

(type GZD.Q57.JDS-B380 (BLDC), MICROPUMP INC., 

USA) was regulated using three-phase electric inverters. The 

main components of the measurement data acquisition system 

include an infrared camera (8), a data acquisition station (9), and 

a personal computer (10). The heat source for the copper heated 

plate consisted of two halogen lamps (11), and the illuminance 

on the heated plate was measured using a luxmeter (12). 

The key component of the test rig is the test module contain-

ing a group of rectangular minichannels (1), which share a com-

mon wall. This wall is a central copper plate with a thickness of 

0.5 mm. The dimensions of a single minichannel (from each of 

the two groups of six minichannels) are 1.5 mm in depth, 20 mm 

in width, and 140 mm in length. 

The outer walls of minichannels are formed by copper 

plates: a 3 mm thick heated plate and an outer plate, referred 

to as the module ‘closing’ plate, with a thickness of 0.5 mm. 

Figure 2 shows the characteristic dimensions of the test 

module. 

In one group of six minichannels (referred to as ‘hot’), the 

FC-72 refrigerant flows, and its outer wall is heated by halogen 

lamps (11 in Fig. 1). In the second group of six minichannels 

(referred to as ‘cold’), distilled water flows in the countercur-

rent direction. After exiting the channels, both working fluids 

are cooled with tap water via heat exchangers (4a and 4b in 

Fig. 1).  

The temperature of the heated outer surface of the copper 

plate was measured using a Flir E60 infrared camera. This sur-

face, which is in direct contact with the surrounding environ-

ment, was coated with a thin layer of black paint with a known 

emissivity of 0.97. The temperature of the central copper plate 

was measured point-wise at its ends on the side where the 

FC-72 fluid flows, using K-type thermocouples. The tempera-

tures of the working fluids (measured with K-type thermocou-

ples) and the pressures  (measured  with  pressure  transmitters)  

 

Fig. 1. Schematic of the test rig and its main components: 

1 – test module, 2a, 2b – magnetic circulation pump, 

3 – pressure transmitter, 4a, 4b – heat exchanger, 5a, 5b – filter, 

6a, 6b–- electromagnetic flowmeter, 7a, 7b – air separator, 

8 – infrared camera, 9 – data acquisition station, 

10 – personal computer, 11 – halogen lamp, 12 – luxmeter. 

  

Fig. 2. Characteristic dimensions of the test module: 

a) cross section, b) view from the heated plate side. 
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were recorded at the inlet and outlet of each minichannel 

group. 

Figure 3 shows views of the test rig and its main compo-

nents. The basic physicochemical properties of the low-boiling 

FC-72 refrigerant and distilled water are summarised in Ta-

ble 1. The specifications of the main components of the exper-

imental apparatus, along with the maximum measurement er-

rors, are provided in Table 2 and in [18,20,21]. 

2.2. Research procedure 

Prior to the main experimental investigations, several working 

fluids, including HFE-649 and FC-72, were examined in the hot  

channel. FC-72 was ultimately selected owing to its higher boil-

ing point, enhanced flow stability and greater volumetric heat 

capacity. An optimal channel configuration was subsequently 

defined, consisting of minichannels with a hydraulic diameter 

below 3 mm, with the channels distributed over the entire active 

area of the module. The working fluid flow rates were adjusted 

to ensure uniform coolant distribution across all channels and to 

achieve appropriate pressure conditions within the system. The 

higher the mass flow rates of the working fluids in both circuits, 

the greater the amount of heat removed from the solar cell, re-

sulting in a reduction of the cell temperature. The imposed heat 

flux was specified to be representative of realistic operating con-

ditions of the collector. An inclination angle of 165° was identi-

fied as optimal, representing a minor departure from the hori-

zontal configuration. Optimisation-related issues can be found 

in the literature [22–24]. 

After degassing the two flow circuits (hot and cold) and sta-

bilising the pressures and fluid flow rates, the heat flux supplied 

to the copper heated plate was gradually increased using two 

Table 1. Basic physicochemical properties of the FC-72 refrigerant 

and distilled water. 

Properties of the working fluids  
FC-72  

refrigerant 
Distilled  

water 

Boiling point temperature (K) 329 373 

Critical temperature (K) 722 647 

Kinematic viscosity (m2/s) 0.38×103 1.00×103 

Density (kg/m3) 1680.0 998.2 

Vapour pressure (Pa) 30.9×103 2.3×103 

Specific heat (J/(kg K)) 1100 4187 

Thermal conductivity (W/(m∙K)) 0.057 0.591 

Surface tension (N/m) 0.01 0.06 

 

 

Fig. 3. Views of the test rig and its main components at the test 

module position angled 165° from the horizontal: 1 – test module, 

2 – luxmeter, 3 – luxmeter probe, 4 – hot circuit vent valve, 

5 – aluminium heat shield, 6 – infrared camera, 7 – copper heat 

shield, 8 – infrared camera mounting bracket, 9 – solar panel, 

10 – magnetic circulation pump, 11 – heat exchangers, 

12 – electromagnetic flowmeter, 13 and 14 – pressure transducers. 

Table 2. Basic data of control and measurement equipment and sensors. 

Parameter 
Apparatus/ 
Measuring 

sensor 

Type/ 
Model, 
Manu-

facturer 

Measuring 
range 

Measure-
ment error 

Heated plate 
temperature 

Infrared 
camera 

E60, Flir 
20 – 120°C 
0 – 650°C 

±1 °C or 
±1% 

in the 
range 

0–120°C* 

Temperature 
at the inlet/ 
outlet of FC-72 
and distilled 
water; ambient 
temperature 

Thermo- 
couples 

Type K 
(221 b), 
Czaki 
Thermo-
Product 

–40 – 375°C 
1.5°C  

in the range 
–40–375°C* 

Pressure at the 
channel inlet/ 
outlet, atmos-
pheric pressure 

Pressure 
transmitter 

A-10, 
Wika 

0 – 2.5 bar 
0.5% of full 

scale* 

Mass flow rate 
of fluids 

Electroma-
gnetic mass 
flowmeter 

SM6004, 
IFM 

6 – 1500   kg/s 
±0.2% of  
reading* 

Light intensity Luxmeter 
OHM-
HD2102.1, 
Delta 

0 – 1999.9 

W/m2 
±0.02 W/m2 

or ± 2%* 

*According to the manufacturer's specifications. 
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halogen lamps. The lamps had a total power of 2000 W and were 

positioned 330 mm from the surface of the heated plate, at a 90° 

angle. The infrared (IR) camera was positioned at a 30° angle on 

the thermal shield on the left side of the test module. The exper-

iments were conducted under steady-state conditions for 3 min 

at various heat flux densities. Due to the extensive dataset ob-

tained, the results presented herein are limited to a representative 

case corresponding to a single heat flux density and the thermal 

and flow parameters listed in Table 3. 

Experimental data were recorded using DaqView software 

(version 9.1.35) in conjunction with the data acquisition station. 

Data corresponding to a heat flux density of 6000 W/m2 applied 

to the heated plate surface were selected for detailed analysis. 

All tests were performed with a constant mass flow rate in  

both minichannel circuits (hot, Qm,FC = 0.006 kg/s, and cold,  

Qm,w = 0.0087 kg/s) under laminar flow conditions with a slight 

overpressure (see Table 3). 

Throughout each experimental series, subcooled liquid en-

tered the minichannels and was heated as it flowed along the 

heated wall toward the outlet. The heat flux applied to the heated 

surface of the minichannel was gradually increased during the 

experiments. Consequently, the heat transfer regime evolved 

from single-phase forced convection at the lowest heat flux den-

sities to subcooled flow boiling at higher heat flux levels. In the 

subcooled boiling regime, the fluid layer adjacent to the heated 

surface reached locally superheated conditions, whereas the 

bulk liquid remained subcooled. As a result, a two-phase liquid–

vapour mixture was formed near the channel outlet and subse-

quently directed to an auxiliary heat exchanger (condenser), 

where the vapour phase was condensed. 

Due to the design of the heat exchanger integrated with the 

photovoltaic (PV) panel, direct observation of the two-phase 

flow structures was not feasible. Consequently, the identifica-

tion of boiling flow regimes was limited to inferences based on 

the available experimental data, and only the flow regimes likely 

to occur within the exchanger could be considered. 

 

 

3. One-dimensional approach 

This paper proposes a simplified one-dimensional (1D) compu-

tational approach, which considers heat flow in a single direc-

tion, perpendicular to both the fluid flow and the width of the 

minichannel. A linear temperature distribution along the mini-

channel is assumed under steady-state heat transfer through  

a flat wall, with only one direction of heat flow considered (per-

pendicular to the fluid flow and the minichannel width). Heat 

losses along the channel axis are assumed negligible, no internal 

heat sources are present, and the thermal conductivity is consid-

ered constant. To provide clarification, the heat flux is indicative 

of the conductive heat flux within the copper heated plate, as 

determined by the surface’s IR measurement. In our experiment, 

the copper plate (156 mm × 156 mm) was coated with a high-

emissivity paint ( = 0.97), and the measured radiation intensity 

from the heated plate was EIR = 6000 W/m2. The heat flux  

density was then estimated using the methodology presented  

in [19]: 

  q ≈
𝐸𝐼𝑅

 
, (1) 

where: EIR – radiation intensity of the copper heated plate, 

 – emissivity coefficient.  

The heat transfer coefficient 1 at the interface between the 

copper heated plate and the FC-72 refrigerant was determined 

based on the known temperature distribution of the outer surface 

of the heated plate, following the methodology of [18,20,21,25]: 

 𝛼1(𝑥) =
𝑞λH

λH(TH,IR(𝑥)−TFC,𝑙𝑖𝑛(𝑥)−q δH)
, (2) 

where: H – thickness of the heated plate, H – thermal conduc-

tivity of the heated plate, TH,IR(x) – surface temperature of the 

heated plate, TFC,lin(x) – the temperature of the FC-72 refrigerant, 

assumed to vary linearly from the inlet to the outlet of the mini-

channel, x – the distance from the minichannel inlet. 

The heat transfer coefficient 2 at the interface between the 

FC-72 refrigerant and the central copper plate was estimated us-

ing the formula, as in [18,20,21,25]: 

 𝛼2(𝑥) =
Q𝑚,FCcp,FC(𝑇𝐹𝐶,𝑖𝑛−𝑇𝐹𝐶,𝑜𝑢𝑡)

𝐴(𝑇𝐹𝐶,𝑙𝑖𝑛(𝑥)−𝑇𝐶𝑢,𝑙𝑖𝑛(𝑥))
, (3) 

where: A – surface area of the central plate, Qm,FC – mass flow 

rate of the FC-72 refrigerant, cp,FC – specific heat of FC-72, 

TCu,lin(x) – temperature of the central copper plate approximated 

linearly based on the known temperature recorded by two  

K-type thermocouples (TTC,1, TTC,2) located at the ends of the 

side of the copper plate on the FC-72 refrigerant side.  

Figure 4 shows a general schematic of the test module with 

minichannels, illustrating the adopted 1D approach for counter-

current flow. 

To determine the heat transfer coefficient at the interface be-

tween the central copper plate and distilled water, the relation-

ship for the overall heat transfer coefficient (k) was used: 

 
1

𝑘
=

1

𝛼1(𝑥)
+ 

1

𝛼2(𝑥)
+ 

𝛿𝐶𝑢

𝜆𝐶𝑢
+

1

𝛼3(𝑥)
, (4) 

Table 3. Experimental parameters and their ranges of variation. 

Experimental parameters 
Range of  
variation 

FC-72 refrigerant temperature, TFC (K) 298.46–300.95 

Distilled water temperature, TW (K) 290.45–291.95 

Surface temperature of the copper 
heated plate, TH,IR (K) 

299.75–306.95 

Temperature of the copper plate  
central to the minichannels, TCu (K) 

290.65–291.65 

Inlet pressure to the hot minichannel, 
pin (kPa) 

110–116 

Inlet pressure to the cold minichannel, 
pout (kPa) 

99.1–104 

Mass flow rate for the hot channel, 
Qm,FC (kg/s) 

0.006 

Mass flow rate for the cold channel, 
Qm,W (kg/s) 

0.0087 

Heat flux density, q (kW/m²) 6 
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where Cu is the central plate thickness and Cu is the thermal 

conductivity of the central plate. The overall heat transfer coef-

ficient was calculated for countercurrent flow, similarly to 

[19,26]: 

 𝑘 =
𝑄𝐹𝐶+𝑄𝑤

2𝐴 ∆𝑇
, (5) 

where T denotes the logarithmic mean temperature difference 

of the liquids, and Q stands for the heat flux transferred to/from 

the medium. The heat transfer coefficient 3 at the interface be-

tween the central copper plate and the distilled water was deter-

mined according to the methodology applied in [19–21]: 

 𝛼3(𝑥) = [
1

𝑘
 –  

1

𝛼1(𝑥)
 –  

1

𝛼2(𝑥)
 – 𝛿𝐶𝑢

1

𝜆𝐶𝑢
 ]
−1

. (6) 

Finally, the heat transfer coefficient 4 at the distilled water–

copper plate was estimated, following the procedures presented 

in [19,21]:  

 𝛼4(𝑥)= ‒ [
1

𝛼1(𝑥)
+

1

𝛼2(𝑥)
+ 𝛿𝐶𝑢

1

𝜆𝐶𝑢
−

1

𝑘
+

1

𝛼3(𝑥)
]

‒1

. (7) 

The mean relative error (MRE) of the heat transfer coeffi-

cient 1 (at the interface between the copper heated plate and the 

FC-72 refrigerant) using a one-dimensional approach was deter-

mined from the formula [18]: 

MRE =

√
  
  
  
  
  

(
𝜕𝛼(𝑥)

𝜕𝑞
∆𝑞)

2

+ (
𝜕𝛼(𝑥)

𝜕𝑇𝐻,𝐼𝑅
∆𝑇𝐻,𝐼𝑅(𝑥))

2

+

+(
𝜕𝛼(𝑥)

𝜕𝑇𝐹𝐶,𝑙_𝑖𝑛
∆𝑇𝐹𝐶,𝑙_𝑖𝑛(𝑥))

2

+ (
𝜕𝛼(𝑥)

𝜕𝑇𝜆𝐻
∆𝜆𝐻)

2

+ (
𝜕𝛼(𝑥)

𝜕𝑇𝜆𝐻
∆𝛿𝐻)

2
. (8) 

Furthermore, the individual contributions to the mean rela-

tive error of the calculated heat transfer coefficient are presented 

below: 

 heated plate surface temperature measured  

by an IR camera, ∆TH,IR (x) = 1.0 K;  

 fluid temperature measured by a thermocouple,  

∆TFC,lin(x) = 0.34 K; 

 thermal conductivity of the heated plate 

λH = 0.1 W/(m·K); 

 thickness of the heated plate, δH = 5×10−5 m. 

The estimated total measurement error was 2% for the heat 

flux density (q), and the mean relative error was 14.53% for the 

heat transfer coefficient (MRE). 

The mean relative errors in the 1D approach were low and 

showed decreasing values with increasing heat flux supplied to 

the heated plate. As reported by Piasecka et al. [18], the maxi-

mum mean relative error of the heat transfer coefficient was 

12.93% and occurred at the lowest applied heat flux density 

q = 12.26 kW/m2. For the same operating conditions, the mean 

relative error associated with the heat flux density was signif-

icantly lower, reaching only 1.41%. 

4. Results 

4.1. Results of one-dimensional approach 

Based on the experimental data, the surface temperature of the 

copper heated plate was analysed under laboratory conditions at 

an ambient temperature of 26°C, a relative humidity of 34% and 

an atmospheric pressure of 1017 hPa. A luxmeter was used to 

measure the illuminance on the surface of the heated plate. 

Figure 5 shows a thermogram of the outer surface of the cop-

per heated plate, captured using a Flir E60 infrared camera, for 

a heat flux density of 6000 W/m2, with the test module inclined at 

165° to the horizontal. The six lines marked in the figure (#1 to 

#6) correspond to the central axes of each of the six minichannels. 

On the outer surface of the copper heated plate, the highest 

temperature was recorded at the outlet section (33.8°C), while 

the lowest temperature (19.4°C) was observed near the inlet of 

the minichannels. The temperature distribution across the indi-

vidual layers of the module, as a function of the distance from 

the minichannel inlet for the six channels (#1 to #6), is presented 

in Figs. 6 and 7. 

The temperature of the individual layers of the module in-

creased with the distance from the minichannel inlet. The high-

est temperatures on the surface of the copper heated plate were 

observed in the centrally located channels (Fig. 6a, channels #3 

and #4), reaching approximately 33.8°C, while the lowest tem-

peratures occurred near the side walls (Fig. 6a, channel #1). In 

the FC-72 minichannels (Fig. 6b), on the central copper plate 

 

Fig. 4. General schematic of the test module with 

minichannels, illustrating the one-dimensional 

approach for countercurrent flow. 

 

Fig. 5. Thermogram of the copper heated plate surface obtained 

from a Flir E60 infrared camera for a heat flux density  

of 6000  W/m2, module orientation 165°. 
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(Fig. 7a) and in the distilled water minichannels (Fig. 7b), the 

temperature increased approximately linearly with the distance 

from the channel inlet. The highest temperatures were consist-

ently observed in the central channels (Figs. 6b and 7, channels 

#3 and #4), with maximum values of 27.8°C (Fig. 6b), 18.4°C 

(Fig. 7a), and 18.7°C (Fig. 7b).  

Figures 8 and 9 present the distributions of local heat transfer 

coefficients as a function of the distance from the minichannel 

inlet for a selected heat flux density, corresponding to the exper-

imental parameters listed in Table 3. The coefficients were cal-

culated using the proposed one-dimensional computational ap-

proach at the interfaces of the individual layers: 

• copper heated plate – FC-72 refrigerant (Fig. 8a), 

• FC-72 refrigerant – central copper plate (Fig. 8b), 

• central copper plate – distilled water (Fig. 9a), 

• distilled water – closing copper plate (Fig. 9b). 

The local heat transfer coefficient α1 at the interface between 

the copper heated plate and the FC-72 refrigerant exhibited in-

creasing values from one-third of the distance from the inlet to-

ward the channel outlet. The highest value, 1.6 kW/(m2 K), was 

observed at the channel outlet near the side walls (Fig. 8a, chan-

nel #1), corresponding to the location where the lowest temper-

ature was recorded (Fig. 6a). The remaining coefficients from α2 

to α4, representing the interfaces FC-72 refrigerant – central cop-

per plate, central copper plate – distilled water, and distilled wa-

ter – closing plate, respectively, showed decreasing values from 

the inlet to the outlet of the minichannel. This behaviour is likely 

related to an increase in the local temperature of the central plate 

in this region. The highest values of heat transfer coefficients  

at the channel entrances were approximately 1.55 kW/(m2 K) 

(Fig. 8, channels #2, #4 and #6), while a maximum of  

1.58 kW/(m2 K) was obtained at the channel exit (Fig. 8a, chan-

nel #1). 

Halogen lamps generate a heat flux that unevenly heats the 

upper surface of the copper plate (Fig. 5). Copper, as a material 

with high thermal conductivity (400 W/(m·K)), effectively dis-

tributes heat throughout the entire surface of the heated plate. In 

the vicinity of the central channels (Fig. 5, channels #3 and #4), 

local overheating of the heated plate wall occurs. 

 

Fig. 6. Temperature distribution across the individual layers 

of the module as a function of distance from the minichannel 

inlet for six channels (marked #1 to #6): (a) on the surface 

of the heated plate, and (b) within the minichannels 

with FC-72 refrigerant. 

 

Fig. 7. Temperature distribution across the individual layers 

of the module as a function of distance from the minichannel 

inlet for six channels (marked #1 to #6): (a) on the central 

plate, and (b) within the minichannels with distilled water. 

 

Fig. 8. Heat transfer coefficient as a function of distance from 

the minichannel inlet for six channels (marked #1 to #6) deter-

mined using the 1D approach at the interfaces: a) copper heated 

plate – FC-72 refrigerant, b) FC-72 refrigerant – copper central 

plate; heat flux density 6000 W/m2, module inclined at 165°. 
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The FC-72 refrigerant, characterised by a low boiling point, 

undergoes intense heating already at the channel inlet, particu- 

larly in the central minichannels, where local subcooled boiling 

occurs. In these central channels (Fig. 5, channels #3 and #4), 

the onset of subcooled boiling is observed in the outlet sections, 

accompanied by an increase in the heat transfer coefficient 1, 

reaching values of 0.8–1.6 kW/(m2 K), and a corresponding rise 

in temperature toward the channel outlet. 

Minichannels near the side walls (Fig. 6a, #1 and #5) exhibit 

lower surface temperatures on the heated plate, yet they present 

the highest local values of 1  at the interface between the heated 

plate and the FC-72 refrigerant (Fig. 8a). The countercurrent 

flow of the working fluids amplifies the local temperature dif-

ference in the central plate, further enhancing the heat transfer 

process. 

The central copper plate serves as a thermal bridge between 

the two working fluid circuits, maintaining an average tempera-

ture of approximately 18.5°C (Fig. 7a). Distilled water acts as 

the cooling medium, removing heat from the central plate. In 

this closed system, subcooled boiling occurs on the FC-72 side 

of the central plate, while forced single-phase convection domi-

nates on the water side. 

The local subcooled boiling may have occurred at the chan-

nel walls, particularly within the adjacent near-wall boundary 

layer. The liquid in the vicinity of the heated surface reached 

a superheated state, whereas the bulk fluid remained subcooled 

(in the hot minichannel with FC-72). In the cold minichannel, 

heat transfer was governed exclusively by single-phase convec-

tion, leading to low temperature gradients between the channel 

wall and the distilled water. 

Consistent with findings reported in the literature [28] for 

flow boiling in small channels, forced convection boiling is pri-

marily governed by mass flux and vapour quality, whereas nu-

cleate boiling is mainly influenced by heat flux and saturation 

pressure. Furthermore, nucleate boiling was identified as the 

dominant heat transfer mechanism throughout the investigated 

heat flux range. 

4.2. Validation of the proposed 1D approach against 

STAR-CCM+ simulations 

The experimental results were validated through comparison 

with the corresponding CFD predictions. Numerical simulations 

were conducted using Simcenter STAR-CCM+ (version 

2020.2.1, Build 15.04.010) on a workstation equipped with two 

Intel Xeon E5-2698v4 processors (40 cores total, 3.6 GHz) and 

128 GB of RAM. Additionally, the quality of the computational 

meshes used in the numerical analysis was assessed. Mesh con-

vergence and discretisation errors were evaluated using the grid 

convergence index (GCI) method, following the procedure and 

boundary conditions described in [19]. A multiphase volume of 

fluid (VOF) model was employed to simulate the flow of im-

miscible fluids and track the phase interface. The governing 

equations for fluid flow and heat transfer were adopted from 

[19]. Mesh quality was assessed using the GCI method for three 

base mesh sizes (2, 3 and 5 mm). The obtained GCI values 

(0.14% for the fine mesh and 0.35% for the coarse mesh) con-

firmed mesh convergence and solution reliability. Therefore, the 

5 mm mesh was adopted for subsequent simulations, with an es-

timated discretisation error below 1%. 

A comparison of the heat transfer coefficient values obtained 

using the 1D approach and STAR-CCM+ simulations was con-

ducted for a representative case, involving the heat transfer co-

efficient α1 (at the interface between the copper heated plate and 

the FC-72 refrigerant), at a heat flux density of 6000 W/m2. Fig-

ure 10 shows the maximum relative differences between α1 val-

ues calculated using Eq. (2) and the corresponding values deter-

mined from STAR-CCM+ simulations. The results indicate that 

the highest maximum relative differences in the heat transfer co-

efficient were observed for minichannels #3 and #6, reaching 

30%, whereas the lowest value was recorded for minichannel #1 

(19.5%). Furthermore, the average of the maximum relative dif-

ferences across all minichannels was found to be 26.6%.  

 

Fig. 9. Heat transfer coefficient as a function of distance from 

the minichannel inlet for six channels (marked #1 to #6 ) deter-

mined using the 1D approach at the interfaces: a) copper cen-

tral plate – distilled water, b) distilled water – closing plate; 

heat flux density 6000 W/m2, module inclined at 165°. 

 

Fig. 10. Maximum relative differences between the values of 

heat transfer coefficient α1, calculated using Eq. (2) and those 

obtained from STAR-CCM+ simulations, based on the average 

across all minichannels at a heat flux density of 6000 W/m2. 
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The heat transfer coefficient at the interface between the 

heated copper plate and the FC-72 refrigerant (α1) exhibited the 

highest maximum relative differences compared to the other cal-

culated heat transfer coefficients (α2 – α4). Similar values were 

reported in a previous study [19], where the highest maximum 

relative difference was also observed for α1 at a medium heat 

flux density of 2000 W/m2, reaching 35.7%. These discrepan-

cies can be attributed primarily to the limitations of the one-di-

mensional approach, which relies on spatially averaged param-

eters and does not capture local variations in velocity and tem-

perature fields within the near-wall region. In contrast, the CFD 

approach resolves three-dimensional flow structures, including 

boundary layer development and local thermal non-uniformi-

ties, which play a significant role in heat transfer within mini-

channels. 

An additional source of discrepancy may be the occurrence 

of localised subcooled boiling in the hot minichannel, which can 

enhance heat transfer through intermittent bubble nucleation and 

collapse. Such phenomena are not represented in the 1D ap-

proach. Nevertheless, the cold minichannel remains within the 

single-phase forced convection regime. 

Further discrepancies may also arise from model idealisa-

tions, including the simplified treatment of inlet and outlet re-

gions, neglect of surface roughness, manufacturing tolerances 

and local flow non-uniformities. Moreover, the CFD simula-

tions assumed idealised thermophysical properties and steady-

state operating conditions, whereas the experimental system 

may experience local fluctuations and unavoidable external heat 

losses. 

A grid independence study confirmed mesh adequacy, with 

variations below 1%. CFD results were extracted along the 

channel centreline to ensure direct comparison with the 1D ap-

proach and experimental data. 

The present findings are in agreement with results reported 

by other authors [28], confirming that channel geometry and 

flow arrangement strongly influence fluid flow and heat transfer 

in minichannel systems. The referenced study combined exper-

imental measurements with CFD simulations to investigate fluid 

flow in mini cooling channels. 

5. Conclusions 

The main conclusions of this study can be summarised as fol-

lows: 

 Experimental investigations were conducted on a counter-

current minichannel heat exchanger consisting of two 

groups of six rectangular minichannels carrying FC-72 re-

frigerant and distilled water. A heat flux density of 

6000 W/m2 was supplied to the heated copper wall. The 

test module consisted of twelve parallel rectangular mini-

channels, separated by a central copper plate, and inclined 

at 165° to the horizontal. 

 A simplified one-dimensional approach was developed to 

determine local heat transfer coefficients at the interfaces: 

the copper heated plate – FC-72 refrigerant, FC-72 refrig-

erant – central copper plate, central copper plate – distilled 

water, and distilled water – closing plate. 

 The results demonstrated a progressive increase in temper-

ature along the flow direction in all regions of the heat ex-

changer. The local heat transfer coefficient increased at the 

heated plate – FC-72 interface and decreased at the remain-

ing interfaces along the heat transfer path. 

 The results indicate the likely occurrence of local sub-

cooled boiling in the FC-72 minichannels, while heat trans-

fer in the water minichannels remained within the single-

phase forced convection regime. 

 Validation of the one-dimensional approach against CFD 

simulations showed satisfactory agreement (average dis-

crepancy of 26.6% across all analysed minichannels). The 

observed differences were mainly associated with model 

simplifications and local flow and heat transfer phenomena 

that cannot be fully represented by the one-dimensional ap-

proach. 

 The application of a copper heated plate ensured effective 

heat spreading within the module, while the use of parallel 

minichannels increased the heat transfer area and intensi-

fied heat exchange processes. 

 The proposed heat exchanger configuration shows poten-

tial for thermal management systems and photovoltaic–

thermal applications, where efficient cooling and heat re-

covery are required. 
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1. Introduction 

Many industries, including power generation, chemicals, petro-

chemicals and agriculture produce, store and transport numerous 

hazardous substances. If mishandled or if there is a failure of the 

installation components, their properties can pose a significant 

hazard to people and the environment. 

Ammonia, produced globally on a large scale, belongs to 

such hazardous substances. It is a key product in the production 

of fertilisers, and it is also used in the food industry and refrig-

eration. Research is also being pursued on the use of ammonia 

as a fuel for engines and gas turbines. Indeed, considering its 

properties, ammonia is viewed as an alternative and emission-

free future fuel that does not emit carbon dioxide during com-

bustion. It can therefore be a good substitute for hydrocarbon 

fuels. The research on the use of ammonia as a potential fuel or 

as an additive to other fuels is currently the subject of many sci-

entific publications. 

In [1], the authors present a comprehensive review of ammo-

nia as a fuel. The paper presents the principles of combustion 

reactions of ammonia and discusses their implications for prac-

tical energy applications, thereby supporting the development of 

ammonia as a carbon-free emission fuel. In [2], the authors re-

view the use of ammonia as an alternative fuel in internal com-

bustion engines, with a perspective on the future of possible ap-

plications and practical solutions to related problems. The main 

Safety aspects of the use of ammonia  
and an ammonia-hydrogen mixture 

Katarzyna Stolecka-Antczak*, Andrzej Rusin 

Silesian University of Technology, Department of Power Engineering and Turbomachinery, Konarskiego 18, 44-100 Gliwice, Poland 
*Corresponding author email: katarzyna.stolecka-antczak@polsl.pl 

 

Received: 27.05.2026; revised: 23.07.2026; accepted: 10.09.2026 

Abstract 

Ammonia is a well-established raw material in the chemical industry. Among others, it is used to produce fertilisers, syn-
thetic fibres or drugs. Ammonia is also used as a refrigerant, and it is viewed as a future fuel in the power industry. Tech-
nologies for its combustion in a mixture with hydrogen or methane (natural gas) are also being developed. The widespread 
use of ammonia involves the need for its transportation and storage. Both these processes are affected by its physical and 
chemical properties because ammonia is a toxic and flammable substance. The paper presents an analysis of the hazards 
posed by an uncontrolled leakage of ammonia and its mixture with hydrogen from a 10 m3 tank. The range of hazard zones 
due to the toxic effects of ammonia is a few dozen metres. In the case of ammonia-hydrogen mixtures, a fire hazard appears, 
and the range of hazard zones due to thermal radiation is several metres. The total risk presented by an uncontrolled release 
of ammonia-hydrogen mixtures stored in 10 m3 tanks is 107 and occurs in an area of up to 40 m. 

Keywords: Ammonia; Hazards; Ammonia-hydrogen mixture; Risk 

Vol. 47(2026), No. 3, 199‒211; doi: 10.24425/ather.2026.7518 

Cite this manuscript as: Stolecka-Antczak, K., & Rusin, A. (2026). Safety aspects of the use of ammonia and an ammonia-hydrogen 

mixture. Archives of Thermodynamics, 47(3), 199‒211. 

Co-published by 

Institute of Fluid-Flow Machinery 

Polish Academy of Sciences 

Committee on Thermodynamics and Combustion 

Polish Academy of Sciences 

 
Copyright©2026 by the Authors under licence CC BY-NC-ND 4.0 

 
http://www.imp.gda.pl/archives-of-thermodynamics/ 

http://www.imp.gda.pl/archives-of-thermodynamics/


Stolecka-Antczak K., Rusin A. 
 

200 
 

goal of the authors of [3] was to show potential alternative fuels 

within their applications and present prospective alternative 

routes for their production. Chemicals like hydrogen and ammo-

nia were tested as an alternative fuel for utilisation technologies. 

The objective in [4] was to show the prospects and challenges 

of ammonia as a fuel and suggest significant topics that could 

benefit from additional studies. The authors of [5] systemati-

cally summarise the fundamentals of ammonia-based combus-

tion and its practical application. The comparative study pre-

sented in [6], based on a selected design, summarises the oper-

ating principles, together with the advantages and disadvantages 

of direct ammonia fuel cells. A model of a direct ammonia-fed 

solid oxide fuel cell was presented in [7]. The effect of selected 

parameters on the cell’s efficiency was also studied in the paper. 

In [8], the authors provide a review of ammonia applications in 

various fields, including energy systems, fuel cells, gas turbines 

and propulsion technologies. These studies discuss the use of 

ammonia as a fuel in industrial applications, highlighting its po-

tential as well as the challenges associated with its various ap-

plication methods. The presented analyses indicate that ammo-

nia combustion is a challenging process, primarily due to its low 

reactivity, which results in a low laminar burning velocity. Other 

limitations also include high ignition energy and combustion in-

stability. To improve the process characteristics, mixtures of 

ammonia with flammable gases, such as methane and hydrogen, 

are used. The process of co-combustion of ammonia with other 

fuels is therefore also the subject of extensive research and anal-

ysis. In [9], the structure of hydrogen and ammonia flames and 

their combustion mechanisms were investigated. A comprehen-

sive summary and review of research progress on the combus-

tion characteristics and reaction mechanisms of ammonia and 

ammonia-hydrogen mixtures is presented in [10]. In [11], a nu-

merical analysis of the combustion of ammonia-hydrocarbon 

mixtures under high-pressure dual-fuel conditions in large en-

gines is presented. It was shown that mixtures of methanol and 

ammonia improve ignition stability and reduce the risk of exces-

sive post-injection after burning. Experimental studies on an en-

gine fuelled with diesel and 40% ammonia by energy fraction 

are presented in [12]. In subsequent stages, ammonia was grad-

ually replaced with hydrogen, up to 28% by energy fraction. The 

effect of adding hydrogen to ammonia on combustion character-

istics and stability was investigated. Experimental studies of the 

non-premixed gas turbine model combustor using ammonia fuel 

or fuel mixtures were presented in [13].  

The widespread use of ammonia, which is a toxic and flam-

mable substance, also involves an increasing number of acci-

dents triggered by its uncontrolled release [14]. The spread of an 

ammonia cloud depends on the physical properties of the com-

pound, the source of the release and the atmospheric environ-

ment. Ammonia vapours are flammable in the air, but they catch 

fire with difficulty, among others, due to their high minimum 

ignition energy. An explosion of ammonia vapours, on the other 

hand, occurs primarily in confined spaces (buildings). The haz-

ard related to the spreading of a cloud of ammonia, in addition 

to the fire hazard, results from its toxicity. In the range of lower 

concentrations, the gas causes irritation, whereas at higher con-

centrations, it can cause death [15]. Recent studies based on 

computational fluid dynamics (CFD) have investigated ammo-

nia leakage and dispersion in confined and semi-confined indus-

trial environments. In [16], the authors analysed ammonia dis-

persion in closed industrial engine rooms with forced ventilation 

and demonstrated that ventilation configuration and obstacle 

distribution strongly influence ammonia accumulation and haz-

ardous zones. An analysis of the effects of ammonia release is 

also presented in [17]. The authors analyse the hazard zones for 

various ammonia release scenarios and the influence of selected 

conditions on the range of impact. The fire-related and toxic 

consequences of a failure of major equipment and facilities in-

tended for ammonia production are worked out in [18]. In the 

article [19], based on existing calculation formulas of the prob-

ability of explosion risk, analyses were performed in which the 

influence of the position and height of spatial obstacles and the 

time of the flammable refrigerant leak on the distribution of the 

flammable refrigerant concentration was fully considered. 

In the paper [20], a comprehensive review of existing re-

search on hydrogen and ammonia diffusion processes and ex-

plosion mechanisms is made. Prevention and detection tech-

niques are discussed, providing theoretical support for the effec-

tive development of an energy system using hydrogen and am-

monia. In the paper [21], a series of experiments conducted 

within a standard 20-L spherical combustion chamber to inves-

tigate the explosion characteristics of ammonia/hydrogen/air 

premixed gases under diverse conditions, spanning from low to 

high pressures (0.02–0.3 MPa) and from fuel-lean to fuel-rich 

scenarios (0.7–1.5), are discussed. The results reveal that the ex-

plosion characteristics are pronouncedly enhanced by hydrogen 

addition. Hydrogen addition remarkably increases the hydrody-

namic instability and thermal-diffusion instability of the reactive 

mixture, enhances the thermal-mass diffusion on the flame front, 

and promotes flame deformation and cellular structure for-

mation, resulting in an improvement of the flame propagation 

and compression effect on the unburnt reactant before the flame. 

In turn, the influence of variable ammonia concentrations on the 

self-ignition of hydrogen under high pressure during accidental 

release into a pipe is presented in [22]. Among other things, it 

was noted that as NH3 concentration increases, the intensity and 

speed of shock-wave propagation within the pipe decrease. In 

[23], the authors analysed the explosion behaviour of ammonia, 

hydrogen and air mixtures in a closed duct. Both experiments 

and CFD modelling were used to reproduce, among other as-

pects, flame dynamics. The study focused on explosion param-

eters such as flame structure, flame propagation velocity, and 

overpressure. It was shown that when the ammonia blending ra-

tio in the fuel ranged from 25% to 50%, the premixed flame un-

derwent four distinct stages. It was also found that increasing the 

ammonia blending ratio in the fuel can significantly alter the ex-

plosion behaviour. The work [24] explores the flame evolution 

and pressure dynamics of NH3/H2/air mixtures in a closed duct. 

Flame instability parameters were calculated, and the 

NH3/H2/air flames on flame propagation were also assessed. Nu-

merical studies of the characteristics of the ammonia, hydrogen 

and air flame in a micro combustor are presented in [25]. The 

effects of adding N2 and CO2 on the explosion behaviour of pre-

mixed hydrogen/ammonia/air mixtures were investigated in [26] 
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through experiments and analysis of reaction kinetics. The ef-

fects of N2 and CO2 on the evolution of the flame structure, 

flame front speed, pressure and reaction kinetics were analysed. 

The results indicated that increasing the hydrogen fraction in the 

fuel can accelerate the premixed flame, leading to higher flame 

front speeds and increased pressure. Conversely, the addition of 

N2 and CO2 has a suppressive effect.  

Regardless of the application of ammonia and its mixtures 

with hydrocarbons, the safety of processes related to its produc-

tion, storage and transport remains a significant issue. The au-

thors of numerous publications note that due to its toxicity, flam-

mability and the risk of explosions and leaks, ammonia requires 

a detailed hazard analysis and risk assessment. In [27], the au-

thors presented an overview of current regulations and potential 

technologies proving the safety of the ammonia bunkering pro-

cess. They also highlighted the critical issue of determining 

safety distances from the release site in order to minimise the 

consequences of hazardous events. The effect of ammonia on 

human health in the event of a release during a ship collision is 

discussed in [28]. The analyses included various release scenar-

ios and types of storage tanks. The study showed, among other 

things, that semi-pressurised tanks may pose a higher toxic risk 

than refrigerated tanks, and that the use of water curtains and 

spill containment systems can significantly reduce the environ-

mental impact of an accident. 

This article presents an analysis of the hazards and risks as-

sociated with the uncontrolled release of ammonia and its mix-

tures with hydrogen, supplementing issues related to the safety 

of the processes using this type of fuel. Many studies indicate 

that adding hydrogen to ammonia improves combustion param-

eters, including flame propagation speed and reaction stability, 

making ammonia-hydrogen mixtures a promising direction for 

research into low-emission fuels and energy carriers. It should 

be emphasised, however, that both ammonia and hydrogen are 

hazardous substances, which implies the need for comprehen-

sive process safety analyses as an integral part of research on 

their practical application. This study considers scenarios in-

volving the release of ammonia in a gaseous state. The effect of 

the composition of the mixtures on the size of the hazard zones 

arising due to the toxic effects of ammonia, as well as to the 

impact of heat flux resulting from a fire of the mixtures, was 

studied. The novel aspect of this study is the integrated assess-

ment of the consequences and risks related to the uncontrolled 

release of ammonia and mixtures of ammonia and hydrogen. 

The proposed approach combines modelling of the impact, in-

cluding the determination of toxic and thermal hazard zones, 

with a quantitative risk assessment based on the probability of 

tank failure. The analysis allows for a comparison of safety lev-

els related to the storage of ammonia and ammonia-hydrogen 

mixtures with varying proportions of the two gases. 

2. Use of ammonia 

Ammonia is used primarily as a fertiliser in agriculture. This is 

due to its rapid reaction with clay particles or organic matter and 

hydrogen ions. Other industries using ammonia include pharma-

ceuticals, food production and storage, metallurgical processes, 

pulp and paper production and textiles [29]. Ammonia is also 

used as a refrigerant, with benefits such as high efficiency, lower 

costs or no interaction with the ozone layer [30]. Moreover, am-

monia has better heat transfer properties compared to other 

chemical refrigerants, which makes it possible to use devices 

with a smaller surface area [31]. 

There is also a chance of a wider use of ammonia in the 

power industry. It is expected that by applying the catalytic com-

bustion method, it will be possible to burn ammonia at a lower 

temperature without emitting unnecessary pollutants. The high 

temperature of ammonia combustion favours the formation of 

nitrogen oxides, which are harmful to the environment.  

Ammonia can be used as a fuel in various types of internal 

combustion engines, gas turbines and direct fuel cells, which is 

a significant advantage over other types of fuel. Using ammonia 

as a fuel, there will be no CO2 or SOx emissions. No soot will be 

produced either [30]. Fig. 1 presents the ways of using ammonia 

in industry for different types of generators. Ammonia can be 

used, for example, in spark-ignited ICEs, diesel ICEs with H2, 

combustion turbines, ICEs powered with petrol or an ethanol 

mixture, transformed biogas generators and direct ammonia fuel 

cells [32]. 

Current research results indicate that ammonia has great po-

tential to be used as a primary fuel in spark-ignition engines. The 

use of ammonia in an internal combustion engine may cause in-

creased NOx emissions compared to gasoline. The main problem 

with this use of ammonia is also the fact that its ignition energy 

is approximately 16 times higher compared to hydrocarbon 

fuels. The low combustion rate of ammonia makes combustion 

non-uniform at the low engine loads and/or high rpm values. 

Therefore, in order to ensure the combustion process stability, it 

is necessary to mix it, for example, with gasoline, diesel oil or 

hydrogen [30].  

The use of ammonia as a fuel in gas turbines is still quite 

limited. Current studies concentrate primarily on ammonia-hy-

drogen and ammonia-natural gas mixtures. The use of ammonia 

as a fuel involves combustion instability and low combustion 

efficiency – current research takes account of the use of a swirler 

and a flame holder, for example [33], which could stabilise com-

bustion and increase its efficiency, as well as reduce nitrogen 

oxide emissions. In [34], the authors show the possibility of add-

ing ammonia to the gas turbine. 

Ammonia can also be used in direct fuel cells, which gener-

ate electricity based on electrochemical reactions. Depending on 

the applied electrolytic materials or the operating conditions, 

these devices are divided into several types [35], including alka-

line fuel cells (AFC), alkaline membrane fuel cells (AMFC), 

phosphoric acid fuel cells (PAFC), molten carbonate fuel cells 

(MCFC), proton exchange membrane fuel cells (PEMFC), di-

rect methanol fuel cells (DMFC) and solid oxide fuel cells 

(SOFC). Solid oxide fuel cells are considered as the most en-

ergy-effective, and the gas which is most often used in fuel cells 

to produce electricity is hydrogen. Research is currently being 

conducted on the use of ammonia, where it can be used directly 

as a fuel in AFC, AMFC and SOFC technologies. The use of 

ammonia ensures that the efficiency of the cells remains rela-

tively high. In the case of fuel cells, the concept of reverse fuel 

cells (RFCs), currently in development, it is also worth noting. 
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They enable clean conversion of nitrogen and water to ammonia 

under the influence of electricity obtained from renewable 

sources [36]. 

A consequence of the need to increase the combustion effi-

ciency of ammonia is that it is often mixed with other agents that 

upgrade the fuel, such as methane, propane, petrol, kerosene or 

hydrogen. Mixing ammonia with hydrogen strengthens the com-

bustion flame. In addition, hydrogen can be produced from am-

monia, which contributes to the practical benefits of transporting 

this mixture. Such mixtures have been tested, among others, in 

spark-ignition engines and gas turbines. The high reactivity of 

hydrogen contributes to an increase in laminar combustion ve-

locity compared to pure ammonia. On the other hand, mixing 

ammonia with other hydrocarbon fuels generally leads to  

a higher flame speed and to an increase in the intensity of radia-

tion and heat release rate. It also results in lower CO2 emissions 

[30]. 

3. Effects of an uncontrolled release of ammonia 

The use of ammonia presents various challenges due to its prop-

erties. This raw material is used directly or indirectly in a num-

ber of industrial processes, and its use requires storage and/or 

transportation to sites of its final utilisation. 

Two methods are generally used for ammonia storage. One, 

with no refrigeration, involves increasing pressure while main-

taining the ambient temperature, e.g. to 0.99 MPa at 25oC. The 

other method, with refrigeration, involves maintaining atmos-

pheric pressure while lowering the temperature to approxi-

mately –33oC. Large volumes of ammonia are most often stored 

using refrigerated tanks, which minimises the potential leakage 

rate in the case of failure (compared to pressure tanks). Ammo-

nia tanks should have an appropriate structure and be equipped 

with, among other things, a system of protection against an ex-

cessive increase or drop in pressure. 

Ammonia is considered a toxic and flammable substance. 

Exposure to ammonia can therefore occur under conditions of 

industrial use or as a result of an accidental leakage during stor-

age or transport. In recent years, a number of incidents involving 

ammonia spills have occurred around the world. For example, 

in the USA in 2010, an ammonia release led to the poisoning of 

more than 120 people [31]. One of the worst accidents involving 

ammonia occurred in 1992. A cloud of released ammonia caused 

129 deaths and 1150 injuries as a result of inhaling high concen-

trations of the substance [28]. Ammonia tanks, installations and 

pipelines are therefore potentially dangerous elements of the in-

dustrial infrastructure which can fail, for example, due to corro-

sion or an accidental impact [37]. A leak can pose a fire hazard, 

or it can have a toxic effect. Depending on the location of the 

damage, the storage/transport conditions and the type of instal-

lation, ammonia may be released in a gaseous or liquid form.  

A release of liquid ammonia into the environment leads to the 

immediate formation of a cloud of gaseous ammonia (Fig. 2). 

This is due to its low boiling point. 

3.1. Ammonia toxicity 

Ammonia is a colourless substance that is lighter than air. It can 

be smelt in the air at very low concentrations as it has a charac-

teristic pungent and acrid odour. If released into the atmosphere, 

the gas rises in the air. Contact with ammonia can cause skin 

burns and changes in the respiratory tract. If inhaled, ammonia 

can even cause blindness. Ammonia poisoning through the ali-

mentary tract causes disorder in intestinal peristalsis, and in ex-

treme cases, it can even lead to death. The greatest risk of am-

monia poisoning is for people working in industries where am-

monia is used in large quantities. The gas is also released during 

the decomposition of matter, for example, in animal faeces. 

At concentrations of 5 ppm, ammonia becomes noticeable 

by smell [38]. Concentration levels of 100 ppm cause violent 

irritation of the respiratory tract, bronchi and eyes (especially 

conjunctivitis). Immediate irritation to the eyes, nose and throat 

will occur for concentrations of 400–700 ppm. Pulmonary oe-

dema, cough and laryngospasm will occur at concentrations 

higher than 1500 ppm. A concentration higher than 4650 ppm 

means a lethal dose [39].  

As for ammonia interaction with the soil, toxicity is non-ex-

istent as the substance evaporates from the surface. The ammo-

nia remaining in the soil is a source of nitrogen fertiliser. Part of 

the ammonia undergoes photolytic decomposition in the air, and 

the rest returns to the soil surface through dry or wet deposition.  

The toxicity of ammonia in the aqueous environment, where 

it is very harmful to many aquatic organisms, is a different mat-

ter. 

3.2. Ammonia explosivity and flammability 

The problem of ammonia explosivity arises in confined spaces 

when very specific conditions are met. For the phenomenon of 

explosion to occur, the following have to coincide: an oxidiser, 

 

Fig. 1. Ammonia utilisation pathways in generator applications. 

 

Fig. 2. Release of ammonia. 
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an external source of ignition (explosion trigger), the mixing of 

ammonia with air within the limits of explosiveness and a spatial 

limitation, for example in the form of the walls of the room.  

The occurrence of an explosion depends on whether the 

flammable ammonia-air mixture will reach the appropriate tem-

perature due to external energy (minimum ignition energy). This 

value is about 40 mJ and is significantly higher than the ignition 

energy of hydrogen, which totals 0.02 mJ. The range of explo-

sivity limits of ammonia is the concentration of 15 to 28% (with 

oxygen: 14 to 79%), and it changes under the influence of hy-

drogen contained, for example, in water. When water enters the 

surface of liquid ammonia, there follows a reaction of intense 

heat release from the process of ammonia combining with water 

(exothermic reaction) and due to the evaporation of significant 

amounts of ammonia, which produces an ignitable and explo-

sive mixture. In addition, the presence of other substances, such 

as chlorine, bromine, iodine, mercury, sodium and calcium, fa-

vours the formation of explosive mixtures [30]. 

Ammonia is considered a substance which is flash resistant 

and slow burning. The prerequisite that triggers the combustion 

process of ammonia in the liquid form is the supply of a suffi-

cient amount of heat (energy) that enables the formation of am-

monia-air vapours above the surface of the liquid. The vapours 

must be in the concentration range between the lower and the 

upper flammability limit, i.e. 15–28% in the air.  

In the event of damage to tanks storing ammonia or its mix-

tures in the gaseous form, the leaking gas may ignite, and this 

may result in a jet fire. Another consequence of damage to am-

monia storage tanks is the BLEVE phenomenon, i.e. an explo-

sion of rapidly expanding vapours of a boiling liquid, and the 

formation of a fireball. This phenomenon usually occurs due to 

the tank being heated by an external flame. As a result, the pres-

sure inside the tank rises considerably, and the tank ruptures vi-

olently. The contents of the tank are ejected abruptly through the 

cracks, a cloud is formed, and a violent ignition follows. The 

hazards to humans and the environment related to the event of 

fire are the direct impact of the resulting flame and the heat flux 

generated by the fire. A heat flux of 4–5 kW/m2 will not cause 

injury to humans over a long exposure time. A heat flux of  

12.5 kW/m2 will cause first-degree burns in humans, and a value 

above 25 kW/m2 will cause significant injury within 10 seconds. 

The lethal heat flux for humans is 35–37.5 kW/m2 [40]. 

The conditions of flammability and explosivity change when 

other gases, such as hydrogen, are added to ammonia. This is 

analysed in the sections below. 

4. Methods of calculation 

The technical risk related to a failure of a system of transport 

and storage of dangerous substances can be understood as the 

product of the probability of the occurrence of a hazardous event 

and its consequences. Denoting the risk as R, the following can 

be written [41]: 

 𝑅 = ∑𝐶𝑖𝑃𝑖. (1) 

where: Pi – probability or frequency of occurrence of a hazard-

ous event i, Ci – consequences of the occurrence of event i. 

Depending on the event under consideration, the conse-

quences can be expressed in monetary units or in the number of 

potential casualties. In order to determine the risk value accord-

ing to the above formula, it is necessary to identify possible haz-

ard scenarios, estimate the probabilities of the occurrence of the 

hazards and assess the consequences [42]. 

The hazards related to the use of ammonia are due to its 

physicochemical properties, especially its toxicity and flamma-

bility. Ammonia is characterised by a narrow range of flamma-

bility and a high temperature of autoignition, which results in its 

low flammability. In the gaseous form, it can quickly disperse 

in atmospheric air because its density is lower than the air den-

sity. This feature reduces the risk of a possible fire and explo-

sion. However, ammonia is also classified as a toxic substance. 

Even a small leak of ammonia in a residential area can cause 

very serious consequences. 

The paper presents an analysis of the risks associated with 

the uncontrolled release of ammonia and its mixtures with hy-

drogen from the storage tanks of these gases. The considerations 

involved different sizes of damage. Both the size of the tank and 

the size of the hole through which a gas is released affect the 

amount of gas released into the atmosphere, as well as the dura-

tion of the leakage. Due to the mentioned properties of ammonia 

and hydrogen, hazard scenarios related to the toxic effects of the 

gases and fire of the mixture of these gases were considered. 

The risk of occurrence of a hazardous event, for example, in 

the form of an ammonia tank rupture or puncture, is related to  

a potential release of ammonia into the atmosphere. This, in turn, 

can lead to the formation of an ammonia cloud with concentra-

tions hazardous to humans and the environment. Among others, 

the hazard level will depend on the atmospheric conditions, the 

size of the damage, the gas parameters and the duration of the 

leakage. 

The analyses of the consequences of such scenarios were 

conducted using the PHAST v6.7 software package [42]. The 

program makes use of the unified dispersion model (UDM) [42], 

which makes it possible to calculate the quantities describing the 

outflow and transport of the created cloud in the atmosphere, 

taking account of all the cloud stages, such as the release, the 

touchdown, the pool formation or evaporation, for example. 

Another scenario considered in the risk analysis is the haz-

ardous effects of heat radiation resulting from a fire in the am-

monia-hydrogen mixture. A jet fire is possible with the release 

of flammable gas at a high pressure. The quantities related to 

this type of fire were calculated using the PHAST v6.7 software 

[42] with implementation of the Chamberlain model. The model 

assumes the flame to be a spatial solid in the form of a truncated 

cone (cone frustum) with dimensions depending, among other 

things, on the wind speed. 

Another type of fire that can occur due to the unsealing of 

tanks with flammable substances is a fireball, which may be due 

to the BLEVE phenomenon. This phenomenon is an effect of  

a sudden and complete rupture of a tank. 

For each of the above mentioned scenarios, the probability 

of its occurrence is estimated. In the article, this probability will 

be calculated by using the event tree. In the next step, the calcu-

lated probability of each scenario and the corresponding proba-
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bilities of death of people within the range of negative effects of 

radiation from a potential fire or toxic properties of gases are 

presented in risk diagrams. The risk level is also calculated ac-

cording to Eq. (1). 

5. Results of analysis of hazards presented by  

an uncontrolled release of ammonia and  

an ammonia-hydrogen mixture 

The figures below show the range of clouds with an elevated 

concentration of ammonia formed when the tank with a capacity 

of 10 m3 becomes unsealed. The gaseous form of ammonia was 

considered. A 10 m3 tank holds 44.3 kg of ammonia. In the cal-

culations, the air temperature, the wind speed and the atmos-

pheric stability class are assumed at 20oC, 2 m/s and D, respec-

tively. The relative humidity is assumed to be 85 %. The ammo-

nia was released in an open, undeveloped area. The different 

cloud ranges correspond to different ammonia concentrations of 

1000, 10 000 and 25 000 ppm. These are the concentrations that 

cause severe breathing difficulty, eye and skin irritation  

in humans (1000 ppm – blue), death after several minutes  

(10 000 ppm – green) and immediate human death (25 000 ppm 

– red). 

The ranges of a cloud with elevated concentrations of am-

monia released due to damage to a tank containing ammonia in 

the gaseous form with a pressure of 0.5 MPa and temperature of 

20oC are shown in Fig. 3. An analysis was conducted of the out-

flow of the gas through damage with an equivalent diameter of 

0.5 cm and 5 cm located at a height of 1 metre above the ground. 

The hole with the smaller diameter could be the result of corro-

sion processes in the tank walls. The bigger hole could corre-

spond to damage due to a mechanical effect, e.g. an impact 

against the tank. The cloud ranges shown in the figure from the 

side view of the cloud show the concentration of ammonia at  

a specific time during the process of the outflow from the tank. 

Analysing the above graphs, it can be noticed that the most 

dangerous zone with a lethal level of ammonia concentration for 

humans will not touch the ground surface. However, it can be 

seen from the side view that it will cover a range of about 2 and 

20 metres for the hole diameters of 0.5 cm and 5 cm, respec-

tively. The zone with the lethal concentration for humans after 

several minutes of exposure, i.e. 10 000 ppm, will reach a range 

of about 60 metres on the ground surface only for the larger di-

ameter of the damage (5 cm). The second factor with a signifi-

cant impact on the death hazard is the time of exposure to the 

toxic effects of ammonia. This time depends, among other 

things, on the volume of the released gas. In the case of the tank 

with a capacity of 10 m3, the zone with the highest concentration 

of 25 000 ppm will keep for about 30 seconds, while in the case 

of the smaller tank, e.g. with a volume of 1 m3, this time is 5s. 

 
As already mentioned, apart from its widespread use in the 

chemical industry or agriculture, ammonia can be used as an al-

ternative fuel. Research on the combustion process of this sub-

stance in engines has been pursued for many years. In addition 

to the possibility of using ammonia itself, the combustion of am-

monia-hydrogen and ammonia-methane mixtures is also inves-

tigated in those works. The addition of hydrogen and methane 

improves the conditions of ammonia combustion. It will also 

have an impact on the safety of the use of these mixtures. By 

adding hydrogen in a mixture with ammonia, the toxicity of the 

mixture is reduced, which thus reduces the hazard zones in the 

event of an uncontrolled release of this type of mixture. The ef-

fect of hydrogen content in the mixture on the size of areas with 

high ammonia concentrations of 1000 ppm, 10 000 ppm and  

25 000 ppm is shown in the figures below. 

Fig. 4 and Fig. 5 show the size of these zones for an uncon-

trolled release of ammonia-hydrogen mixtures at the volume ra-

tios of 80/20 and 20/80 from a 10 m3 tank. Punctures with equiv-

alent diameters of 0.5 cm and 5 cm were analysed. The mixture 

parameters are the pressure of 0.5 MPa and the temperature of 

20oC. The wind speed is assumed at 2 m/s. 

Analysing the graphs in Fig. 4, it can be seen that the zones 

related to the impact of the elevated concentration of ammonia 

contained in the mixture and causing immediate human death 

will not touch the ground surface. The range of about 2 and  

20 metres will  be  reached  for  damage  with  the  diameters  of  

  

 a)                                                                                           b) 

Fig. 3. Range of the cloud with an elevated concentration of ammonia (side view, blue – 1000 ppm; green –  

10 000 ppm; red – 25 000 ppm): a) hole (damage) with the diameter of 0.5 cm, tank volume: 10 m3 (time: 14.7 s); 

b) hole (damage) with the diameter of 5 cm, tank volume: 10 m3 (time: 23.9 s). 
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0.5 cm and 5 cm, respectively, for different times. The zones  

with the concentration of 10 000 ppm already reach a distance 

exceeding 50 metres for the larger diameter of the tank damage. 

The zone with the highest concentration of 25 000 ppm disap-

pears after 25 seconds if the mixture is released from the tank.  

Figure 5 shows the range of the areas with an elevated con-

centration of ammonia at an uncontrolled release of the ammo-

nia-hydrogen mixture with the volume ratio of 20/80. Like be-

fore, a tank volume of 10 m3 was considered, as well as two sizes 

of damage with the diameters of 0.5 cm and 5 cm. The mixture 

parameters remain unchanged.  

The hazard zones related to the concentration of ammonia, 

causing immediate death of humans, will occur in an area with 

a range of about 7 metres. The concentration of 10 000 ppm can 

reach a distance of about 20 metres from the failure site. High 

concentrations in the air last for 18 seconds. 

The maximum ranges of hazard zones related to the toxic  

effects of ammonia and its mixture with hydrogen are presented  

in Tables 1 and 2. 

Table 1. Maximum range of toxic hazard zones for varying 

portions of gases (hole (damage) with the diameter of 0.5 cm).  

H2/NH3 1000 ppm 10 000 ppm 25 000 ppm  

0/100 31.5 m 4.0 m 2.0 m 

20/80 24.0 m 3.7 m 1.7 m 

80/20 8.4 m  2.0 m 0.7 m 

 

Table 2. Maximum range of toxic hazard zones for varying 

portions of gases (hole (damage) with the diameter of 5 cm).  

H2/NH3 1000 ppm 10 000 ppm 25 000 ppm  

0/100 116.0 m 64.0 m 21.0 m 

20/80 108.5 m 53.5 m 18.0 m 

80/20 55.5 m 20.0 m 7.5 m 

 

  

 a)                                                                                           b) 

Fig. 4. Range of the cloud with an elevated concentration of ammonia for a gaseous 80/20 (v/v)  

ammonia-hydrogen mixture (side view, blue – 1000 ppm; green – 10 000 ppm; red – 25 000 ppm):  

a) hole (damage) with the diameter of 0.5 cm, tank volume: 10 m3 for the time of 10.9 s;  

b) hole (damage) with the diameter of 5 cm, tank volume: 10 m3 for the time of 21 s. 

  

 a)                                                                                           b) 

Fig. 5. Range of the cloud with an elevated concentration of ammonia for a gaseous 20/80 (v/v)  

ammonia-hydrogen mixture (side view, blue – 1000 ppm; green – 10 000 ppm; red – 25 000 ppm):  

a) hole (damage) with the diameter of 0.5 cm, tank volume: 10 m3 for the time of 2.8 s;  

b) hole (damage) with the diameter of 5 cm, tank volume: 10 m3 for the time of 12.6 s. 
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As already mentioned, another (though less likely) consequence 

of a release of ammonia is a fire, provided that the conditions 

for it are favourable. A fire hazard applies primarily to gaseous 

ammonia and its mixtures with another flammable gas, such as 

hydrogen, because the ignition of liquid ammonia is difficult. 

The physical properties of such a mixture differ from those 

of pure ammonia, which means that the quantities that decide 

the dimensions of the negative consequences of its uncontrolled 

release will also vary. Adding hydrogen to ammonia results, 

among other things, in a change in the lower and the upper flam-

mability limits of the mixture. It also affects the heat of combus-

tion, as shown in Table 3. It should be noted that the addition of 

ammonia to hydrogen raises the lower flammability limit and 

lowers the upper flammability limit, thus narrowing the range of 

concentrations at which ignition and explosion of the mixture 

are possible. Mixing ammonia with other flammable gases also 

affects the combustion process parameters, including the value 

of the heat flux generated during mixture combustion.  

The figures show example hazard zones arising due to the 

ignition of ammonia, hydrogen and ammonia-hydrogen mix-

tures. The analysis concerns effects of a jet fire and a fireball. 

A jet fire (Fig. 6 and Fig. 7) is a fire resulting from the leak-

age and ignition of a jet of a pressurised substance flowing out 

of a hole (damage) formed in the tank wall. The hazard zones 

shown in the figure refer to the fire-generated heat flux of 4, 12.5 

and 37.5 kW/m2 (green, blue  and  red,  respectively).  Exceeding
 

  

 a)                                                                                           b) 

Fig. 7. Heat flux generated by a jet fire of ammonia and hydrogen; hole (damage) with the diameter of 5 cm,  

tank volume: 10 m3 (green – 4 kW/m2, blue – 12.5 kW/m2, red – 37.5 kW/m2):  

a) ammonia-hydrogen mixture (80/20) mass: 35.73 kg, mass flow at the hole outlet 1.64 kg/s;  

b) ammonia-hydrogen mixture (20/80) mass: 12.36 kg, mass flow at the hole outlet 0.98 kg/s. 

Table 3. Lower and upper limits of mixture flammability.  

H2/NH3 LFL UFL Heat of combustion 

100/0 4.00 % 75.00 % 241820 kJ/kmol 

90/10 4.32 % 62.50 % 242794 kJ/kmol 

80/20 4.71 % 53.57 % 243976 kJ/kmol 

70/30 5.16 % 46.88 % 245441 kJ/kmol 

60/40 5.71 % 41.67 % 247306 kJ/kmol 

50/50 6.40 % 37.50 % 249759 kJ/kmol 

40/60 7.27 % 34.10 % 253130 kJ/kmol 

30/70 8.42 % 31.25 % 258054 kJ/kmol 

20/80 10.00 % 28.85 % 265923 kJ/kmol 

10/90 12.30 % 26.79 % 280511 kJ/kmol 

0/100 15.00 % 28.00 % 316830 kJ/kmol 

 

  

 a)                                                                                           b) 

Fig. 6. Heat flux generated by a jet fire of ammonia and hydrogen; hole (damage) with the diameter of 5 cm,  

tank volume: 10 m3 (green – 4 kW/m2, blue – 12.5 kW/m2, red – 37.5 kW/m2): a) ammonia (mass: 44.3 kg, mass 

flow at the hole outlet 1.82 kg/s); b) hydrogen (mass: 4.95 kg, mass flow at the hole outlet 0.62 kg/s). 
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the value of 4 kW/m2 causes noticeable effects for humans; the 

value of 12.5 kW/m2 causes first-degree burns, and the value of 

37.5 kW/m2 causes immediate death. The areas indicated by the 

red line, which correspond to human deaths, occurred only in 

the case of a hydrogen release. The presented results relate to 

the leakage and ignition of ammonia, hydrogen and an ammo-

nia-hydrogen gaseous mixture with the pressure of 0.5 MPa and 

temperature of 20oC, released from tanks with the volume of  

10 m3. The analysis concerns the larger diameter of the damage, 

i.e. 5 cm. Two values of the ammonia-hydrogen mixture volu-

metric ratio are assumed for the considerations: 20/80 and 80/20. 

In the case of the smaller diameter of the damage, the hazard 

zones will not occur. 

The ranges of the radiation zones shown in the above figures 

depend, among other things, on the amount of the stored gas and 

the mass flow through the hole. For pure ammonia, the mass 

flow is 1.82 kg/s, whereas for pure hydrogen it totals 0.62 kg/s. 

Figures 8 and 9 show the range of the areas of thermal radiation 

due to the formation of a fireball. The ranges are shown for the 

failure of the 10 m3 tank and two different compositions of the 

ammonia-hydrogen mixture. Like for the jet fire, the zones il-

lustrate the range of the fireball-generated heat flux values of 4, 

12.5 and 37.5 kW/m2. 

Table 4 and Table 5 present the maximum ranges of hazard 

zones associated with the effects of the heat flux generated by 

fires of ammonia and its mixture with hydrogen. Table 4 refers 

  

 a)                                                                                           b) 

Fig. 8. Heat flux generated by a fireball for the ammonia-hydrogen mixture; tank volume: 10 m3 (green – 4 kW/m2, 

blue – 12.5 kW/m2, red – 37.5 kW/m2): a) ammonia (mass: 44.3 kg); b) hydrogen (mass: 4.95 kg). 

  

 a)                                                                                           b) 

Fig. 9. Heat flux generated by a fireball for the ammonia-hydrogen mixture; tank volume: 10 m3 (green – 4 kW/m2, 

blue – 12.5 kW/m2, red – 37.5 kW/m2): a) ammonia-hydrogen (80/20), mass: 35.73 kg;  

b) ammonia-hydrogen mixture (20/80) mass: 12.36 kg. 

Table 4. Maximum range of radiation hazard zones for varying 

portions of gases (hole (damage) with the diameter of 5 cm). 

H2/NH3 4 kW/m2 12.5 kW/m2 37.5 kW/m2 

0/100 30.0 m 26.0 m  

20/80 19.0 m  14.8 m  

80/20 19.2 m  15.0 m  

100/0 21.8 m 16.3 m 6.0 m 

 

Table 5. Maximum range of radiation hazard zones for varying 

portions of gases (hole (damage) with the diameter of 5 cm).  

H2/NH3 4 kW/m2 12.5 kW/m2 37.5 kW/m2 

0/100 27.5 m -  

20/80 28.0 m -  

80/20 34.0 m 15.0 m  

100/0 37.5 m 20.0 m 7.5 m 
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to the case of a jet fire, while Table 5 refers to the case of  

a fireball.  

If pure ammonia is ignited, the maximum radiation due to 

the fire totals 4 kW/m2. With the addition of hydrogen, higher 

values of radiation will appear, including the zone posing a death 

hazard. The range of radiation depends on the proportion of hy-

drogen in the mixture, but it does not exceed several metres. 

6. Risk of the occurrence of undesirable effects 

of an uncontrolled release of ammonia and  

an ammonia-hydrogen mixture 

The following is an estimation of the risk arising due to the fail-

ure of an example storage tank of gaseous ammonia and of the 

ammonia-hydrogen 80/20, 50/50 and 20/80 mixture. The ana-

lysed tank storing gas with a pressure of 0.5 MPa and a temper-

ature of 20oC has a volume of 10 m3; the equivalent diameter of 

the damage is 5 cm. 

6.1. Estimation of the probability of occurrence of dan-

gerous events triggered by tank damage 

An uncontrolled release of ammonia or an ammonia-hydrogen 

mixture can cause a jet fire, a fireball, the movement of a cloud 

with a toxic concentration, or the gas can disperse in the atmos-

phere without causing negative effects. The event tree in Fig. 10 

presents various possible scenarios for subsequent events trig-

gered by damage to a tank containing hazardous substances [43]. 

The probability of the occurrence of the triggering event in the 

form of damage to the gas tank was assumed at 2×106 according 

to [44]. The probability of further events is assumed based on 

the estimations given, for example, in [43]. 

6.2. Assessment of the consequences of a release  

of ammonia 

The probability of human injuries due to the impact of the neg-

ative effects of an accident caused by an uncontrolled release of 

ammonia and ammonia-hydrogen mixture can be estimated us-

ing probit functions. The negative factors affecting humans and 

the environment in the event of an ammonia release are those 

analysed above: heat flux, in the case of a fire, and the impact of 

toxic concentrations, if the released gas cloud does not ignite. 

For these cases, the probit function can take the form presented 

in [45]. Based on the analyses presented above of areas with el-

evated thermal radiation, caused by a fire of ammonia and an 

ammonia-hydrogen mixture, and areas with elevated ammonia 

concentrations in the released gas cloud, it is possible to deter-

mine the probability of death of humans being within the range 

of the impact of elevated thermal radiation or elevated toxic gas 

concentration. The results of such analyses are presented in the 

figure below. 

The graphs shown in the figures below were obtained using 

probit functions. Different values of the ammonia-hydrogen 

mixture volumetric ratio and different exposure times were as-

sumed for the considerations. Analysing the graphs presented in 

Fig. 11, it can be seen that the maximum area will occupy  

a range of about 30 metres for 5 minutes of exposure. The next 

figures show the probabilities of death due to the toxic effects of 

released ammonia. Analysing the graphs presented in Fig. 12, it 

can be noticed that the concentration of ammonia for the as-

sumed times of exposure does not result in deaths at the level of 

100%. The highest probability of death is about 55% and occurs 

in the area with a radius of about 15 m from the site of the release 

of pure ammonia. This probability decreases with an increasing 

proportion of hydrogen in the mixture. 

6.3. Estimation of the risk of death due to damage to  

a tank containing ammonia and an ammonia-hydro-

gen mixture 

The total risk of death due to the release of ammonia, hydrogen 

and the ammonia-hydrogen mixtures with the proportions of 

80/20, 50/50 and 20/80 resulting from the occurrence of unde-

sirable events following damage to the storage tank is shown in 

Fig. 13. The calculations were carried out for a tank with a ca-

pacity of 10 m3. The graph shows the risk for the longer analysed 

time of exposure to negative factors, i.e. 5 minutes. 

The total risk level is of the order of 107 and similar for the 

analysed compositions of the mixtures. However, the range of 

the risk varies. The risk due to the release of pure ammonia is 

the highest, but it occurs in a small area about 10 metres from 

the tank. The risk posed by the release of the mixture with hy-

drogen is slightly lower but extends over a larger area. 

Figure 14 shows risk diagrams with selected scenarios of un-

controlled release of ammonia and its mixture with hydrogen. 

For each scenario, both related to toxic hazards and fire hazards, 

the probability of occurrence and the probability of causing hu-

man death are given. The following figure refers to different dis- 

tances from the accident site and gas release, i.e. risk at a dis-

tance of 20 m and 40 m from the gas leak site. 

7. Summary 

The intensive search for new fuels that can effectively replace 

hydrocarbon fuels, the combustion of which is considered a ma- 

 

Fig. 10. Event tree for damage to a tank with ammonia  

or an ammonia-hydrogen mixture. 
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jor cause of climate changes, indicates that hydrogen fuels could 

be the solution. In addition to pure hydrogen, the use of ammo-

nia as a stand-alone fuel or as an additive to other gases, such as 

hydrogen, is also being considered. The paper presents an anal-

ysis of the safety of storing such fuels, with a special emphasis 

on the toxic hazard posed by ammonia, the fire hazard posed by 

hydrogen and the mutual contribution of these hazards in mix-

tures of the two gases. Two sizes of damage and different am-

monia-to-hydrogen ratios in the mixture were analysed in detail. 

At a release of gaseous ammonia, the zones with a concentration 

of 10 000 ppm, i.e. those that can cause death to people, reach  

a distance of several metres for a small diameter of the damage 

  

 a)                                                                                                                  b) 

Fig.11. Probability of death from exposure to heat radiation generated by a fireball for different compositions of the ammonia-hydrogen mixture 

and for different exposure times (tank volume 10 m3): a) 0.5 minutes of exposure; b) 5 minutes of exposure. 

  

 a)                                                                                                                  b) 

Fig.12. Probability of death due to the impact of toxic concentrations of ammonia for different compositions of the ammonia-hydrogen mixture 

and for different exposure times (tank volume 10 m3): a) 0.5 minutes of exposure; b) 5 minutes of exposure. 

 

Fig. 14. Risk diagram at 20 meters and 40 metres for ammonia  

and ammonia-hydrogen mixture leak scenarios. 

 

Fig. 13. Risk of death due to the impact of toxic concentrations and 

heat flux for released ammonia and the ammonia-hydrogen mixture. 
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and about 60 metres if the damage diameter is large. The capac-

ity of the tank itself, i.e. the amount of the stored gas, affects the 

time of duration of high concentrations, which is about a few 

minutes for the 10 m3 tank. 

Ammonia-hydrogen mixtures present a smaller toxic hazard, 

but the fire hazard becomes more real. A 20% share of hydrogen 

in the mixture reduces the toxic zone range by several per cent. 

An 80% share of hydrogen reduces the hazard zones by more 

than three times. The addition of hydrogen results in the appear-

ance of hazard zones due to the potential impact of thermal ra-

diation from fires of the released mixture. The range of the zones 

for the analysed volumes of the gases totals several metres. The 

total risk determined for the effects of toxic concentrations and 

the fire-generated heat flux has values of the order of 107. This 

level of risk is considered acceptable. Depending on the compo-

sition of the mixture, it extends over an area of 30 to 40 m. 

The above conclusions concern the leakage of the analysed 

gases from a 10 m3 tank under the assumed atmospheric condi-

tions. Leakages from tanks of smaller volume will generally 

pose a hazard to a relatively smaller area, while tanks of larger 

volume or diameter of damage may increase both the range and 

duration of the hazard. Similarly, different meteorological con-

ditions will influence the dispersion of the analysed gases and, 

consequently, the expected ranges of the hazard zones and levels 

of risk. Therefore, quantitative results should not be directly ap-

plied to other scenarios without calculating the relevant input 

parameters again, although the general trends observed for dif-

ferent compositions of the ammonia-hydrogen mixture remain 

valid. It was indeed the aim of the study to compare risk levels 

for different gas mixture compositions. 

Acknowledgements 

The presented work was supported by the Silesian University of 

Technology within statutory research funds. 

References 

[1] Berwal, P., Kumar, S., & Khandelwal, B. (2021). A comprehen-

sive review on synthesis, chemical kinetics, and practical appli-

cation of ammonia as future fuel for combustion. Journal of the 

Energy Institute, 99, 273–298. doi: 10.1016/j.joei.2021.10.001 

[2] Tornatore, C., Marchitto, L., Sabia, P., & De Joannon, M. (2022). 

Ammonia as green fuel in internal combustion engines: State-of-

the-art and future perspectives. Frontiers in Mechanical Engi-

neering, 8, 944201. doi: 10.3389/fmech.2022.944201 

[3] Stančin, H., Mikulčić, H., Wang, X., & Duić, N. (2020). A review 

on alternative fuels in future energy system. Renewable and Sus-

tainable Energy Reviews, 128, 109927. doi: 10.1016/j.rser.2020. 

109927 

[4] Herbinet, O., Barocci, P., & Grinberg-Dana, A. (2022). On the 

use of ammonia as a fuel – A perspective. Fuel Communications, 

11, 100064. doi: 10.1016/j.jfueco.2022.100064 

[5] Elbaz, A.M., Wang, S., Guiberti, T.F., & Roberts, W.L. (2022). 

Review on the recent advances on ammonia combustion from the 

fundamentals to the applications. Fuel Communications, 10, 

100053. doi: 10.1016/j.jfueco.2022.100053 

[6] Jeerh, G., Zhang, M., & Tao, S. (2021). Recent progress in am-

monia fuel cells and their potential applications. Journal of Ma-

terials Chemistry A, 9(2), 727‒752. doi: 10.1039/D0TA08810B 

[7] Song, H., Lu, Z., Ma, Z., Guo, X., & Guo, Q. (2024). Thermody-

namic analysis of the performance of an irreversible ammonia-

fed solid oxide fuel cell. Archives of Thermodynamics, 45(2), 

279‒290. doi: 10.24425/ather.2024.150872 

[8] Valera-Medina, A., Vigueras-Zuniga, M.O., Shi, H., Mashruk, S., 

Alnajideen, M., Alnasif, A., Davies, J., Wang, Y., Zhu, X., Yang, 

W., & Cheng, Y.B. (2024). Ammonia combustion in furnaces: A 

review. International Journal of Hydrogen Energy, 49(Part B), 

1597–1618. doi: 10.1016/j.ijhydene.2023.10.241 

[9] Yang, F., Liu, J., Abdellatief, T.M.M., Liu, H., & Duan, X. 

(2026). Combustion characteristics of the hydrogen and ammonia 

co-combustion under engine-relevant conditions. Results in En-

gineering, 30, 110724. doi: 10.1016/j.rineng.2026.110724 

[10] Zhang, Z., Pan, J., Fan, B., Fu, W., Quaye, E.K., Lu, Q., & Yang, 

W. (2026). Combustion characteristics and mechanisms of am-

monia and ammonia-hydrogen blends: A review and future path-

ways in the big data era. International Journal of Hydrogen En-

ergy, 235, 155230. doi: 10.1016/j.ijhydene.2026.155230 

[11] Wakasugi, T., Tsuru, D., & Watanabe, H. (2025). Spray combus-

tion of ammonia–hydrocarbon blended fuels under high-pressure 

dual-fuel conditions in large engines: Numerical investigation. 

Applications in Energy and Combustion Science, 24, 100425. doi: 

10.1016/j.jaecs.2025.100425 

[12] Tutak, W., Jamrozik, A., Grab-Rogaliński, K., Pyrc, M., & 

Gruca, M. (2026). Effect of ammonia-hydrogen fuel ratio on 

combustion stability, performance and emissions of an industrial 

diesel engine. International Journal of Hydrogen Energy, 205, 

153373. doi: 10.1016/j.ijhydene.2026.153373 

[13] Mardani, A., Kim, H., Oh, S., Kim, K.C., Xia, X., & Qi, F. (2026). 

Experimental investigation of an ammonia-hydrogen-methane 

non-premixed high swirl model combustor for preheated and di-

luted air regime. International Journal of Hydrogen Energy, 207, 

153430. doi: 10.1016/j.ijhydene.2026.153430 

[14] Eckart, S., Salzano, E., Richter, A., Alnajideen, M., Valera-Me-

dina, A., Shrestha, K.P., Yasiry, A., Wang, J., Bauer, F., Yu, C., 

Krause, H., & Pio, G. (2026). Exploring the potential of ammonia 

as a fuel: Advances in combustion understanding and large-scale 

furnace applications. Fuel, 403, 136746. doi: 10.1016/j.fuel. 

2025.136746 

[15] Padappayil, R.P., & Borger, J. (2023). Ammonia toxicity. 

StatPearls. https://www.ncbi.nlm.nih.gov/books/NBK546677/ 

[accessed 30 Jan. 2026]. 

[16] Salamonowicz, Z., Majder-Łopatka, M., Dmochowska, A., Ro-

gula-Kozłowska, W., Piechota-Polanczyk, A., & Polanczyk, A. 

(2022). Ammonia dispersion in the closed space of an ammonia 

engine room with forced ventilation in an industrial plant. Atmos-

phere, 13(7), 1062. doi: 10.3390/atmos13071062 

[17] Yang, M., & Lam, J.S.L. (2024). Risk assessment of ammonia 

bunkering operations: Perspectives on different release scales. 

Journal of Hazardous Materials, 468, 133757. doi: 10.1016/j. 

jhazmat.2024.133757 

[18] Schmitz, P., Reniers, G., & Swuste, P. (2021). Determining a re-

alistic ranking of the most dangerous process the ammonia pro-

duction process: A practical approach. Journal of Loss Preven-

tion in the Process Industries, 70, 104395. doi: 10.1016/j.jlp. 

2021.104395 

[19] Ge, Y., Yang, Z., He, H., Wu, X., Chen, Y., Lv, Z., & Zhang, Y. 

(2023). Risk evaluation of ammonia leakage based on modified 

probability calculation formulas. Journal of Thermal Science, 

32(2), 854‒865. doi: 10.1007/s11630-023-1781-3 

[20] Zhang, Z., Zhang, Z., Zhou, Y., Ouyang, Y., Sun, J., Zhang, J., 

Li, B., Zhang, D., Wang, Y., Yao, J., Xing, H., & Xie, L. (2025). 

Review of the diffusion process, explosion mechanism, and det-



Safety aspects of the use of ammonia and an ammonia-hydrogen mixture 

 

211 
 

ection technology of hydrogen and ammonia. Energies, 18(10), 

2526. doi: 10.3390/en18102526 

[21] Cheng, J., & Zhang, B. (2024). Experimental study on the explo-

sion characteristics of ammonia-hydrogen-air mixtures. Fuel, 

363, 131046. doi: 10.1016/j.fuel.2024.131046 

[22] Wang, J., Li, Q., Chen, B., Lu, H., Wu, J., Jiang, J., Yang, Z., & 

Duan, Q. (2026). Self-ignition characteristics and shock wave dy-

namics in high-pressure hydrogen-ammonia mixtures: A compu-

tational study. International Journal of Hydrogen Energy, 198, 

152641. doi: 10.1016/j.ijhydene.2025.152641 

[23] Zheng, K., Song, Z., Song, C., Jia, Q., Ren, J., & Chen, X. (2024). 

Investigation on the explosion of ammonia/hydrogen/air in a 

closed duct by experiments and numerical simulations. Interna-

tional Journal of Hydrogen Energy, 79, 1267‒1277. doi: 

10.1016/j.ijhydene.2024.07.124 

[24] Liang, H., Yan, X., Shi, E., Wang, X., Qi, C., Ding, J., Zhang, L., 

Chen, L., Lv, X., & Yu, J. (2024). Effect of hydrogen blending 

on ammonia/air explosion characteristics under wide equivalence 

ratio. Energy, 297, 131334. doi: 10.1016/j.energy.2024.131334 

[25] Mandal, A., Roy, S., Sarkar, S., & Mukhopadhyay, A. (2026). 

Flame stabilization in a non-premixed ammonia-hydrogen-air 

micro-combustor with a 1 mm channel. International Journal of 

Hydrogen Energy, 197, 152650. doi: 10.1016/j.ijhydene.2025. 

152650 

[26] Zheng, K., Chen, Y., Zhang, S., Jia, Q., & Peng, M. (2025). Ex-

plosion behavior of premixed hydrogen/ammonia/air mixtures 

with the addition of N2 and CO2. International Journal of Hydro-

gen Energy, 117, 50‒61. doi: 10.1016/j.ijhydene.2025.03.148 

[27] Duong, P.A., Ryu, B.R., Song, M.K., Nguyen, H.V., Nam, D., & 

Kang, H. (2023). Safety assessment of the ammonia bunkering 

process in the maritime sector: A review. Energies, 16(10), 4019. 

doi: 10.3390/en16104019 

[28] Masia, B., Yang, M., & Cozzani, V. (2024). Risk assessment of 

ammonia fueled ships: Consequences on human health of ammo-

nia releases from damaged fuel storage tanks. ACS Chemical 

Health & Safety, 31(6), 503‒520. doi: 10.1021/acs.chas.4c00044 

[29] Ghavam, S., Vahdati, M., Wilson, I. A. G., & Styring, P. (2021). 

Sustainable ammonia production processes. Frontiers in Energy 

Research, 9, 580808. doi: 10.3389/fenrg.2021.580808 

[30] Aziz, M., Wijayntana, A.T., & Nandiyanto, A.B.D. (2020). Am-

monia as effective hydrogen storage: A review on production, 

storage and utilization. Energies, 13(12), 3062. doi: 10.3390/ 

en13123062 

[31] Tan, W., Dong, L., Guo, X., Du, H., Liu, L., & Wang, Y. (2020). 

Accident consequence calculation of ammonia dispersion in fac-

tory area. Journal of Loss Prevention in the Process Industries, 

67, 104271. doi: 10.1016/j.jlp.2020.104271 

[32] Bicer, Y., & Dincer, I. (2017). Evaluation of renewable and con-

ventional ammonia as a potential solution. In Towards 100% Re-

newable Energy. Springer Proceedings in Energy (pp. 69–86). 

Springer Nature. doi: 10.1007/978-3-319-45659-1_7 

[33] Ilbas, M., Kumuk, O., & Karyeyen, S. (2021). Numerical study 

of a swirl gas turbine combustor for turbulent air and oxy-com-

bustion of ammonia/kerosene fuels. Fuel, 304, 121359. doi: 

10.1016/j.fuel.2021.121359 

[34] Ito, S., Uchida, M., Suda, T., & Fujimori, T. (2020). Development 

of ammonia gas turbine co-generation technology. IHI Engineer-

ing Review, 53(1), 1‒6. 

[35] Shang, A., Song, H., & Ma, Z. (2025). Exergetic performance 

analysis of a direct ammonia-fed solid oxide fuel cell. Archives 

of Thermodynamics, 46(1), 193‒200. doi: 10.24425/ather.2025. 

154193 

[36] Portarapillo, M., Bellucci Sessa, A., Russo, D., & di Benedetto, 

A. (2025). Ammonia as a hydrogen carrier: Energetic assessment 

of processes integrated with fuel cells for power generation. En-

ergy & Fuels, 39(5), 2843‒2853. doi: 10.1021/acs.energyfuels. 

4c04626 

[37] Rusin, A., Stolecka-Antczak, K., Kapusta, K., Rogoziński, K., & 

Rusin, K. (2021). Analysis of the effects of failure of a gas pipe-

line caused by mechanical damage. Energies, 14(22), 7686. doi: 

10.3390/en14227686 

[38] Hansen, O.R., & Martini, R. (2020). Hydrogen and ammonia in-

frastructure safety and risk information and guidance. Report for: 

Ocean Hyway Cluster, Report No: PRJ11100256122r1. 

[39] AmmoniaKnowHow (2015). Ammonia – Toxicological overview

AmmoniaKnowHow Website. https://www.ammoniaknowhow. 

com/ammonia-toxicological-overview/ [accessed 30 Jan. 2026] 

[40] Wang, B., Lv, H., Shi, Z., Shen, Y., & He, P. (2025). A device 

perspective study on hydrogen safety for 70 MPa hydrogen dis-

penser. Process Safety and Environmental Protection, 202(B), 

107809. doi: 10.1016/j.psep.2025.107809 

[41] Stolecka, K., & Rusin, A. (2020). Analysis of hazards related to 

syngas production and transport. Renewable Energy, 146, 2535‒

2555. doi: 10.1016/j.renene.2019.08.102 

[42] DNV. (2011). PHAST (Version 6.7). 

[43] Vílchez, J.A., Espejo, V., & Casal, J. (2011). Generic event trees 

and probabilities for the release of different types of hazardous 

materials. Journal of Loss Prevention in the Process Industries, 

24, 281‒287. doi: 10.1016/j.jlp.2011.01.005 

[44] Rosa, A.C., de Souza, I.T., Terra, A., Hammad, A.W.A., Di 

Gregório, L.T., Vazquez, E., & Haddad, A. (2021). Quantitative 

risk analysis applied to refrigeration industry using computational 

modelling. Results in Engineering, 9, 100202. doi: 10.1016/j. 

rineng.2021.100202 

[45] Duijm, N.J., Markert, F., & Paulsen, J.L. (2005). Safety assess-

ment of ammonia as a transport fuel (Risø-R-1504(EN)). Risø 

National Laboratory. DTU Orbit repository

 



 

 

 



1. Introduction 

Nickel and nickel-based alloys have been extensively studied in 

the literature [1–3] due to their wide range of industrial applica-

tions, including lead wires, battery components, transducers, 

spark electrodes and heat exchangers. In addition to nickel, both 

bismuth [4] and lead [5] have attracted considerable scientific 

interest because of their unique physical and chemical proper-

ties. Bismuth-based alloys are widely recognised as environ-

mentally friendly alternatives to lead-containing materials be-

cause of their low toxicity, low melting temperature and favour-

able casting behaviour. The addition of nickel to Bi-Pb alloys 
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from three vertical sections: Bi-NiPb, Ni-BiPb and Pb-BiNi. The observed microstructures were compared with the calcu-
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may significantly modify the phase constitution, mechanical 

properties, electrical conductivity and solidification behaviour, 

making these ternary alloys attractive for applications requiring 

tailored combinations of physical and mechanical properties. 

Previous investigations of the Bi-Ni-Pb system and related 

ternary alloy systems have primarily focused on phase equilib-

ria, thermodynamic assessment and microstructural characteri-

sation. Reliable knowledge of phase relationships is essential for 

understanding alloy behaviour and for predicting the formation 

of equilibrium and non-equilibrium phases during solidification. 

However, considerably less attention has been devoted to corre-

lating alloy composition and phase constitution with mechanical 

and electrical properties, although these characteristics are of 

primary importance for the practical application and optimisa-

tion of multicomponent alloys. 

The ternary Bi-Ni-Pb system was previously investigated by 

our research group [6]. The reported results focused on the ex-

perimental determination of phase equilibria. The studied alloys 

were used to establish phase relationships along three vertical 

sections (x(Bi) = 0.75, x(Ni) = 0.10, and x(Pb) = 0.90) as well 

as two isothermal sections at 100°C and 300°C. Based on these 

results, a reliable thermodynamic description of the ternary  

Bi-Ni-Pb system was developed in Ref. [6], and this thermody-

namic database was employed in the present study. 

In recent years, statistical approaches such as response sur-

face methodology (RSM) and mixture experimental designs 

have become valuable tools in materials science for establishing 

quantitative relationships between alloy composition and mate-

rial properties. Unlike conventional factorial designs, mixture 

designs explicitly account for the compositional constraint that 

the sum of all components is constant. These methods enable 

efficient optimisation of multicomponent alloy systems, reduce 

the number of required experiments and provide predictive 

mathematical models for engineering applications. Their appli-

cation has been successfully demonstrated for the optimisation 

of mechanical, electrical, thermal and corrosion properties of 

metallic materials. 

In the current work, fifteen ternary alloys were prepared and 

subjected to various experimental investigations. Their micro-

structures were characterised using light optical microscopy 

(LOM) and scanning electron microscopy (SEM). The chemical 

compositions of the alloys and their constituent phases were de-

termined by energy-dispersive spectroscopy (EDS), while phase 

identification was performed using X-ray diffraction (XRD) 

analysis. 

The experimental SEM-EDS and XRD results were com-

pared with the calculated isothermal section at 25°C, showing 

good agreement between the experimental observations and 

thermodynamic predictions. The isothermal section at 25°C was 

calculated using the Pandat software [7]. 

Hardness and electrical conductivity were measured on the 

same set of alloys. Since these properties are strongly influenced 

by alloy composition, phase distribution and microstructure, 

predictive modelling can provide valuable guidance for alloy de-

sign while reducing experimental effort. The average values ob-

tained from the experimental measurements were therefore used 

for mathematical modelling based on response surface method-

ology and mixture design. In addition, Scheil and Lever simula-

tions were performed for the Bi5Ni90Pb5 alloy using Pandat soft-

ware to evaluate their solidification behaviour and to compare 

equilibrium and non-equilibrium solidification paths with the 

experimentally observed microstructures. 

The novelty of the present work lies in the combined exper-

imental, thermodynamic and statistical investigation of the  

Bi-Ni-Pb ternary system. By integrating phase-equilibria calcu-

lations, microstructural characterisation, mechanical and electri-

cal property measurements, response surface modelling and so-

lidification simulations, the study establishes quantitative com-

position-structure-property relationships that may facilitate the 

design and optimisation of Bi-Ni-Pb alloys for future engineer-

ing applications. 

2. Materials and methods 

2.1. Experimental procedure 

A total of fifteen ternary and three binary alloy samples were 

prepared from high-purity elemental materials (Bi, Ni and Pb, 

99.999 at. %) supplied by Alfa Aesar, Germany. The experimen-

tal compositions were selected to achieve the broadest possible 

coverage of the ternary compositional space, thereby ensuring 

representative sampling of the system. The mass of each ternary 

alloy sample was approximately 5 g. The accurately weighed 

amounts of the constituent elements were melted using an arc-

melting furnace under a high-purity argon atmosphere with  

a non-consumable tungsten electrode. To ensure sufficient mix-

ing and chemical homogeneity, each sample was remelted five 

times. After the final melting step, the alloys were slowly cooled 

to room temperature. The average mass loss during the melting 

process was approximately 0.5% of the initial sample mass. The 

nominal compositions of the prepared alloys are listed in Tab- 

le 1. 

The nominal compositions of the investigated alloys were 

chosen along three vertical sections of the Bi-Ni-Pb ternary sys-

tem. Specifically, samples 1–5 were located on the Bi-NiPb sec-

tion, samples 6–11 on the Ni-BiPb section, and samples 12–15 

on the Pb-BiNi section, enabling systematic investigation of the 

influence of composition on the microstructure and measured 

properties.  

The prepared samples were divided into two groups accord-

ing to the planned characterisation methods. The first group was 

subjected to XRD analysis for phase identification, while the 

second group was used for microstructural characterisation by 

LOM and SEM-EDS, as well as for electrical conductivity and 

hardness measurements. 

For X-ray diffraction (XRD) analysis, the selected samples 

were mechanically crushed and ground into fine powders. Pow-

der XRD patterns were collected using a D2 PHASER diffrac-

tometer (Bruker, Karlsruhe, Germany) equipped with a dyna-

mic scintillation detector and a ceramic Cu X-ray tube  

(KFL-Cu-2K). The measurements were performed in the 2θ 

range from 5° to 75° with a step size of 0.02°. Phase identifica-

tion was carried out using the TOPAS 4.2 software package and 

the ICDD PDF-2 database (2013). The diffractometer was cali-

brated using the Bruker standard Korundprobe A26-B26-S. In 

addition, ten high-purity elemental powders purchased from 
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Alfa Aesar were used as reference materials during the calibra-

tion procedure to ensure accurate phase identification and relia-

ble diffraction data analysis. 

The samples from the second group were prepared for metal-

lographic examination following a standard preparation proce-

dure. The samples were initially embedded in a polymer resin, 

followed by sequential grinding using SiC abrasive papers and 

polishing with diamond paste to obtain a smooth and scratch-

free surface. After polishing, the samples were cleaned in an ul-

trasonic bath to remove any residual contaminants. The prepared 

specimens were subsequently used for LOM, Brinell hardness 

and electrical conductivity measurements. For SEM-EDS anal-

ysis, the polymer resin was carefully removed after metallo-

graphic preparation to expose the sample surface and enable ac-

curate microstructural observation and chemical composition 

analysis. 

The microstructures of the prepared alloys were examined 

using a light optical microscope (Olympus GX23, Olympus 

Corporation, Japan). The observations were performed on 

metallographically prepared surfaces after grinding, polishing, 

and ultrasonic cleaning. 

Hardness measurements were performed using a Brinell 

hardness tester (INNOVATEST, model NEXUS 3001) accord-

ing to the ISO 6506 standard. A spherical carbide indenter with 

a diameter of 2.5 mm was used, and the applied indentation load 

was 306.4 N for 10 s. The measurements were carried out on 

metallographically prepared surfaces under controlled condi-

tions. For each alloy, hardness was measured at three different 

locations to account for possible microstructural heterogeneity, 

and the average value was calculated and used for further anal-

ysis and mathematical modelling. The distance between individ-

ual indentations was selected to minimise the influence of neigh-

bouring imprints and to ensure reliable hardness measurements. 

The Brinell hardness values were determined automatically by 

the instrument based on the measured indentation diameter. 

Electrical conductivity measurements were carried out using 

a Foerster SIGMATEST 2.069 eddy current instrument. The 

measurements were performed at room temperature on metallo-

graphically prepared samples with a flat and clean surface to en-

sure good contact between the probe and the sample. For each 

alloy, the electrical conductivity was measured at four different 

positions, and the average value was calculated and used for fur-

ther analysis and mathematical modelling. Before measure-

ments, the instrument was calibrated using the appropriate ref-

erence standards according to the manufacturer's recommenda-

tions. The results were expressed in MS/m, and the measure-

ment procedure was performed under identical conditions for all 

investigated samples to ensure reliable comparison of the elec-

trical conductivity values. 

SEM–EDS analysis was performed using a JEOL JSM-6460 

scanning electron microscope equipped with an Oxford Instru-

ments X-act EDS detector. Before the measurements, the EDS 

system was calibrated using a pure copper (Cu) standard to en-

sure accurate elemental identification and quantitative chemical 

analysis. 

EDS elemental mapping was initially performed to evaluate 

the compositional homogeneity of the investigated samples and 

to identify possible elemental segregation. Subsequently, the 

overall chemical compositions of the alloys and the composi-

tions of individual coexisting phases were determined by EDS 

point and area analyses. The compositions of the coexisting 

phases were obtained by analysing several regions correspond-

ing to the same phase in different areas of each sample, provid-

ing more reliable compositional values and reducing the influ-

ence of local microstructural variations. 

A schematic overview of the complete experimental proce-

dure, including sample preparation and subsequent characterisa-

tion steps, is presented in Fig. 1. 
Experimental results from Brinell hardness and electrical 

conductivity measurements were used to develop mathematical 

models describing these properties across the entire composi-

tional range. 

2.2. Statistical methodology 

The statistical methodology adopted for developing and validat-

ing the predictive mixture models is summarised in Fig. 2. The 

Table 1. Nominal composition of Bi-Ni-Pb alloys used for experi-

mental tests.  

Number 
(mark of 
sample) 

Alloy nominal composition (mole fraction) 

Bi Ni Pb 

B1 0 0.5 0.5 

1 0.2 0.4 0.4 

2 0.4 0.3 0.3 

3 0.5 0.25 0.25 

4 0.6 0.2 0.2 

5 0.8 0.1 0.1 

B2 0.5 0 0.5 

6 0.45 0.1 0.45 

7 0.4 0.2 0.4 

8 0.35 0.3 0.35 

9 0.3 0.4 0.3 

10 0.1 0.8 0.1 

11 0.05 0.9 0.05 

B3 0.5 0.5 0 

12 0.4 0.4 0.2 

13 0.3 0.3 0.4 

14 0.2 0.2 0.6 

15 0.1 0.1 0.8 

 

 

Fig. 1. Scheme of the experimental procedure with the conditions  

and type of used devices. 
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workflow consisted of five consecutive stages: (i) model selec-

tion, (ii) statistical evaluation, (iii) diagnostic analysis, (iv) 

model visualisation and (v) model validation. This procedure 

was applied independently to both investigated responses, hard-

ness and electrical conductivity, ensuring a consistent statistical 

treatment throughout the study [8–10]. 

The experimental data were analysed using Design-Expert® 

software (Version 9.0.6, Stat-Ease Inc., Minneapolis, MN, 

USA) [11]. Scheffé mixture models of increasing complexity 

(linear, quadratic, special cubic, cubic, special quartic and quar-

tic) were fitted to the experimental data [10,12–14]. For a three-

component mixture satisfying the constraint x1+x2+x3=1, the in-

vestigated Scheffé mixture models can be written as follows 

[10,12,14]: 

 Linear: 𝑦̂ = ∑ 𝛽𝑖𝑥𝑖
𝑞
𝑖=1 , (1) 

 Quadratic: 𝑦̂ = ∑ 𝛽𝑖𝑥𝑖
𝑞
𝑖=1 + ∑ ∑ 𝛽𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 , (2) 

 Special Cubic: 𝑦̂ = ∑ 𝛽𝑖𝑥𝑖
𝑞
𝑖=1 + ∑ ∑ 𝛽𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 + ∑ ∑ ∑ 𝛽𝑖𝑗𝑘𝑥𝑖𝑥𝑗𝑥𝑘

𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗 , (3)

 Full Cubic: 𝑦̂ = ∑ 𝛽𝑖𝑥𝑖
𝑞
𝑖=1 + ∑ ∑ 𝛽𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 + ∑ ∑ 𝛿𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 (𝑥𝑖 − 𝑥𝑗) + ∑ ∑ ∑ 𝛽𝑖𝑗𝑘𝑥𝑖𝑥𝑗𝑥𝑘

𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗 , (4) 

 Special Quartic: 

 𝑦̂ = ∑ 𝛽𝑖𝑥𝑖
𝑞
𝑖=1 + ∑ ∑ 𝛽𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 + ∑ ∑ ∑ 𝛽𝑖𝑖𝑗𝑘𝑥𝑖

2𝑥𝑗𝑥𝑘
𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗 + ∑ ∑ ∑ 𝛽𝑖𝑗𝑗𝑘𝑥𝑖𝑥𝑗

2𝑥𝑘
𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗 + ∑ ∑ ∑ 𝛽𝑖𝑗𝑘𝑘𝑥𝑖𝑥𝑗𝑥𝑘

2𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗 , (5) 

 Full Quartic: 

 𝑦̂ = ∑ 𝛽𝑖𝑥𝑖
𝑞
𝑖=1 + ∑ ∑ 𝛽𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 + ∑ ∑ 𝛿𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 (𝑥𝑖 − 𝑥𝑗) + ∑ ∑ 𝛾𝑖𝑗𝑥𝑖

𝑞
𝑗 𝑥𝑗

𝑞−1
𝑖<𝑗 (𝑥𝑖 − 𝑥𝑗)

2 + ∑ ∑ ∑ 𝛽𝑖𝑖𝑗𝑘𝑥𝑖
2𝑥𝑗𝑥𝑘 +

𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗   

+∑ ∑ ∑ 𝛽𝑖𝑗𝑗𝑘𝑥𝑖𝑥𝑗
2𝑥𝑘

𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗 + ∑ ∑ ∑ 𝛽𝑖𝑗𝑘𝑘𝑥𝑖𝑥𝑗𝑥𝑘

2𝑞
𝑘

𝑞−1
𝑗<𝑘

𝑞−2
𝑖<𝑗 + ∑ ∑ ∑ ∑ 𝛽𝑖𝑗𝑘𝑙𝑥𝑖𝑥𝑗𝑥𝑘𝑥𝑙

𝑞
𝑙

𝑞−1
𝑘<𝑙

𝑞−2
𝑗<𝑘

𝑞−3
𝑖<𝑗 . (6)

The candidate Scheffé mixture models were fitted sequen-

tially, and only hierarchical models were considered during 

model selection. Model reduction was performed using back-

ward elimination with a significance level of α = 0.05 while pre-

serving model hierarchy [9,15]. Whenever necessary, a Box-

Cox transformation was considered to improve model adequacy; 

however, no transformation was required for the final models 

[9,12]. 

The candidate models were statistically evaluated using 

analysis of variance (ANOVA) [9,15]. Model significance was 

assessed by the F-test and associated p-values, whereas good-

ness-of-fit was evaluated using the coefficient of determination 

(R2), adjusted coefficient of determination (Adj. R2), predicted 

coefficient of determination (Pred. R2), predicted residual sum 

of squares (PRESS), adequate precision and the lack-of-fit test 

[8,9,11]. The final model for each response was selected by con-

sidering both statistical significance and predictive capability ra-

ther than relying on a single statistical criterion. 

Model adequacy was further examined through residual di-

agnostics [9,11,15]. Diagnostic plots included predicted versus 

actual values, residuals versus predicted values, normal proba-

bility plots of residuals, residuals versus run order, residuals ver-

sus alloy composition, Cook's distance and Box-Cox plots. 

These analyses were used to verify the assumptions of normal-

ity, homoscedasticity, independence of residuals and the absen-

ce of influential observations. 

The selected models were subsequently visualised using 

contour plots to illustrate the effects of alloy composition on the 

investigated responses and to identify regions exhibiting desira-

ble combinations of properties within the experimental design 

space [8,9,12]. 

Finally, model validation was carried out by comparing pre-

dicted values with independent confirmation experiments per-

formed at selected alloy compositions that were not included in 

model construction [8,9,11]. The agreement between experi-

mental and predicted values was evaluated using the relative 

 

Fig. 2. Workflow of the statistical methodology  

used for mixture model development and validation. 
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prediction error, thereby demonstrating the predictive accuracy 

and practical applicability of the developed mixture models. 

3. Results and discussion 

Based on the thermodynamic assessment of the ternary Bi-Ni-

Pb system reported in Ref. [6], six solid phases and one liquid 

phase are expected to exist. The identified solid phases and their 

corresponding crystallographic information are listed in Tab- 

le 2. 

Samples 2–4, 7, and 8 were found to contain the equilibrium 

phases Bi3Ni, BiNi and (Pb), as identified by XRD and con-

firmed by EDS analysis. Their positions in the calculated iso-

thermal section (Fig. 3) are consistent with the BiNi+Bi3Ni+(Pb) 

three-phase equilibrium region. Sample 5 was characterised by 

the equilibrium phases Bi3Ni, (Pb) and (εPb).

 

3.1. Microstructural properties 

Fifteen slowly cooled ternary alloys (samples 1–15, listed in Ta-

ble 1) were experimentally characterised. Their microstruc-tures 

were examined by LOM and SEM. The chemical compo-sitions 

of both the bulk alloys and the coexisting phases were deter-

mined using EDS. Phase identification was performed by XRD, 

and the combined EDS and XRD results are summarised in Ta-

ble 3. The experimental findings were further validated by com-

parison with the calculated isothermal section of the Bi-Ni-Pb 

system at 25°C, shown in Fig. 3.  

The experimentally determined alloy compositions obtained 

by EDS are superimposed on the calculated isothermal section 

as square markers. Excellent agreement was observed between 

the nominal alloy compositions and those measured by EDS, 

confirming the reliability of the alloy preparation procedure. To 

distinguish the three investigated vertical sections, different 

marker colours were used in Fig. 3. Red squares represent sam-

ples 1–5 from the Bi-NiPb vertical section, orange squares cor-

respond to samples 6–11 from the Ni-BiPb vertical section, and 

green squares denote samples 12–15 from the Pb-BiNi vertical 

section. 

The calculated isothermal section at 25°C comprises eight 

phase fields, including four two-phase and four three-phase 

equilibrium regions. The experimentally identified phase consti-

tutions are fully consistent with the calculated phase equilibria, 

demonstrating good agreement between the thermodynamic pre-

dictions and the experimental observations.  

XRD analysis showed that samples 1 and 9–15 consisted of 

the three equilibrium phases (Ni), BiNi and (Pb). The phase 

identification was confirmed by EDS analysis, and the corres-

ponding phase compositions are listed in Table 3. As shown in 

Fig. 3, these samples are located within the three-phase equilib-

rium region (Ni)+BiNi+(Pb). 

The experimental phase assemblage determined by XRD  

and EDS is in excellent agreement with the calculated iso- 

thermal section, confirming that the alloy belongs to the 

Bi3Ni+(Pb)+(εPb) three-phase region. 

Similarly, sample 6 was found to consist of the equilibrium 

phases Bi3Ni, (Pb) and (εPb). The phases predicted by the cal-

culated isothermal section were confirmed by both XRD and 

EDS analyses, demonstrating excellent agreement between the 

experimental observations and thermodynamic calculations. 

Consequently, all four predicted three-phase equilibrium re-

gions were experimentally validated. Moreover, the measured 

phase compositions closely matched the equilibrium composi-

tions predicted by the thermodynamic calculations, further con-

firming the reliability of the thermodynamic description of the 

Bi-Ni-Pb system. 
  

 

Fig. 3. Prеdiсtеd isоthеrmаl sесtiоn аt 25ºC  

with mаrkеd соmpоsitiоns of tеsted alloys. 

Table 2. Considered phase and their crystal structure data. 

Phase names 
Common  

names 
Temperature, 

°C 
Composition 
range in at. % 

Strukturbericht  
symbol and  

Pearson symbol 
Space group 

Lattice  
parameters, Å 

Ref. 

RHOMBO_A7 (Bi) 0271 100 Bi 
A7 

hR2 
𝑅3 𝑚 

a=b=4.548, 
c=11.852 

[16] 

FCC_A1 
(Ni) 
(Pb) 

01455 

0327 

97.80100 Ni  

96.88100 Pb  

A1 
cF4 

𝐹𝑚3 𝑚 
a=b=c=3.5243 
a=b=c=4.9496 

[17]  
[18] 

HCP_A3 (εPb) 0183.64 
57.3075.60 

Pb 
A3 𝑃63/𝑚𝑚𝑐 

a=b=3.265 
c=5.387 

[19] 

BI3NI Bi3Ni 0464.83 25 Ni, 75Bi 
C4 

oP16 
Pnma 

a=8.879 
b=4.0998 
c=11.483 

[20] 

BINI BiNi 0645.8 
48.4749.95 

Ni 
B81  

mC64 
F12/m1 

a=14.124 
b=8.1621 
c=21.429 

[21] 
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The microstructures of samples 1 and 3 are presented in  

Fig. 4. Three distinct phases can be clearly distinguished in both 

micrographs, and the corresponding phases are labelled directly 

on the images. In both microstructures, the (Pb) phase forms the 

continuous matrix in which the other two phases are dispersed. 

 

    

Fig. 4. SЕM miсrоgrаphs оf thе sаmplеs: a) 1; b) 3. 

Table 3. EDS and XRD results of the ternary Bi-Ni-Pb samples.  

Number Composition of samples in at. % 
Predicted 

phases 

Determined  
phases 

Compositions of phases in at. %  
determined by EDS 

EDS XRD x(Bi) x(Ni) x(Pb) 

1 
20.19 Bi 
39.86 Ni 
39.95 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.13 
49.53 
1.10 

99.85 
50.43 
0.66 

0.02 
0.04 

98.24 

2 
39.81 Bi 
30.19 Ni 
30.00 Pb 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

74.65 
49.18 
3.14 

25.17 
50.79 
0.72 

0.18 
0.03 

96.14 

3 
50.21 Bi 
25.13 Ni 
24.66 Pb 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

75.12 
50.01 
3.41 

24.79 
49.88 
0.07 

0.09 
0.11 

96.52 

4 
59.59 Bi 
20.52 Ni 
19.89 Pb 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

75.67 
49.32 
3.09 

24.22 
50.59 
0.37 

0.11 
0.09 

96.54 

5 
80.13 Bi 
9.81 Ni 

10.06 Pb 

(Bi) 
BiNi 
(εPb) 

(Bi) 
BiNi 
(εPb) 

(Bi) 
BiNi 
(εPb) 

98.72 
50.92 
29.87 

1.13 
48.99 
1.00 

0.15 
0.09 

69.13 

6 
45.12 Bi 
9.91 Ni 

44.97 Pb 

Bi3Ni 
 (Pb) 
 (εPb) 

Bi3Ni 
 (Pb) 
 (εPb) 

Bi3Ni 
 (Pb)  
(εPb) 

74.25 
18.82 
25.18 

25.72 
0.09 
0.02 

0.03 
81.09 
74.80 

7 
39.18 Bi 
20.81 Ni 
40.01 Pb 

Bi3Ni 
BiNi 
(Pb) 

Bi3Ni 
BiNi 
(Pb) 

Bi3Ni 
BiNi 
(Pb) 

74.65 
49.97 
3.28 

25.15 
49.88 
0.02 

0.20 
0.15 

96.70 

8 
35.23 Bi 
30.17 Ni 
34.60 Pb 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

Bi3Ni  
BiNi 
(Pb) 

75.62 
49.74 
3.19 

24.36 
50.15 
0.04 

0.02 
0.11 

96.77 

9 
29.81 Bi 
40.15 Ni 
30.04 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.18 
50.13 
0.92 

99.70 
49.79 
0.05 

0.12 
0.08 

99.03 

10 
9.83 Bi 

80.54 Ni 
9.63 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.07 
50.23 
1.03 

99.75 
49.72 
0.26 

0.18 
0.05 

98.71 

11 
5.12 Bi 

90.03 Ni 
4.85 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.18 
49.87 
0.98 

99.65 
50.08 
0.37 

0.17 
0.05 

98.65 

12 
40.71 Bi 
39.58 Ni 
19.71 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.15 
49.93 
0.84 

99.77 
49.98 
0.74 

0.08 
0.09 

98.42 

13 
30.64 Bi 
30.02 Ni 
39.34 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.03 
50.07 
1.01 

99.92 
49.82 
0.21 

0.05 
0.11 

98.78 

14 
20.66 Bi 
19.82 Ni 
59.52 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.12 
49.42 
0.97 

99.81 
50.52 
0.50 

0.07 
0.06 

98.53 

15 
9.92 Bi 

10.11 Ni 
79.97 Pb 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

(Ni) 
BiNi 
(Pb) 

0.15 
49.87 
0.89 

99.79 
50.04 
0.70 

0.06 
0.09 

98.41 
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In the microstructure of sample 1, the (Ni) phase appears as 

a dark contrast phase with clearly defined boundaries, while the 

BiNi phase exhibits a light-gray contrast and is mainly located 

in the vicinity of the (Ni) phase. Such a phase arrangement indi-

cates a close spatial relationship between the intermetallic BiNi 

phase and the Ni-rich regions formed during solidification. 

In the microstructure of sample 3, the Bi₃Ni and BiNi phases 

exhibit similar morphologies and distribution patterns within the 

(Pb) matrix. The Bi3Ni phase appears with a dark-gray contrast, 

whereas the BiNi phase is observed as a darker phase, which can 

be attributed to the higher Ni content and differences in chemical 

composition between these intermetallic compounds. The obser-

ved phase morphology and distribution are consistent with the 

phase equilibria predicted by the calculated isothermal section 

and contribute to the differences in the measured mechanical and 

electrical properties of the investigated alloys. 

3.2. Mechanical properties 

3.2.1. Experimental results 

Brinell hardness measurements were performed at three differ-

rent locations on each sample, and the results are summarised in 

Table 4. The table provides the sample identification numbers, 

the calculated phase fractions of the investigated alloys, the indi-

vidual hardness values obtained from the three measurements 

and the corresponding average Brinell hardness values. For 

comparison, the hardness values of the pure constituent ele-

ments reported in the literature [22] are also included. The phase 

fractions of all investigated alloys at room temperature were de-

termined using the thermodynamic database. 

Figure 5 presents the mean Brinell hardness values listed in 

Table 4 as a function of alloy composition. The graphical repre-

sentation provides a clear overview of the variation in hardness 

across the investigated composition ranges and facilitates the 

analysis of the relationship between alloy composition, phase 

constitution and the resulting mechanical response. 

The measured Brinell hardness values show a clear depend-

ence on the phase constitution of the investigated Bi-Ni-Pb al-

loys. As presented in Table 4 and Fig. 5, the hardness variation 

along the three investigated vertical sections is closely associ-

ated with changes in the relative fractions of the constituent 

phases. In particular, the results demonstrate that the mechanical 

response of the alloys cannot be described solely by their nomi-

nal chemical composition, but rather by the phase assemblage 

developed at room temperature. 

For the Bi-NiPb section (samples 1–5), the Brinell hardness 

values of the investigated alloys range from 19.3 to 32.6 MN/m2. 

The observed variation in hardness can be associated with 

changes in the relative fractions of the constituent phases. Along 

this section, three different three-phase regions are encountered. 

Notably, samples 2–4 belong to the same three-phase region; 

however, their hardness values differ considerably, indicating 

that the hardness is influenced not only by the type of phases 

present but also by their relative proportions. 

Sample 2 exhibits the lowest hardness among samples 2–4, 

with a value of 19.3 MN/m2. Its phase constitution consists of 

approximately 17.9% Bi3Ni, 51.3% BiNi and 30.8% (Pb). In 

sample 3, the fraction of Bi3Ni increases substantially to approx-

imately 48.4%, while the BiNi fraction decreases to 25.9%, and 

the (Pb) fraction remains approximately 25.7%. This change in 

phase fractions is accompanied by an increase in hardness to 

27.1 MN/m2. For sample 4, the Bi3Ni fraction increases further 

to approximately 78.9%, while the fractions of the BiNi and (Pb) 

phases decrease considerably. Correspondingly, the hardness 

reaches 32.6 MN/m2.

 

 

a). 

 

b). 

 

c). 

Fig. 5. Graphical presentation of Brinell hardness depend-

ence of composition and phase fraction: a) vertical section 

Bi-NiPb; b) vertical section Ni-BiPb; 

c) vertical section Pb-BiNi. 
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The progressive increase in hardness from sample 2 to sam-

ple 4 is therefore closely associated with the increasing fraction 

of the Bi3Ni phase and the simultaneous reduction in the frac-

tions of the BiNi and Pb-rich constituents. The Bi3Ni frac-tion 

increases from 17.9% in sample 2 to 48.4% in sample 3 and 

78.9% in sample 4, accompanied by an increase in hardness of 

approximately 41% and 69%, respectively, relative to sample 2. 

This trend suggests that Bi3Ni makes a significant contribution 

to the overall hardness of the alloys, while the decreasing frac-

tion of the softer Pb-rich constituent further promotes the in-

crease in hardness. These results demonstrate that, even within 

the same three-phase region, changes in the relative phase frac-

tions can produce a pronounced variation in Brinell hardness. 

For the Ni-BiPb section represented by samples 6–11, the 

Brinell hardness values show a pronounced variation with alloy 

composition and phase constitution. The investigated composi-

tions are located within three different three-phase regions, indi-

cating that changes in hardness are associated both with changes 

in the phase assemblage and with variations in the relative frac-

tions of the individual phases. 

A more detailed comparison can be made for samples 9–11, 

which belong to the same three-phase region. Despite having the 

same type of three-phase phase assemblage, these samples exhi-

bit significant differences in Brinell hardness, demonstrating 

that the mechanical response is strongly affected by the relative 

phase fractions. The hardness increases progressively toward 

sample 11, reaching the highest value of 53.2 MN/m2. This in-

crease can be associated with the changing proportions of the 

constituent phases, particularly the increasing fraction of the 

harder Ni-rich phase (Ni) and the corresponding reduction in the 

softer constituents.  

The comparison of samples 9–11 is particularly important 

because the phase assemblage remains unchanged, while the 

phase fractions vary with composition. Therefore, the observed 

change in hardness cannot be attributed to the appearance of  

a new phase, but rather to the changing relative contribution of 

the phases already present. The higher hardness observed for 

Table 4. Calculated phase fractions at room temperature and related Brinell hardness values of B1, B2, B3  

and ternary Bi-Ni-Pb alloys.  

Number Calculated fraction of a phase (%) 
Measured value (MN/m2) 

Mean value (MN/m2) 
1 2 3 

B1 50.0 % (Pb), 50.0 % (Ni) 24.8 25.6 23.7 24.7 

1 20.5 % (Ni), 39.1 % BiNi, 40.4 % (Pb) 20.1 22.5 22.3 21.63 

2 17.9 % Bi3Ni, 51.3 % BiNi, 30.8 % (Pb) 18.9 19.4 19.5 19.3 

3 48.4 % Bi3Ni, 25.9 % BiNi, 25.7 % (Pb) 25.5 26.2 29.6 27.1 

4 78.9 % Bi3Ni, 0.6 % BiNi, 20.5 % (Pb)  32.0 33.2 32.6 32.6 

5 45.9 % (Bi), 40.0 % BiNi, 14.1 % (εPb) 20.4 24.4 25.1 23.3 

Bi 100.0 % (Bi)  94.2 [22] 

B2 70.4 % (εPb), 29.6 % (Bi) 64.1 62.8 65.7 64.2 

6 40.0 % Bi3Ni, 1.0 % (Pb), 59.0 % (εPb) 15.5 19.6 17.7 17.6 

7 37.6 % Bi3Ni, 21.3 % BiNi, 41.1 % (Pb) 23.5 26.6 25.4 25.2 

8 7.6 % Bi3Ni, 56.4 % BiNi, 36.0 % (Pb) 16.9 18.5 19.4 18.2 

9 10.4 % (Ni), 30.3 % (Pb), 59.3 % BiNi 15.1 13.5 18.3 15.6 

10 70.1 % (Ni), 10.1 %  (Pb), 19.8 BiNi 34.1 35.1 35.7 34.9 

11 85.1 % (Ni), 5.0 % (Pb), 9.9 % BiNi 49.8 52.7 57.1 53.2 

Ni 100 % (Ni)  700 [22] 

B3 99.9 % BiNi, 0.1 % (Ni) 50.8 47.1 48.9 48.9 

12 79.5 % BiNi, 20.2 % (Pb), 0.3 % (Ni) 43.1 43.3 46.5 44.3 

13 59.1 % BiNi, 40.4 % (Pb), 0.5 % (Ni) 27.0 28.1 27.7 27.6 

14 38.8 % BiNi, 60.6 % (Pb), 0.6 % (Ni) 21.7 20.8 20.7 21.1 

15 18.4 % BiNi, 80.8 % (Pb), 0.8 % (Ni) 14.0 14.7 14.3 14.3 

Pb 100 % (Pb)  38.3 [22] 

 

Table 5. Mixture model. Model summary statistics used for model selection. 

Source Std. dev. R2 Adjusted R2 Predicted R2 PRESS  

Linear 1.075535 0.228267 0.198003 0.134089 66.19505  

Quadratic 0.940062 0.445116 0.387316 0.249458 57.37556  

Special Cubic 0.71964 0.681598 0.640951 0.608051 29.96273  

Cubic 0.731591 0.684938 0.628926 0.587455 31.53719 Aliased 

Special Quartic 0.698647 0.712674 0.661593 0.619531 29.08518 Suggested 

Quartic 0.553781 0.831511 0.787382 0.774756 17.21889 Aliased 

 



Experimental test and simulation of properties from ternary Bi-Ni-Pb system: microstructural … 

 

221 
 

sample 11 indicates that its phase constitution is more favour-

able for strengthening, with the larger fraction of the Ni-rich 

constituent contributing significantly to the overall mechanical 

response. Conversely, the lower hardness of samples 9 and 10 

can be related to their higher proportions of the softer constitu-

ents. 

Overall, the results for samples 6–11 demonstrate that Bri-

nell hardness is governed by both the type of three-phase region 

and, importantly, the relative fractions of the constituent phases. 

The comparison of samples 9–11 shows that substantial changes 

in hardness can occur even within the same three-phase region, 

highlighting the significant influence of phase fraction on the 

mechanical properties of the investigated alloys. 

For samples 12–15, all compositions belong to the same 

three-phase region, allowing the effect of changing phase frac-

tions on Brinell hardness to be evaluated without a change in the 

phase assemblage. The hardness decreases progressively from 

44.3 MN/m2 for sample 12 to 14.3 MN/m2 for sample 15. This 

decrease is associated with a reduction in the fraction of the 

harder Bi3Ni phase, from approximately 79.5% in sample 12 to 

18.4% in sample 15, accompanied by an increase in the Pb-rich 

constituent to approximately 80.8%. The results therefore indi-

cate that, even within the same three-phase region, variations in 

the relative phase fractions have a pronounced effect on hard-

ness, with a higher Bi3Ni fraction contributing to increased hard-

ness, while an increasing Pb-rich fraction promotes softening. 

Among all investigated alloys, the highest Brinell hardness 

value was recorded for sample 11, reaching 53.2 MN/m2. The 

lowest Brinell hardness value was determined for sample 15. 

The experimental data given in Table 4 were further used to 

develop a mathematical model for predicting Brinell hardness 

across the entire composition range. 

3.2.2. Development and validation of the mixture model for 

Brinell hardness 

The hardness model was developed using all experimentally 

measured Brinell hardness values obtained for the investigated 

alloy compositions. Three independent hardness measurements 

were performed for each of the eighteen alloy compositions, re-

sulting in a total of fifty-four experimental observations. In con-

trast to the previous preliminary analysis based on composition 

averages, all individual measurements were retained in the re-

gression analysis in order to provide an unbiased estimate of the 

experimental (pure) error and to enable a statistically valid lack-

of-fit test. 

Model selection 

To describe the influence of the Bi-Ni-Pb composition on Bri-

nell hardness (HB), several Scheffé mixture models of increa-

sing complexity (linear, quadratic, special cubic and special 

quartic) were evaluated using Design-Expert® software. Model 

selection was based on standard statistical criteria including the 

determination (R2), adjusted coefficient of determination  

(Adj. R2), predicted coefficient of determination (Pred. R2), pre-

diction error sum of squares (PRESS) and adequate precision. In 

accordance with the principle of parsimony, the simplest hierar-

chical model providing satisfactory predictive performance was 

selected (Table 5). 

The special cubic mixture model was selected because it pro-

vides an adequate balance between goodness of fit and model 

simplicity. Although the special quartic model produced slightly 

lower residual error and slightly higher coefficients of determi-

nation, the improvement was relatively small, while requiring 

additional higher-order interaction terms. Since the objective 

was to obtain a statistically sound and physically interpretable 

model, the hierarchical special cubic model was adopted for sub-

sequent analyses. 

Analysis of variance 

The analysis of variance (ANOVA) for the selected special cu-

bic model is presented in Table 6. The overall regression model 

was highly significant (F = 16.77, p < 0.0001), indicating that 

the selected polynomial adequately describes the relationship 

between alloy composition and Brinell hardness. Among the re-

gression terms, the Bi-Ni (AB), Bi-Pb (AC) and ternary interac-

tion (ABC) were statistically significant (p < 0.05), whereas the 

Ni-Pb interaction (BC) was not statistically significant (Tab- 

le 7). 

The obtained coefficient of determination (R2 = 0.682) indi-

cates that approximately 68% of the total variation in hardness 

is explained by the selected model. The adjusted coefficient of 

determination (Adj. R2 = 0.641) remained close to R2, indicat-

Table 6. ANOVA for special cubic mixture model.  

Source 
Sum of 
squares 

Degrees of 
freedom 

Mean 
square 

F-value 
p-value 
Prob > F 

 

Model 52.10509 6 8.684182 16.76866 3.15E10 significant 

Linear  
mixture 

17.44998 2 8.724992 16.84747 3.04E06  

AB 4.607531 1 4.607531 8.896881 0.004518  

AC 14.32134 1 14.32134 27.6537 3.49E06  

BC 0.16212 1 0.16212 0.313045 0.578474  

ABC 18.07794 1 18.07794 34.90747 3.7E07  

Residual 24.34043 47 0.517882    

Lack of fit 23.39639 11 2.126944 81.10836 5.33E22 significant 

Pure error 0.944046 36 0.026223    

Corrected total 76.44552 53     
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ing that unnecessary model terms were not introduced.  

Likewise, the predicted coefficient of determination  

(Pred. R2 = 0.608) differed from Adj. R² by less than 0.2, indi-

cating moderate but acceptable predictive capability within the 

investigated experimental domain. The Adeq. Precision ratio 

reached 13.32, which is considerably higher than the recom-

mended minimum value of 4, indicating an adequate signal-to-

noise ratio for navigation throughout the investigated composi-

tion space. The residual standard deviation (std. dev. = 0.720) 

and PRESS value (29.96) provide additional measures of the 

model prediction error and should be considered together with 

the moderate Pred. R2 value when assessing its predictive per-

formance. 

Although the lack-of-fit test was statistically significant, this 

result is primarily attributed to the very small pure experimental 

error obtained from the replicated measurements, which makes 

residual standard deviation, coefficient of determination and the 

lack-of-fit test highly sensitive even to relatively small devia-

tions between the fitted model and the experimental data. Nev-

ertheless, the residual diagnostic plots showed no systematic 

patterns or violations of the underlying regression assumptions, 

while the model retained acceptable predictive capability  

(Pred. R2 = 0.608). Therefore, the model was considered ade-

quate for describing the overall compositional trends within the 

investigated experimental domain, although its predictive accu-

racy should be regarded as moderate rather than high. 

Regression equation and interpretation of the transformed 

response 

The final regression equation describing the square-root trans-

formed Brinell hardness is: 

(HB)
0.5

=3.002415(Bi) + 6.917359(Ni) + 2.143854(Pb) + 9.336419(Bi)(Ni) + 18.39945(Bi)(Pb) + 

 + 1.751249(Ni)(Pb) − 71.2602(Bi)(Ni)(Pb). (7)

where Bi, Ni and Pb denote the corresponding component frac-

tions in the alloy. The component fractions are expressed in 

mass fraction and satisfy Bi+Ni+Pb=1. 

Тhe linear coefficients do not represent the hardness of the 

pure components. Instead, they correspond to the linear contri-

bution of each component within the constrained Scheffé mix-

ture model and should therefore be interpreted only together 

with the interaction terms. 

The positive coefficients associated with the Bi-Ni and  

Bi-Pb interactions indicate positive interaction effects on the 

square-root transformed hardness response, which are reflected 

in increased predicted hardness in the corresponding composi-

tional regions after back-transformation, whereas the large neg-

ative coefficient of the ternary interaction suggests that the sim-

ultaneous presence of all three components reduces hardness rel-

ative to that expected from the binary interactions alone. 

For practical application, the predicted Brinell hardness is 

obtained by applying the inverse transformation, 

 HB=[(HB)0.5]2. (8) 

Accordingly, the regression equation is first used to calculate 

the transformed response, after which the predicted Brinell hard-

ness is obtained by squaring the calculated value. 

Model diagnostics 

Figure 6 shows the diagnostic plots used to validate the regres-

sion model. The normal probability plot confirms approximate 

normality of residuals. Residuals are randomly distributed 

around zero without systematic trends, indicating homoscedas-

ticity. No influential observations were detected based on exter-

nally studentised residuals and Cook's distance. None of the ob-

servations exceeded the commonly accepted influence limits. 

Likewise, the residuals showed no dependence on experimental 

run order, confirming statistical independence of the observa-

tions. 

The Box-Cox analysis suggested an optimum transformation 

close to λ = –0.1. However, the square-root transformation  

(λ = 0.5) was retained because it lies within the 95% confidence 

interval of acceptable transformations while providing a simpler 

and more physically interpretable response transformation. The 

selected transformation also resulted in satisfactory residual di-

agnostics and stable prediction performance (Fig. 7). 

Response surface analysis 

The predicted variation of Brinell hardness throughout the in-

vestigated Bi-Ni-Pb composition space is illustrated in Fig. 8. 

The contour plot reveals a distinctly nonlinear response sur-

face, indicating pronounced interaction effects among the alloy-

ing elements. The highest predicted hardness values are ob-

served in the Bi-Ni-rich region with moderate Pb content, 

whereas increasing Pb content generally leads to lower hard-

ness. The curvature of the contour lines reflects the contribution 

of the binary Bi-Ni and Bi-Pb interactions as well as the ternary 

Bi-Ni-Pb interaction included in the selected special cubic 

model. This behaviour is consistent with the regression analysis, 

particularly with the positive Bi-Ni interaction and the negative 

ternary interaction. 

Although the regression analysis was performed using the 

transformed response, all graphical presentations of the response 

surface and all reported optimum hardness values are expressed 

on the original Brinell hardness scale after back-transformation, 

thereby facilitating engineering interpretation of the results. 

 

Table 7. Summary statistics for the selected special cubic mixture 

model.  

Std. dev. 0.71964 R-squared 0.681598 

Mean 5.314471 Adj. R-squared 0.640951 

Coeff. var. % 13.54114 Pred. R-squared 0.608051 

PRESS 29.96273 Adeq. Precision 13.32147 
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Based on the statistical evaluation, diagnostic analysis and 

predictive performance, the special cubic Scheffé mixture model 

with square-root transformation was selected as the final math-

ematical model for describing the influence of Bi-Ni-Pb compo-

sition on Brinell hardness. Although more complex quartic mod-

els yielded only marginal improvements in goodness-of-fit sta-

  

  

  

Fig. 6. Diagnostic plots used to evaluate the adequacy of the Brinell hardness regression model. 
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tistics, they introduced additional higher-order interaction terms 

without substantially improving predictive capability. There-

fore, the selected special cubic model represents the most appro-

priate compromise between statistical quality, physical inter-

pretability and model simplicity for describing compositional 

trends and graphical analysis within the investigated experi-

mental domain. 

Confirmation of model predictions 

The predictive performance of the developed special cubic 

Scheffé model was further evaluated by confirmation experi-

ments at three selected compositions within the investigated 

composition space. For each confirmation point, Brinell hard-

ness was measured at three different locations, and the arithme-

tic mean of the three measurements was used as the observed 

response. The experimental mean values were compared with 

the corresponding model predictions and the 95% prediction in-

tervals, as summarised in Table 8. 

Good agreement between the experimental and predicted re-

sponses was obtained for the first two confirmation points. At 

point 1, the experimentally determined mean hardness was 

21.733 HB compared with the predicted value of 20.264 HB, 

while at point 2 the experimental and predicted values were 

25.167 and 25.152 HB, respectively. A larger deviation was ob-

served at point 3, where the experimental mean hardness 

(35.267 HB) exceeded the predicted value (27.790 HB). Never-

theless, the experimental mean values for all three confir-mation 

points were within their corresponding 95% prediction intervals. 

These results confirm that the developed model pro-vides an ac-

ceptable representation of Brinell hardness within the investi-

gated composition domain, while the larger deviation ob-served 

at point 3 indicates locally increased uncertainty in model pre-

diction. 

The larger deviation observed at point 3 may be associated 

with increased local microstructural heterogeneity and varia-

tions in phase distribution at this composition. Since Brinell 

hardness is sensitive to the local microstructure within the in-

dentation region, such heterogeneity may contribute to greater 

experimental variability and consequently to the observed dif-

ference between the experimental and predicted mean value.

3.3. Electrical properties 

3.3.1. Experimental results 

Electrical conductivity measurements were performed on the 

samples listed in Table 1. For each sample, four measurements 

of electrical conductivity were carried out, and the results are 

presented in Table 9 and Fig. 9. 

In addition to the experimental values, Table 9 also includes 

the calculated phase fractions, the mean values obtained from 

the four measurements and literature values of electrical conduc-

tivity for the pure elements [25]. 

The measured electrical conductivity of the investigated Bi-

Ni-Pb alloys show a pronounced dependence on phase compo-

sition and phase fraction. The results indicate that the electrical 

transport properties cannot be described solely in terms of the 

nominal elemental composition, since the formation of interme-

tallic phases significantly modifies the conductivity of the al-

loys. This is particularly evident when comparing the conduc-

Table 8. Results of confirmation experiments for the developed Brinell hardness model.  

Point Bi Ni Pb Observed mean (HB) Predicted mean (HB) 95% prediction interval Validation 

1 0.20 0.40 0.40 21.733 20.264 12.536–28.588 Confirmed 

2 0.40 0.20 0.40 25.167 25.152 16.864–34.558 Confirmed 

3 0.40 0.40 0.20 35.267 27.790 18.686–37.475 Confirmed 

 

 

Fig. 7. Box–Cox plot for the Brinell hardness response  

showing the selected square-root transformation (λ = 0.5). 

 

Fig. 8. Predicted Brinell hardness contour plot in Bi–Ni–Pb ternary 

system obtained from the developed special cubic mixture model. 
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tivity of the individual constituents with that of the multiphase 

samples. The reference values are approximately 14.0 MS/m for 

(Ni), 4.8 MS/m for (Pb), and 0.77 MS/m for (Bi), whereas most 

of the multiphase alloys exhibit substantially lower conductivi-

ties. 

The alloys containing a high fraction of Ni-rich phases (Ni), 

generally show the highest electrical conductivity among the in-

vestigated multiphase compositions. For example, samples 10 

and 11, containing 70.1% and 85.1% (Ni), respectively, together 

with BiNi and Pb-containing (Pb) phases, exhibit conductivities 

of 5.5260 and 6.1861 MS/m. The relatively high conductivity of 

these samples can be attributed to the dominant contribution of 

the Ni-rich constituent, which provides comparatively efficient 

electron transport. Nevertheless, their conductivity remains con-

siderably lower than that of pure Ni, indicating that the presence 

of Bi-containing and intermetallic phases introduces additional 

scattering and interrupts the continuous conductive Ni-rich 

paths. 

A markedly different behaviour is observed for compositions 

dominated by BiNi and other Bi-Ni intermetallic phases. The 

reference sample B3, consisting of 99.9% BiNi, exhibits a con-

ductivity of 2.108 MS/m, which is substantially lower than that 

of pure Ni and Pb. Furthermore, samples 12–15, in which the 

BiNi phase is combined predominantly with Pb, show conduc-

tivities ranging from 0.4169 to 2.7025 MS/m. An increase in the 

Pb fraction from 20.2% to 80.8% is accompanied by a general 

increase in conductivity. This trend suggests that, despite the rel-

atively high intrinsic conductivity of Pb compared with BiNi, 

the overall electrical response is strongly influenced by the con-

nectivity and spatial distribution of the phases. Increasing the Pb 

fraction may promote the formation of more continuous Pb-rich 

conductive regions. 

The lowest conductivities are generally observed in alloys 

containing substantial fractions of Bi-rich and Bi-Ni inter-me-

tallic phases. Samples 1–5 and 7–8 exhibit conductivities be-

tween approximately 0.47 and 0.96 MS/m, despite considerable 

differences in their phase fractions. For instance, sample 5, con-

taining 45.9% (Bi), 40.0% BiNi and 14.1% (εPb), has a conduc-

tivity of only 0.4742 MS/m. Similarly, sample 2, containing 

17.9% Bi3Ni, 51.3% BiNi and 30.8% Pb, exhibits a conductivity 

of 0.5918 MS/m. These results demonstrate that a high propor-

tion of Bi-rich or Bi-Ni intermetallic phases can strongly sup-

press electrical transport. The relatively low conductivity of Bi 

compared with Pb and Ni, combined with the intrinsically lower 

conductivity of the intermetallic phases, is likely responsible for 

this behaviour.  

The comparison of samples 6–9 further demonstrates  

the importance of phase connectivity. Sample 6, containing 

59.0% (εPb) and 40.0% Bi3Ni, exhibits a conductivity of  

1.2167 MS/m, while sample 9, with a high fraction of BiNi 

(59.3%) and a lower Bi fraction, reaches 1.6670 MS/m. Thus, 

the conductivity does not follow a simple linear relationship 

with the fraction of any single phase. Instead, it reflects the com-

bined effects of phase fraction, intrinsic conductivity, interfacial 

scattering, and the continuity of electrically conductive paths 

through the microstructure. 

The binary Pb-Ni alloy B1, containing 50% (Pb) and  

50% (Ni), exhibits a conductivity of 3.1862 MS/m, which is 

Table 9. Calculated phase fractions at room temperature and related electrical conductivity values  

of B1, B2, B3 and ternary Bi-Ni-Pb alloys.  

Number Calculated fraction of a phase (%) 

Measured value 
(MS/m) 

Mean value 
(MS/m) 

1 2 3 4 

B1 50.0% (Pb), 50.0% (Ni) 3.1876 3.1872 3.1845 3.1856 3.1862 

1 20.5 % (Ni), 39.1 % BiNi, 40.4 % (Pb) 0.8726 0.8706 0.8614 0.8648 0.8673 

2 17.9 % Bi3Ni, 51.3 % BiNi, 30.8 % (Pb) 0.5869 0.5876 0.5963 0.5964 0.5918 

3 48.4 % Bi3Ni, 25.9 % BiNi, 25.7 % (Pb) 0.6536 0.6502 0.6635 0.6630 0.6575 

4 78.9 % Bi3Ni, 0.6 % BiNi, 20.5 % (Pb)  0.6816 0.6762 0.6796 0.6794 0.6792 

5 45.9 % (Bi), 40.0 % BiNi, 14.1 % (εPb) 0.4737 0.4751 0.4769 0.4711 0.4742 

Bi 100.0 % (Bi) 0.77 [23] 

B2 70.4 % (εPb), 29.6 % (Bi) 0.5532 0.5454 0.5563 0.5481 0.5507 

6 40.0 % Bi3Ni, 1.0 % (Pb), 59.0 % (εPb) 1.2230 1.2100 1.2200 1.2140 1.2167 

7 37.6 % Bi3Ni, 21.3 % BiNi, 41.1 % (Pb) 0.9635 0.9621 0.9646 0.9643 0.9636 

8 7.6 % Bi3Ni, 56.4 % BiNI, 36.0 % (Pb) 0.6105 0.6082 0.6188 0.6089 0.6116 

9 10.4 % (Ni), 30.3 % (Pb), 59.3 % BiNi 1.6687 1.6661 1.6690 1.6643 1.6670 

10 70.1 % (Ni), 10.1 % (Pb), 19.8 % BiNi 5.5249 5.5251 5.5293 5.5250 5.5260 

11 85.1 % (Ni), 5.0 % (Pb), 9.9 % BiNi 6.1873 6.1832 6.1843 6.1898 6.1861 

Ni 100 % (Ni) 14.0 [23] 

B3 99.9 % BiNi, 0.1 % (Ni) 2.1090 2.1078 2.1098 2.1068 2.108 

12 79.5 % BiNi, 20.2 % (Pb), 0.3 % (Ni) 0.3871 0.4765 0.3986 0.4056 0.4169 

13 59.1 % BiNi, 40.4 % (Pb), 0.5 % (Ni) 0.7950 0.7947 0.7963 0.7930 0.7947 

14 38.8 % BiNi, 60.6 % (Pb), 0.6 % (Ni) 1.3860 1.3900 1.3820 1.3760 1.3835 

15 18.4 % BiNi, 80.8 % (Pb), 0.8 % (Ni) 2.6970 2.7200 2.6950 2.6980 2.7025 

Pb 100 % (Pb) 4.8 [23] 
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considerably lower than would be expected from the conduc-

tivity of the pure constituents based solely on their volume frac-

tions. This reduction can be associated with the formation of ad-

ditional phases and with the disruption of continuous metallic 

conduction paths. Consequently, the experimental results con-

firm that phase transformations and intermetallic-phase forma-

tion play a crucial role in determining the electrical properties of 

the investigated alloys. 

Overall, the results demonstrate that increasing the fraction 

of highly conductive Ni-rich regions tends to increase electrical 

conductivity, whereas increasing the proportion of Bi-rich and 

Bi-Ni intermetallic phases generally lead to lower conductivity. 

The results show that sample 11 exhibits the highest electrical 

conductivity among all investigated ternary alloys. This is attri-

buted to the high fraction of the (Ni) solid solution in the alloy 

(85.1%), while the remaining phases are 9.9% BiNi and  

5.0% (Pb). 

Figure 9 presents a graphical representation of the mean val-

ues given in Table 9, providing a clearer overview of the results. 

3.3.2. Response surface model for electrical conductivity 

Model selection 

The relationship between the chemical composition of the Bi-

Ni-Pb alloys and electrical conductivity (EP) was analysed using 

a quadratic Scheffé mixture model. The model was selected 

based on the sequential model sum of squares, statistical signi-

ficance of the regression terms, model hierarchy and predictive 

capability. Although higher-order models slightly improved the 

coefficient of determination, they were either aliased or non-hi-

erarchical and therefore unsuitable for practical application. 

Consequently, the quadratic model was selected as the most ap-

propriate compromise between statistical performance, inter-

pretability and predictive capability. 

Model development using alloy compositions 

The experimental values corresponding to the pure components 

(100 wt.% Bi, 100 wt.% Ni and 100 wt.% Pb) were excluded 

from the regression analysis used to construct the response sur-

face model. These compositions represent the vertices of the 

simplex and exhibit electrical conductivity values that differ 

markedly from those of the investigated ternary alloys. 

Their inclusion produced pronounced leverage effects, re-

sulting in poor regression diagnostics and a statistically signifi-

cant lack of fit. Consequently, these extreme compositions pre-

vented the construction of a predictive response surface repre-

sentative of the investigated alloy system. 

Since the objective of the mixture design was to model the 

electrical conductivity within the practical composition region 

of the Bi-Ni-Pb alloys rather than the pure constituents, the re-

gression model was developed using only the alloy composi-

tions. 

Preliminary analyses performed with all experimental points 

included produced substantially poorer diagnostic statistics and 

pronounced systematic deviations in the residual plots, indicat-

ing that the extreme responses of the pure components domi-

nated the regression. Therefore, these points were omitted from 

the final model. 

Model summary statistics 

The statistical indicators summarised in Table 10 demonstrate 

that the selected quadratic Scheffé model provides a good bal-

ance between goodness of fit, predictive capability and model 

robustness. 

ANOVA 

The ANOVA results confirmed that the developed model was 

highly significant (p < 0.0001). The coefficient of determination 

was R2 = 0.9522, indicating that more than 95% of the variabil-

ity in electrical conductivity was explained by the alloy compo-

sition. The adjusted and predicted coefficients of determination 

were Adj. R2 = 0.9486 and Pred. R2 = 0.9451, respectively, 

demonstrating excellent agreement between model fitting and 

 

 

 

Fig. 9. Graphical presentation of electrical conductivity  

dependence of composition and phase fraction:  

a) vertical section Bi-NiPb; b) vertical section Ni-BiPb;  

c) vertical section Pb-BiNi. 
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predictive performance. Furthermore, the Adeq. Precision ratio 

of 55.89 was substantially higher than the recommended mini-

mum value of 4, indicating an adequate signal-to-noise ratio and 

confirming that the model can be reliably used to navigate the 

design space. 

The significance of the individual model terms is summa-

rised in Table 11. All linear mixture components and binary in-

teraction terms were statistically significant (p < 0.0001), indi-

cating that both the individual alloy constituents and their inter-

actions significantly affected electrical conductivity. Among the 

interaction terms, the Ni-Pb interaction exhibited the largest  

F-value, indicating that this binary interaction had the strongest 

influence on electrical conductivity. 

 

Regression equation 

The final quadratic Scheffé mixture equation describing the de-

pendence of electrical conductivity on alloy composition is ex-

pressed as: 

EP = 1.4588(Bi) + 8.2429(Ni) + 4.6059(Pb) + 

 11.7571(Bi)(Ni) − 8.7015(Bi)(Pb) − 14.1497(Ni)(Pb) (9)  

where Bi, Ni and Pb denote the mass fractions of the correspond-

ing alloy components. 

Interpretation of coefficients 

Among the linear blending coefficients, Ni has the largest posi-

tive coefficient, indicating that increasing the relative contribu-

tion of Ni is associated with higher electrical conductivity within 

the investigated mixture domain. Pb exhibits an intermediate 

contribution, whereas Bi has the lowest linear blending coeffi-

cient. The negative interaction coefficients for Bi-Ni, Bi-Pb, and 

Ni-Pb indicate antagonistic deviations from linear blending, 

meaning that the conductivity of the corresponding binary mix-

tures is lower than would be expected from the linear contribu-

tions of the individual components. 

The magnitude of the interaction coefficients indicates that 

the Ni-Pb interaction exerts the strongest negative influence on 

electrical conductivity, followed by the Bi-Ni and Bi-Pb inter-

actions. This suggests that the electrical conductivity cannot be 

predicted by a simple rule of mixtures but is strongly affected 

by interactions among the alloy constituents. 

Diagnostic plots 

Diagnostic plots of the selected model are presented in Fig. 10. 

The normal probability plot of residuals showed an approxi-

mately linear distribution, indicating that the residuals were 

close to normally distributed. The residuals versus predicted val-

ues plot revealed no systematic pattern, confirming homosce-

dasticity of the residuals. Likewise, the residuals plotted against 

the experimental run order showed random scatter, suggesting 

the absence of time-dependent effects or systematic experi-

mental errors. The predicted versus actual values exhibited ex-

cellent agreement, confirming the high predictive capability of 

the developed model. 

Finally, the Box-Cox analysis indicated that the original re-

sponse scale was appropriate, as the current transformation pa-

rameter (λ = 1) lay within the confidence interval around the op-

timum value in Fig. 11. 

Table 10. Model summary statistics used for selection of the quadratic Scheffé mixture model. 

Statistic Value Interpretation 

R2 0.9522 Excellent model fit; 95.22% of the variability explained 

Adjusted R2 0.9486 High explanatory capability after accounting for model complexity 

Predicted R2 0.9451 High predictive capability for new observations 

Std. dev. 0.3787 Low residual variability around the fitted model 

PRESS 10.883 Low prediction error, indicating robust model performance 

Adeq. Precision 55.89 Far above the recommended value of 4, indicating an excellent signal-to-noise ratio 

 

Table 11. ANOVA for the quadratic Scheffé mixture model of electrical conductivity. 

Source Sum of squares df Mean square F-value p-value 

Model 188.7243 5 37.7449 263.20 <0.0001 

Linear mix-
ture 

142.8060 2 71.4030 497.90 <0.0001 

AB 16.8962 1 16.8962 117.82 <0.0001 

AC 7.8048 1 7.8048 54.42 <0.0001 

BC 24.3914 1 24.3914 170.08 <0.0001 

Residual 9.4650 66 0.1434   

Lack of fit 9.4589 12 0.7882 7004.36 <0.0001 

Pure error 0.0061 54 0.0001   
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Although the lack-of-fit test was statistically significant, the 

pure experimental error was exceptionally low because of the 

excellent repeatability of the electrical conductivity measure-

ments. Consequently, the lack-of-fit test became highly sensi-

tive, such that even relatively small deviations between the fitted 

model and the experimental observations resulted in a statisti-

cally significant lack-of-fit. Nevertheless, the diagnostic plots 

revealed no systematic deviations, and the model exhibited ex-

cellent predictive capability (Pred. R2 = 0.9451). Therefore, the 

quadratic model was considered adequate for prediction within 

the investigated experimental domain. Overall, these diagnostic 

results demonstrate that the quadratic Scheffé mixture model 

provides an adequate and statistically reliable description of the 

relationship between alloy composition and electrical conduc-

tivity within the investigated experimental region. 

Contour plot 

The contour plot generated from the quadratic Scheffé mixture 

model is presented in Fig. 12. This graphical representation il-

lustrates the combined influence of Bi, Ni and Pb contents on 

 

Fig. 10. Diagnostic plots for the selected quadratic Scheffé mixture model of electrical conductivity. 



Experimental test and simulation of properties from ternary Bi-Ni-Pb system: microstructural … 

 

229 
 

the electrical conductivity of the investigated alloys and pro-

vides a clear visualisation of the predicted response throughout 

the composition domain. 

The contour plot reveals a pronounced compositional de-

pendence of electrical conductivity. The highest conductivity 

values are predicted in the Ni-rich region of the ternary diagram, 

where the nickel content approaches its upper limit within the 

investigated experimental domain. In contrast, conductivity de-

creases markedly with the increasing Bi content, reaching its 

minimum in the Bi-rich corner of the composition triangle. Al-

loys containing intermediate amounts of Pb exhibit conductivity 

values between these two extremes, indicating that the influence 

of Pb is less pronounced than that of Ni but considerably more  

 

favourable than that of Bi. 

The curved contour lines demonstrate that the relationship 

between alloy composition and electrical conductivity is nonlin-

ear. The absence of abrupt changes in the contour pattern indi-

cates that the developed quadratic model provides a smooth de-

scription of the composition–property relationship within the in-

vestigated domain. Instead of varying according to a simple lin-

ear mixing rule, conductivity changes progressively across the 

composition triangle, reflecting significant interactions among 

the alloying elements. This behaviour is consistent with the sig-

nificant interaction terms (Bi×Ni, Bi×Pb and Ni×Pb) identified 

in the quadratic mixture model. The negative interaction coeffi-

cients indicate that simultaneous increases in two components 

reduce the conductivity relative to the value expected from their 

individual linear contributions. 

Overall, the contour plot demonstrates that nickel is the dom-

inant component associated with higher electrical conductivity 

in the Bi-Ni-Pb system, whereas increasing bismuth content is 

associated with lower conductivity. Lead exhibits an intermedi-

ate effect, while the curvature of the contour lines reflects the 

significant binary interactions identified by the quadratic 

Scheffé mixture model. The graphical analysis therefore sup-

ports the compositional trends identified by the statistical eval-

uation of the model. 

Confirmation of model predictions 

To verify the predictive capability of the developed quadratic 

Scheffé mixture model, three additional binary alloy composi-

tions that were not included in the model fitting procedure were 

experimentally prepared and tested. The investigated composi-

tions were Bi-Ni (0.5-0.5-0), Bi-Pb (0.5-0-0.5) and  

Ni-Pb (0-0.5-0.5). For each composition, electrical conductivity 

was measured four times, and the average value was calculated. 

Table 12 compares the experimentally measured electrical 

conductivity values with those predicted by the quadratic mix-

ture model. The measured average electrical conductivities were 

2.1045, 0.6982 and 3.1158 MS/m for the Bi-Ni, Bi-Pb and Ni-

Pb alloys, respectively, whereas the corresponding model pre-

dictions were 1.9116, 0.8570 and 2.8870 MS/m. 

Although small differences between the predicted and exper-

imental values were observed, all measured values were located 

within the corresponding 95% prediction intervals generated by 

the model. This indicates that the deviations are within the ex-

pected prediction uncertainty and confirms the satisfactory pre-

dictive capability of the developed quadratic mixture model. 

The confirmation experiments therefore demonstrate that the 

quadratic Scheffé model reliably predicts the electrical conduc-

tivity of Bi-Ni-Pb alloys within the investigated composition re-

gion and can therefore be confidently used for interpolation and 

alloy composition optimization within this domain. 
 

 

 

Fig. 11. Box–Cox plot for the electrical conductivity 

response. 

 

Fig. 12. Predicted electrical conductivity contour plot  

in the Bi-Ni-Pb ternary system obtained  

from the developed quadratic Scheffé mixture model. 

Table 12. Results of confirmation experiments for the developed electrical conductivity model.  

Composition (Bi-Ni-Pb) Predicted (MS/m) Experimental (MS/m) 95% Prediction interval (MS/m) Validation 

0.5-0.5-0.0 1.9116 2.1045 1.4257–2.3975 within PI 

0.5-0.0-0.5 0.8570 0.6982 0.3949–1.3191 within PI 

0.0-0.5-0.5 2.8870 3.1158 2.3995–3.3745 within PI 
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3.4. Scheil and Lever solidification simulations 

Sample 11, Bi5Ni90Pb5, exhibited a favourable combination 

of both hardness and electrical conductivity among all investi-

gated ternary alloys. This sample was selected for solidification 

simulations. The simulations were performed using Scheil and 

Lever models, and the results are presented in Fig. 13. 

The non-equilibrium (Scheil) simulation is shown as a blue 

curve, while the equilibrium (Lever) simulation is represented 

by a red curve. During non-equilibrium solidification, seven 

phases are predicted to form, whereas five phases are formed 

under equilibrium conditions. 

Figure 14 presents the calculated solidification behaviour of 

the Bi5Ni90Pb5 alloy using the Scheil and Lever models. Both 

simulations predict a very similar overall solidification sequen-

ce, indicating that the alloy solidifies predominantly through the 

formation of a Ni-rich solid solution (Ni), followed by the ap-

pearance of Bi-Ni intermetallic phases and, at lower tempera-

tures, Pb-rich and Bi-containing constituents. 

At the beginning of solidification, the alloy remains in the 

liquid + (Ni) region, with the first solid phase being an Ni-rich 

solid solution. The calculated liquidus temperatures are almost 

identical for the two models, 1344.37°C for the Scheil simula-

tion and 1344.33°C for the Lever simulation. This close agree-

ment confirms that the initial solidification temperature is essen-

tially insensitive to the assumed equilibrium/non-equilibrium 

solidification conditions. 

As solidification proceeds, the fraction of solid increases 

rapidly while the temperature remains relatively high. The first 

significant difference between the two calculations appears at 

the transition involving the BiNi phase. In the Scheil model, the 

corresponding temperature is approximately 458.16°C, whereas 

the Lever model predicts 454.85°C. The Scheil calculation 

therefore predicts a slightly higher temperature for the onset of 

this transformation. This difference is associated with the fun-

damental assumptions of the two models: the Scheil model as-

sumes complete mixing in the liquid and negligible diffusion in 

the solid, whereas the Lever model represents an equilibrium so-

lidification condition with redistribution between the solid and 

liquid phases. 

A more pronounced difference is observed at lower temper-

atures. The transition associated with the formation of the BiNi-

containing region occurs at approximately 294.44°C in the 

Scheil calculation, compared with 257.67°C in the Lever calcu-

lation. This indicates that the assumed degree of solute redistri-

bution has a significant influence on the final stages of solidifi-

cation. Under Scheil conditions, solute enrichment in the re-

maining liquid is enhanced because diffusion in the already 

formed solid is neglected. Consequently, the residual liquid be-

comes progressively enriched in elements that are rejected by 

the primary Ni-rich solid, promoting the formation of secondary 

and low-temperature constituents. 

In the final stage of solidification, both models predict a mul-

tiphase microstructure containing BiNi, Ni-rich solid solution, 

and Pb-rich/Bi-containing phases. The Scheil simulation indi-

cates the formation of a final constituent at approximately 

 

 

 

Fig. 13. Scheil (a) and Lever (b) simulation results  

for alloy Bi5Ni90Pb5. 

 

 

 

Fig. 14. Fraction of each solid phase as a function  

of temperature for alloy Bi5Ni90Pb5:  

a) Scheil simulation; b) Lever simulation. 
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124.97°C, while the Lever calculation terminates at approxi-

mately 257.67°C. This difference highlights the stronger segre-

gation predicted by the Scheil approach and suggests that the 

non-equilibrium model is more sensitive to the enrichment of 

the residual liquid during the last stages of solidification. 

Overall, the two simulations show good agreement in the 

general solidification path and in the formation of the primary 

Ni-rich phase. However, their differences become increasingly 

evident as the fraction of solid approaches unity. The Scheil 

model predicts stronger chemical segregation and a more com-

plex evolution of the residual liquid, whereas the Lever model 

provides a more equilibrium-like description of phase forma-

tion. Considering that the experimental alloy is expected to un-

dergo limited solid-state diffusion during relatively rapid cool-

ing, the Scheil simulation may provide a more realistic represen-

tation of the actual solidification path, particularly with respect 

to the formation of the final Bi-, Pb- and BiNi-rich constituents.  
Additional thermodynamic properties can be derived from 

the solidification simulations, as illustrated in Figs. 14 and 15. 

Figure 14 shows the fraction of each solid phase as a function 

of temperature, while Fig. 15 presents the latent heat and total 

heat evolution as a function of temperature. Fig. 14 compares 

the predicted phase evolution of the Bi5Ni90Pb5 alloy obtained 

using Scheil and Lever simulations. Both approaches show sim-

ilar overall phase evolution, with the Ni-rich, (Ni) solid phase 

remaining dominant over most of the temperature range. The 

main differences are observed near the solidification end, where 

the phase fractions change rapidly. Overall, the two simulations 

exhibit good qualitative agreement. Fig. 15 presents the heat 

evolution of the Bi5Ni90Pb5 alloy as a function of temperature, 

calculated using Scheil and Lever simulations. Both approaches 

show a similar trend in the total heat evolution, with a pro-

nounced increase near the end of solidification. The latent heat 

contribution remains relatively low over most of the temperature 

range and increases sharply at high temperatures. Overall, the 

Scheil and Lever simulations exhibit comparable thermal evolu-

tion behaviour. 

6. Conclusions 

Fifteen Bi-Ni-Pb ternary alloys were experimentally investi-

gated using XRD, LOM, SEM–EDS, hardness and electrical 

conductivity measurements. The experimentally determined 

phase constitutions showed very good agreement with the cal-

culated 25°C isothermal section, confirming the reliability of the 

thermodynamic description of the system. 

The results demonstrated that both Brinell hardness and elec-

trical conductivity are strongly influenced by phase constitution 

and phase fractions. The developed Scheffé mixture models pro-

vided satisfactory predictive capability, with the special cubic 

model describing hardness and the quadratic model describing 

electrical conductivity. The obtained models enable quantitative 

prediction of the investigated properties within the studied com-

position range. 

Among the investigated alloys, Bi5Ni90Pb5 exhibited the 

most favourable combination of hardness and electrical conduc-

tivity and was therefore selected for solidification analysis. 

Scheil and Lever simulations showed similar overall solidifica-

tion paths, with a primary Ni-rich phase followed by the for-

mation of Bi-Ni intermetallic and Pb-/Bi-rich phases, while the 

Scheil model predicted stronger segregation during the final 

stages of solidification. 

Overall, the combined thermodynamic, experimental and 

statistical approach provides a useful basis for understanding 

composition–phase–property relationships and for further opti-

misation of Bi-Ni-Pb alloys. 
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1. Introduction 

The widespread use of plastic materials over the past decades 

has led to a continuous increase in plastic residues in natural and 

engineered water systems. Due to their durability and resistance 

to degradation, plastics undergo gradual physical and chemical 

fragmentation, resulting in the formation of microplastics with 

characteristic dimensions below a few millimetres [1,2]. These 

particles have been detected in rivers, lakes, wastewater treat-

ment plants, and even in drinking water supplies, raising con-

cerns regarding their persistence, transport behaviour and poten-

tial interactions with biological and chemical systems [3,4]. 

Microplastics exhibit complex behaviour in aquatic environ-

ments owing to their diverse polymer composition, surface 

properties and size distribution. Their tendency to aggregate, ad-

sorb contaminants and interact with natural colloids enhances 
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their mobility and persistence within water systems [5]. Several 

studies have reported the presence of microplastic particles in 

treated drinking water, indicating that conventional treatment 

processes are not always sufficient to ensure their complete re-

moval. As a result, microplastics are increasingly regarded as an 

emerging class of contaminants that require targeted mitigation 

strategies [6,7]. 

From a health and environmental perspective, the concern 

associated with microplastics extends beyond their physical 

presence. These particles may act as carriers for organic pollu-

tants, heavy metals and microorganisms, potentially increasing 

exposure risks for aquatic organisms and humans [8]. Their 

long-term stability and resistance to biodegradation further com-

plicate their management within water treatment systems [9]. 

Consequently, the development and evaluation of effective re-

moval techniques for microplastics have become an active area 

of research [10,11]. 

A wide range of treatment technologies has been investi-

gated for microplastic removal, including membrane filtration, 

adsorption, magnetic separation, biological processes and ad-

vanced oxidation techniques [12–15]. While some of these ap-

proaches demonstrate high removal efficiencies under con-

trolled conditions, their practical implementation is often limited 

by high energy demand, operational complexity, fouling issues, 

or chemical consumption [16,17]. In recent years, coagulation-

based methods have gained attention due to their ability to de-

stabilise suspended particles and promote aggregation through 

relatively simple operational schemes [18]. 

Electrocoagulation represents a hybrid electrochemical-

physical treatment process in which sacrificial metal electrodes 

are dissolved in situ under an applied electric field, generating 

coagulant species without the direct addition of chemicals. The 

process has been widely applied in wastewater treatment for the 

removal of suspended solids, oils, dyes and heavy metals 

[19,20]. From a thermodynamic and electrochemical standpoint, 

electrocoagulation involves a balance between electrical energy 

input, metal dissolution kinetics, hydrolysis reactions and gas 

evolution, all of which influence treatment performance [21]. 

Recent investigations have explored the applicability of elec-

trocoagulation for microplastic removal from wastewater and 

drinking water matrices [22,23]. Aluminium electrodes, in par-

ticular, have been shown to generate amorphous aluminium hy-

droxide species with high surface activity, capable of adsorbing 

and entrapping microplastic particles through charge neutralisa-

tion and sweep flocculation mechanisms [24]. However, re-

ported removal efficiencies vary significantly depending on op-

erating conditions such as pH, current density, electrolyte con-

centration and hydraulic residence time [25]. 

Despite the growing body of literature, several aspects of mi-

croplastic removal by electrocoagulation remain insufficiently 

understood. Many studies focus primarily on wastewater matri-

ces, while fewer investigations address drinking water systems 

under controlled laboratory conditions [26]. In addition, the 

combined influence of electrochemical parameters on process 

stability and removal efficiency has not been consistently eval-

uated within a unified experimental framework [27,28]. From  

a thermodynamic perspective, understanding how operating pa- 

 

rameters govern coagulant formation, particle aggregation and 

separation behaviour is essential for optimising process perfor-

mance and ensuring reliable operation [29–31]. 

Therefore, the present study investigates the applicability of 

aluminium-based electrocoagulation for reducing microplastic 

contamination in real drinking water samples collected from 

Baghdad. The objective was not to simulate an idealised syn-

thetic suspension, but rather to examine the process behaviour 

under realistic drinking-water conditions, where microplastic 

concentrations are expected to be relatively low and variable. 

This approach provides practical insight into the feasibility of 

electrocoagulation as a supplementary treatment step for real 

water matrices. However, it also introduces limitations related 

to sample heterogeneity and the absence of a controlled syn-

thetic baseline. Accordingly, the results should be interpreted as 

an experimental feasibility assessment under realistic condi-

tions, while future work should include synthetic microplastic-

spiked water to improve reproducibility, mass balance evalua-

tion and mechanistic interpretation. 

2. Materials and methods 

2.1. Water samples and sampling procedure 

Drinking water samples were collected from Baghdad city to 

represent typical conditions of local supply and consumption. 

Two categories were considered: (i) tap water collected from 

different locations, and (ii) commercially bottled drinking water 

from different manufacturers. For tap water, the faucet was al-

lowed to run for 1 min before sampling to reduce the influence 

of stagnant water in household plumbing. Each sample was col-

lected in 1 L dark glass containers that had been pre-cleaned and 

rinsed with distilled water. Bottled water samples were kept in 

their original containers until analysis and treatment. The selec-

tion of local drinking water matrices is consistent with regional 

observations reporting microplastics occurrence in Baghdad 

drinking-water-related systems [12]. 

The use of real tap and bottled drinking water was intended 

to reflect practical exposure conditions rather than an idealised 

laboratory matrix. It is acknowledged, however, that natural 

drinking water generally contains relatively low and variable 

microplastic concentrations compared with synthetic suspen-

sions. Therefore, the present study should be interpreted as  

a feasibility-oriented assessment of electrocoagulation perfor-

mance in real drinking-water matrices. Future investigations 

should incorporate synthetic water spiked with known micro-

plastic concentrations to provide a more controlled baseline and 

improve reproducibility. 

2.2. Reagents and materials 

Analytical-grade sodium chloride (NaCl) was used as support-

ing electrolyte to adjust electrical conductivity. The solution pH 

was adjusted using diluted sulfuric acid (H2SO4) and sodium hy-

droxide (NaOH). Cellulose nitrate (or equivalent) membrane fil-

ters with pore size 0.45 μm were used for post-treatment filtra-

tion. All solutions were prepared using distilled water. 
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2.3. Electrocoagulation reactor and electrode  

configuration 

Electrocoagulation (EC) experiments were performed in  

a bench-scale batch reactor consisting of a 1 L Pyrex glass bea-

ker. Two parallel aluminium plate electrodes were vertically in-

stalled in the reactor. Each electrode had dimensions of  

80 × 130 × 1 mm. The inter-electrode spacing was varied be-

tween 1 and 5 cm depending on the experiment. A DC power 

supply (0–30 V, maximum current 5 A) was used to provide 

constant-current operation (galvanostatic mode), which is com-

monly recommended for reproducible EC performance assess-

ment [1]. To maintain uniform mixing and reduce concentration 

gradients near the electrode surfaces, the reactor contents were 

stirred using a magnetic stirrer at 250 rpm throughout treatment. 

After each experiment, the reactor was switched off and the sus-

pension was allowed to settle for 2 h prior to filtration and ana-

lytical measurements. 

2.3.1. Electrode preparation and cleaning 

Before each run, aluminium electrodes were rinsed with distilled 

water. To remove surface residues and maintain consistent elec-

trode activity, the plates were immersed in diluted H2SO4 for  

2 min, then thoroughly rinsed with distilled water, dried and 

weighed. This routine cleaning step is frequently used to mini-

mise passivation and improve repeatability in EC studies [1]. 

2.4. Experimental design and operating conditions 

A parametric experimental plan was adopted to examine the in-

fluence of operating variables on microplastic removal, focusing 

on factors known to affect EC performance through coagulant 

generation rate, hydrolysis pathways and gas evolution behav-

iour [1]. The main investigated variables were: 

 pH: 3, 5, 7, 8, 9 and 10. 

 Supporting electrolyte (NaCl): 1, 2, 3 and 4 g/L. 

 Current density (CD): 5, 10, 20, 30 and 40 mA/cm2. 

 Electrode spacing: 1–5 cm. 

 Treatment time: 15, 30, 45, 60, 75 and 90 min. 

Unless otherwise stated, each set of tests was conducted at 

room temperature under constant stirring. Samples were with-

drawn at 15 min intervals for analysis. 

The chosen ranges were guided by previous studies on EC 

operation and microplastic removal behaviour, where pH and 

current density strongly control aluminium hydrolysis species 

and separation efficiency [6]. 

2.5. Electrochemical reactions and process description 

The EC process was conducted using sacrificial aluminium elec-

trodes. The primary reactions can be represented as follows [1]: 

 Anode: Al (s) → Al+3 (aq) + 3e. (1) 

 Cathode: 3H2O (l) + 3e– → 3/2 H2 (g) + 3OH− (aq). (2) 

 In solution: Al+3 (aq) + 3OH− (aq) → Al(OH)3 (s). (3) 

The in-situ formation of amorphous Al(OH)3 flocs provides 

active surfaces for particle destabilisation, adsorption and sweep 

flocculation, while hydrogen evolution contributes to flotation 

of aggregated particles [1,6,9]. These mechanisms are particu-

larly relevant to microplastic removal, where aggregation and 

capture into larger flocs is typically the dominant separation 

pathway [6,13]. 

2.6. Sample handling, filtration and drying 

After the settling step, the treated suspension was filtered using 

a vacuum filtration unit equipped with 0.45 μm membrane fil-

ters. Filters were dried in an oven at 45°C for 48 h before grav-

imetric measurements and microscopic inspection. This ap-

proach aligns with established workflows used in microplastic 

separation and EC-related microplastic studies, while recognis-

ing that polymer confirmation requires spectroscopic verifica-

tion [6]. 

2.7. Microplastic analysis methods  

2.7.1. Gravimetric estimation of retained solids and apparent 

microplastic removal 

Retained solids on the membrane were quantified by filter mass 

difference before and after filtration. The removal efficiency 

was estimated based on the relative reduction in retained mass 

compared to the initial concentration, following approaches 

commonly reported in electrocoagulation-based microplastic 

studies [6]. 

Because electrocoagulation with aluminium electrodes pro-

duces Al(OH)3 flocs and may also capture other suspended mat-

ter, the gravimetric result does not represent a direct measure-

ment of pure microplastic mass alone. Instead, it provides an ap-

parent estimate of microplastic-associated retained solids after 

treatment. For this reason, gravimetric measurements were sup-

ported by fluorescence microscopy and Fourier transform infra-

red spectroscopy (FTIR) analysis to strengthen the interpretation 

that the retained material included polymeric particles. Accord-

ingly, the reported removal efficiencies should be interpreted as 

estimated values under the adopted analytical procedure rather 

than absolute polymer-specific removal. 

2.7.2. Fluorescence microscopy (visual inspection) 

Dried filters were examined using a fluorescence microscope 

(MEIJI MX, Japan). Microplastic particles were identified by 

visual sorting under magnification, and categorised according to 

morphology (e.g. fragments, pellets/fibres) following a practical 

classification approach used in field and drinking-water-related 

microplastic screening studies [15]. Representative images were 

recorded for documentation. 

2.7.3. FTIR spectroscopy 

To confirm polymeric signatures, selected retained material on 

dried filters was analysed by FTIR using an IRPrestige-21 (Shi-

madzu). Spectra were recorded and compared qualitatively to 

known polymer functional-group regions reported in the micro-

plastics literature [37]. FTIR confirmation was used as the pri-
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mary evidence to support microplastic presence before treat-

ment and reduction after EC, consistent with widely adopted 

identification practices [35]. 

It should be noted that no independent chemical digestion or 

density-separation step was applied to completely isolate poly-

mer particles from aluminium hydroxide flocs prior to gravimet-

ric assessment. Therefore, microscopy and FTIR were used as 

confirmatory tools to support the presence of polymeric material 

on the filters. This analytical limitation should be considered 

when interpreting the absolute magnitude of the reported re-

moval efficiencies. 

2.8. Quality assurance and contamination control 

Because microplastic measurements can be affected by airborne 

fibres and secondary contamination, practical contamination-re-

duction measures were adopted during sampling and analysis. 

Glass containers were preferred over plastic during sampling 

and storage, and filters were handled using clean metal tweezers. 

Work surfaces were cleaned prior to filtration and microscopy. 

These precautions are consistent with the general recommenda-

tions in microplastic analytical studies aiming to minimise false 

positives [15]. 

2.9. Energy-related process indicators 

Electrical energy consumption can be reported using a specific 

energy consumption (SEC) metric, widely used in electrochem-

ical water treatment analysis [1]: 

 SEC (kWh/m3)  =  
𝑈   𝐼   𝑡  

𝑉
10−3, (4) 

where U is voltage (V), I current (A), t operating time (h) and V 

treated volume (m3). This indicator allows comparison between 

operating cases and supports optimisation discussions based on 

energy demand, not only removal percentage. 

2.10. Methodological limitations 

The present work was designed to assess electrocoagulation per-

formance in real drinking-water samples rather than in synthetic 

microplastic suspensions. While this improves practical rele-

vance, it limits strict reproducibility because the initial micro-

plastic content in natural samples is inherently low and variable. 

In addition, gravimetric filtration may include aluminium hy-

droxide flocs and other retained solids in addition to micro-

plastic particles. Therefore, the reported removal efficiencies 

should be interpreted together with the supporting microscopy 

and FTIR observations. Future work should include synthetic 

microplastic-spiked water, polymer-specific quantification and 

additional water-quality indicators such as turbidity, total sus-

pended solids (TSS), conductivity and total dissolved solids 

(TDS).  

3. Results and discussion 

3.1. Identification of microplastics in drinking water 

samples 

3.1.1. Visual inspection using fluorescence microscopy 

Prior to electrocoagulation treatment, microplastic particles 

were visually identified on the filtered membranes using fluo-

rescence microscopy. Irregular fragments as well as spherical 

plastic-like particles were observed, indicating the presence of 

different microplastic morphologies in drinking water samples. 

After electrocoagulation, the number of visually distinguishable 

plastic particles on the membrane surface was noticeably re-

duced, suggesting aggregation and removal during the treatment 

process. Representative microscopy images are presented  

in Fig. 1. 

 

 

Fig. 1. Fluorescence microscopy images of microplastic particles in drinking water samples before 

electrocoagulation, showing the presence of irregular fragments and spherical particles. 
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3.1.2. FTIR confirmation of polymeric material 

Because the study relied on real drinking-water samples, the de-

tected microplastic content and retained  solids  should  be  inter- 

preted within the natural variability of the sampled matrices. 

FTIR analysis was performed to confirm the polymeric nature 

of retained particles before and after electrocoagulation treat-

ment. The untreated water samples exhibited characteristic ab-

sorption bands associated with common polymer functional 

groups, while several of these bands were absent or significantly 

reduced after treatment. The observed reduction in oxygenated 

and aromatic functional groups indicates preferential removal of 

polymers such as polyethylene terephthalate (PET) and polysty-

rene (PS), whereas nonpolar polymers showed lower sensitivity 

to electrocoagulation. The corresponding FTIR spectra are pre-

sented in Fig. 2. 

3.1.3. Observation of floc formation during  

electrocoagulation 

During the electrocoagulation process, the formation of visible 

flocs was clearly observed in the treated water samples. As the 

treatment progressed, the initially transparent or slightly turbid 

water gradually developed suspended whitish, gelatinous aggre-

gates characteristic of aluminium hydroxide formation. These 

flocs increased in size and density with time, leading to notice-

able settling at the bottom of the reactor after the treatment was 

stopped. 

The observed flocs exhibited typical behaviour associated 

with sweep flocculation, where suspended particles are en-

meshed within growing aluminium hydroxide structures. In ad-

dition, fine gas bubbles generated at the cathode contributed to 

the flotation of aggregated particles toward the water surface. 

This combined sedimentation–flotation behaviour was consist-

ently observed under optimal operating conditions, particularly 

at near-neutral pH and moderate current density. 

Although photographic documentation is not included, the 

consistent reduction in measured retained solids and the corre-

sponding decrease in visually identifiable microplastic particles 

(as confirmed by microscopy) strongly support the occurrence 

of effective floc formation and particle aggregation during elec-

trocoagulation. 

3.2. Effect of electrocoagulation time on microplastic 

removal 

The influence of treatment time on microplastic removal effi-

ciency was investigated under constant operating conditions.  

A rapid increase in removal efficiency was observed during the 

first 15 min of operation, reaching approximately 70%. Extend-

ing the treatment time to 30 min resulted in an increase in re-

moval efficiency to about 80%, while further prolongation pro-

duced only marginal improvement. This trend suggests that 

most microplastic aggregation occurs during the early stages of 

electrocoagulation. The variation of removal efficiency with 

time is illustrated in Fig. 3, and the corresponding concentra-

tions are summarised in Table 1. 

This behaviour is consistent with the progressive formation 

and growth of aluminium hydroxide flocs during electrocoagu-

lation, which enhance particle aggregation and facilitate their re-

moval through sedimentation and flotation. 

The experimental setup was constructed following standard 

bench-scale electrocoagulation configurations commonly re-

ported in the literature [1], including parallel aluminium elec-

trodes, controlled current supply and continuous mixing. Alt-

hough a photographic image of the setup is not included, all op-

 

 

Fig. 2. FTIR spectra of retained particles before and after 

electrocoagulation treatment, indicating the reduction 

of characteristic polymer functional groups. 

 

Fig. 3. Variation of microplastic removal efficiency  

with treatment time, showing rapid initial removal followed  

by stabilization due to floc saturation and reduced particle availability. 

Table 1. Variation of microplastic concentration with 

treatment time during electrocoagulation.  

Time (min) 0 15 30 45 60 

Concentration (ppm) 101 30 15.1 15 15 
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erational parameters and reactor configurations are described in 

sufficient detail to ensure reproducibility. 

The rapid increase in removal efficiency during the initial  

15 minutes indicates that the early stage of electrocoagulation is 

dominated by availability of active adsorption sites on freshly 

formed aluminium hydroxide flocs, which facilitates the rapid 

capture of microplastic particles. As the treatment progresses, 

the system gradually approaches a quasi-equilibrium condition, 

where removal efficiency stabilises due to the partial saturation 

of available adsorption sites and the reduction in the number of 

remaining particles in the solution. This behaviour is consistent 

with coagulation mechanisms governed by mass transfer and 

surface interaction processes. 

3.3. Effect of pH on microplastic removal efficiency 

Solution pH had a pronounced effect on electrocoagulation per-

formance. The highest removal efficiencies were achieved under 

near-neutral conditions (pH 7–8), while acidic and alkaline con-

ditions resulted in lower efficiency. This behaviour is attributed 

to the formation of amorphous aluminium hydroxide species at 

neutral pH, which enhances aggregation and flocculation of mi-

croplastic particles. The effect of pH on removal efficiency is 

shown in Fig. 4. 

The improved removal efficiency at near-neutral pH further 

supports the formation of amorphous Al(OH)3 flocs with high 

adsorption capacity, which play a dominant role in microplastic 

capture through sweep flocculation mechanisms. 

The dependence of removal efficiency on pH can be inter-

preted based on aluminium speciation. At near-neutral pH, the 

dominant species are amorphous Al(OH)3 with high surface 

area, which enhances adsorption and sweep flocculation. In con-

trast, under acidic conditions, soluble Al3⁺ species dominate, re-

ducing floc formation, while at high pH, negatively charged 

Al(OH)4
– species limit particle aggregation due to electrostatic 

repulsion. 

3.4. Influence of electrolyte (NaCl) concentration 

Increasing sodium chloride concentration improved micro-

plastic removal efficiency due to enhanced solution conductivity 

and more stable current flow. Removal efficiency increased with 

electrolyte concentration up to 4 g/L, beyond which excessive 

gas evolution and sludge formation were observed, negatively 

affecting operational stability. The influence of electrolyte con-

centration on removal efficiency is presented in Fig. 5. 

The improvement in removal efficiency with increasing 

NaCl concentration is primarily attributed to enhanced electrical  

conductivity, which reduces ohmic resistance and promotes uni-

form current distribution. However, excessive electrolyte con-

centration leads to intensified gas evolution and turbulence, 

which may disrupt floc structure and reduce separation effi-

ciency. 

3.5. Effect of current density 

Current density controlled the rate of aluminium dissolution and 

gas evolution within the reactor. Removal efficiency increased 

with current density up to 20 mA/cm2. Further increases led to 

reduced efficiency and operational instability, including short-

circuiting between electrodes. The effect of current density on 

removal efficiency and final concentration is shown in Fig. 6 

and Table 2. 

The removal of microplastic particles during electrocoagula-

tion can be attributed to multiple simultaneous mechanisms. In-

itially, charge neutralisation reduces electrostatic repulsion be-

tween particles, promoting aggregation. Subsequently, the in 

situ generated aluminium hydroxide flocs act as a sweep floccu-

lant, entrapping microplastic particles within a growing three-

 

Fig. 4. Influence of initial pH on microplastic removal efficiency, 

highlighting optimal performance under near-neutral conditions  

due to favourable aluminium hydroxide speciation. 

 

Fig. 6. Influence of current density on microplastic removal efficiency, 

showing the existence of an optimal value governed  

by coagulant generation and system stability. 

 

Fig. 5. Effect of electrolyte (NaCl) concentration on microplastic 

removal efficiency, illustrating the role of solution conductivity  

and its impact on electrocoagulation performance. 
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dimensional network. In addition, hydrogen gas bubbles pro-

duced at the cathode enhance flotation by carrying aggregated 

particles toward the surface. Therefore, the overall removal pro-

cess is governed by a combination of adsorption, sweep floccu-

lation and electroflotation mechanisms. 

The existence of an optimal current density indicates a bal-

ance between coagulant generation and system stability. At low 

current densities, insufficient Al3⁺ ions are generated, limiting 

floc formation. Conversely, at high current densities, excessive 

gas evolution and electrode passivation may reduce the effective 

contact between flocs and microplastic particles, resulting in  

a decrease in removal efficiency. 

Overall, the results obtained from varying operating param-

eters consistently indicate that electrocoagulation performance 

is governed by the interplay between aluminium hydroxide floc 

formation, solution chemistry and electrochemical operating 

conditions. The observed trends across different parameters re-

inforce the role of adsorption, sweep flocculation and flotation 

as the dominant removal mechanisms. 

4. Conclusions 

This study demonstrated the potential of aluminium-based elec-

trocoagulation as a supplementary treatment for microplastic re-

moval from drinking water. The process efficiency was strongly 

influenced by operating parameters, particularly pH, current 

density and treatment time. Optimal removal was achieved un-

der near-neutral conditions and moderate current density, where 

aluminium hydroxide flocs effectively promoted particle aggre-

gation and separation. The removal mechanism was governed 

by a combination of adsorption, sweep flocculation and flotation 

processes. 

Despite the promising results, the findings should be inter-

preted in light of the use of real drinking water samples and the 

limitations associated with gravimetric estimation of retained 

solids. Further investigations using controlled synthetic micro-

plastic suspensions and advanced analytical techniques are rec-

ommended to enhance accuracy and reproducibility. 
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1. Introduction  

Cancer therapy, energy production, cooling of nuclear reactors, 

power generation, thermal insulation, food processing, storage 

of foodstuffs, increasing the efficiency of engines, etc., are a few 

industrial and environmental applications of nanoliquids. Lim-

ited thermal conductivity is the major drawback of common liq-

uids like engine oil, kerosene, water and ethylene glycol. Their 

thermal conductivities may amplify by adding a kind of metal 

particles known as “nanoparticles”. The thermal conductivity of 

such nanoliquids is enhanced compared to normal liquids. Re-

cently, many authors worked on and calculated the heat 

transport performance of dissimilar kinds of nanoliquids and ob-

served considerable augmentation of heat transfer in nanofluids 

[1–10]. 

Mass and heat transport features of Maxwell nanoliquid have 

also received highest priority by the research community, as it 

has good applications in electronic devices. Recent advance-

ments in renewable energy systems have highlighted the critical 

role of nanofluids in enhancing the efficiency of photovoltaic-  
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retards fluid motion while simultaneously elevating the liquid's temperature. Results also demonstrate that the rotation 
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Nomenclature 

B0 ‒ magnetic field strength, T 

B1 ‒ Biot number 

Cf ‒ skin-friction coefficient 

Cr ‒ chemical reaction parameter 

DB ‒ Brownian diffusion coefficient, m2/s 

DT ‒ thermophoretic diffusion coefficient, m2/s 

E1 ‒ activation energy parameter 

f(η)‒ dimensionless stream function 

g ‒ gravitational acceleration, m/s2 

knf ‒ thermal conductivity of nanofluid, W/(m⋅K) 

ko
2
 ‒ chemical reaction rate 

ks ‒ thermal conductivity, W/(m⋅K) 

K ‒ porous parameter 

K* ‒ mean absorption coefficient 

Le ‒ Lewis number 

M ‒ magnetic parameter 

Nb ‒ Brownian motion parameter 

Nt ‒ thermophoresis parameter 

Nux‒ Nusselt number 

Pr ‒ Prandtl number 

qr ‒ radiative heat flux, W/m2 

qw ‒ wall heat flux, W/m2 

R ‒ radiation parameter 

T ‒ fluid temperature, K 

Tw  ‒ surface temperature, K 

𝑇∞ ‒ ambient temperature, K 

u, v ‒ velocity components in x- and y-axis, m/s 

V0 ‒ suction parameter 

x, y ‒ Cartesian coordinates, m 

Greek symbols 

α – thermal diffusivity of base fluid, m2/s 

β – thermal expansion coefficient, 1/K 

ε – pressure parameter 

η – similarity variable 

θη – dimensionless temperature 

λ – Maxwell parameter 

μ – fluid viscosity, Pa⋅s 

μnf – kinematic viscosity of the nanofluid, Pa⋅s 

νf – kinematic viscosity of the base fluid, m2/s 

ρf – density of the base fluid, kg/m3 

ρnf – density of the nanofluid, kg/m3 

ρp – nanoparticle mass density, kg/m3 

σ – electrical conductivity, S/m 

σ* – Stephan-Boltzmann constant, W/(m2·K4) 

τw – shear stress, Pa 

φ – volume fraction of nanoparticles 

ϕη – dimensionless concentration 

ψ – stream function 

Ω – rotation parameter 

 

Subscripts and Superscripts 

f – base fluid 

nf – nanofluid 

w – at the cone surface 

∞ – far away from the cone surface 

 

Abbreviations and Acronyms 

FEM – finite element method 

MHD – magnetohydrodynamics 

ODE – ordinary differential equation 

thermal (PVT) systems. Advanced configurations, such as the 

use of nanofluid spectral splitters to improve concentrated solar 

PV thermal efficiency and the integration of thermoelectric gen-

erators supported by nanofluid filters, have shown great promise 

for sustainable energy production. Furthermore, the inclusion of 

vortex generators in the presence of heat sinks has been shown 

to significantly influence the performance of concentrated solar 

modules. Ahmed et al. [11] investigated heat transport and flow 

features of a Buongiorno modelled Maxwell nanoliquid over a 

shrinking/stretching radially rotating disk by taking variable 

thermal conductivity into account and observed that the thermo-

phoresis parameter deteriorates heat transport in the nanoliquid. 

Ijaz et al. [12] investigated the authority of double stratification 

and activation energy on species and energy transport topogra-

phies of Maxwell nanoliquid over an inclined non-linear stretch-

ing cylinder and professed that the velocity profiles of the Max-

well nanoliquid decrease with the increasing values of the Deb-

orah parameter. Ahmed et al. [13] presented Buongiorno typed 

nanoliquid concentration and temperature features over a re-

volving disk with uniform injection/suction and observed that 

the rate of mass transport magnifies with magnifying values of 

the thermophoresis number. Ahmed et al. [14,15] deliberated the 

Buongiorno modelled Maxwell nanoliquid flow behaviour over 

a disk/cylinder in which the resulting non-linear fluid flow equa-

tions are numerically examined by utilising MATLAB built in 

function bvp4c. Sharma et al. [16] discussed the sway of viscous 

dissipation and Joule heating on flow analysis of graphene Max-

well nanoliquid over a non-linearly extending sheet and ob-

served that the rate of heat transport augments as the values of 

thermal slip number amplify. Khan et al. [17] professed non-

Newtonian Maxwell nanoliquid flow over an exponential wid-

ening surface and observed that the rate of heat transport values 

decreases with the increasing values of time relaxation number. 

Abro et al. [18] analysed SWCNTs (single-walled carbon nano-

tubes) and MWCNTs (multi-walled carbon nanotubes), ethylene 

glycol type Maxwell nanoliquid heat transport features and ob-

served magnification in the rates of energy transport of Maxwell 

nanoliquid with amplifying nanoparticle volume fraction values. 

Ali et al. [19] deliberated copper/alumina typed Maxwell hybrid 

nanoliquid flow features through a vertical channel and intuited 

that amplification in the values of volume fraction of both con-

sidered nanoparticles elevates the temperature scatterings of the 

nanofluid. Jamshed et al. [20] investigated the sway of MHD 

and entropy generation on energy and flow features of Maxwell 

nanoliquid, prepared with copper–H2O/titanium oxide–H2O, 

over a horizontal infinite plate and detected a noticeable increase 

in the thermal conductivity of the nanofluid compared with the 

base liquid. Gowda et al. [21] deliberated Maxwell-Casson mod-

elled nanoliquid heat transport and flow analysis between dou-

ble elongated disks. Zhou et al. [22] analysed fluid flow topog-

raphies of Maxwell thermally radiative nanoliquid over a rotat-

ing stretchable porous disk. 
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Mustafa et al. [23] pondered the influence of Christov-Cat-

taneo energy flux on heat transport and flow examination over a 

stretching surface and observed that as the values of thermal re-

laxation number increase, the temperature of the liquid de-

creases. Ahuja et al. [24] analysed the influence of magnetic 

field and rotation parameter on fluid flow of rotating Maxwell 

nanofluid. Hayat et al. [25] implemented the optimal homotopy 

analysis method to investigate mass and energy transport in ro-

tating Maxwell nanoliquid over a spreading exponential surface, 

and observed that the nanoliquid temperature magnifies with the 

increasing values of Deborah number. Rashid et al. [26] investi-

gated the power of chemical reaction and Arrhenius energy on 

three-dimensional rotating Maxwell nanofluid heat transport 

performance over an exponentially widening porous surface and 

observed amplification in the sketches of temperature with mag-

nifying values of heat sink/source number. Ali et al. [27] inves-

tigated mass and heat transport of three-dimensional rotating 

Maxwell nanoliquid flow over a stretchable surface with activa-

tion energy and Christov-Cattaneo double diffusion and ob-

served that the temperature scattering of the nanoliquid magni-

fies with amplifying values of the Deborah parameter. Ahmed 

et al. [28] perceived the sway of Christov-Cattaneo double dif-

fusion on solutal and thermal energy transport of rotating Max-

well nanoliquid flow over a revolving disk. Khalid et al. [29] 

pondered the impact of thermophoresis and Brownian motion on 

Rayleigh-Benard convective rotating Maxwell nanoliquid flow 

saturated with permeable media. Ramaiah et al. [30] examined 

the transport of mass and flow of revolving Maxwell nanoliquid 

over a stretchable sheet with activation energy and Christov-

Cattaneo heat flux, and observed denigration in the scatterings 

of temperature as the Deborah number values amplify. Khan et 

al. [31], in their work on flow analysis of revolving Maxwell 

nanoliquid over an exponential/linear stretched sheet, scruti-

nised that as the values of rotation parameter magnifies, the heat 

flux of the nanoliquid is increased. Ali et al. [32] investigated 

solutal and heat energy transport features of bio-convective 

Maxwell revolving nanoliquid over a Riga plate with Christov-

Cattaneo heat flux and observed magnification in the tempera-

ture of the liquid with the growing value of rotation parameter. 

Chu et al. [33] professed the sway of Newtonian heating and 

gyrotactic microorganisms on heat transport and flow investiga-

tion of revolving Maxwell nanoliquid over an elongated surface. 

Alzahrani et al. [34] pondered radiative Maxwell nanoliquid 

flow behaviour over a revolving frame by captivating microor-

ganisms and activation energy into consideration and observed 

a magnification in the liquid temperature with the enhanced ro-

tation parameter values. Very recently, Cao et al. [35], Wei et al. 

[36] and Ali et al. [37] studied the thermophysical properties of 

rotating Maxwell nanoliquid flow over various configurations 

and observed that the effect of Deborah number is considerably 

high on the velocity and rates of heat transport in the liquid. Very 

recently, several authors [38–41] studied heat and mass trans-

port of tri-nanoliquids over different geometries and noticed 

considerable augmentation in the rates of heat transfer after add-

ing nanoparticles to the base fluid. 

Careful examination of the aforementioned literature  

[11–37] reveals that while several researchers have explored ro-

tating Maxwell nanoliquid flows, a comprehensive analysis of 

mass and energy transport in a three-dimensional rotating Max-

well radiative nanoliquid over an exponentially stretching sheet, 

specifically incorporating the combined effects of activation en-

ergy and the thermal Biot number, is currently missing. This 

study aims to fill this significant gap by investigating these cou-

pled phenomena. The governing non-linear equations are con-

versed using similarity transformations and solved numerically 

using the finite element method (FEM). The novelty of this work 

lies in providing a detailed understanding of how activation en-

ergy and convective boundary conditions influence the perfor-

mance of rotating non-Newtonian systems, with results pre-

sented for both suction and non-suction cases. 

2. Mathematical modelling of the problem 

Consider the steady, three-dimensional, rotating, viscous, in-

compressible, laminar, MHD boundary layer Maxwell nanofluid 

flow past an exponentially stretching surface. The coordinate 

system is chosen such that u, v and w are the velocity compo-

nents along the x-, y- and z- directions, respectively, as shown in 

Fig. 1. We also consider a constant magnetic field of strength in 

the z-direction. The flow is caused by the stretching of the sheet, 

which moves in its own plane with the surface velocity. The 

stretching surface is maintained at a uniform temperature and 

concentration, and these values are assumed to be greater than 

the ambient temperature and concentration, respectively. Under 

the above assumptions and with reference to the work of Hayat 

et al. [25], the governing equations describing the momentum, 

energy and concentration in the presence of thermal radiation, 

activation energy and chemical reaction take the following form: 

 
𝜕𝑢

𝜕𝑥
+

𝜕𝑣

𝜕𝑦
+

𝜕𝑤

𝜕𝑧
= 0, (1)

 

 𝑢
𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
− 2𝛺𝑣 =

𝜇

𝜌

𝜕2𝑢

𝜕𝑧2 − 𝜆1(𝑢2 𝜕2𝑢

𝜕𝑥2 + 𝑣2 𝜕2𝑢

𝜕𝑦2 + 𝑤2 𝜕2𝑢

𝜕𝑧2 +  2𝑢𝑣
𝜕2𝑢

𝜕𝑥 𝜕𝑦
+ 2𝑣𝑤

𝜕2𝑢

𝜕𝑦 𝜕𝑧
+

                                                                                     +2𝑢𝑤
𝜕2𝑢

𝜕𝑥 𝜕𝑧
−2𝛺 (𝑢

𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
) + 2𝛺 (𝑣

𝜕𝑢

𝜕𝑥
− 𝑢

𝜕𝑢

𝜕𝑦
)) −

𝜎

𝜌
𝐵0

2𝑢, (2) 

 𝑢
𝜕𝑣

𝜕𝑥
+ 𝑣

𝜕𝑣

𝜕𝑦
+ 𝑤

𝜕𝑣

𝜕𝑧
+ 2𝛺𝑢 =

𝜇

𝜌

𝜕2𝑣

𝜕𝑧2 − 𝜆1 (𝑢2 𝜕2𝑣

𝜕𝑥2 + 𝑣2 𝜕2𝑣

𝜕𝑦2 + 𝑤2 𝜕2𝑣

𝜕𝑧2 +  2𝑢𝑣
𝜕2𝑣

𝜕𝑥 𝜕𝑦
+ 2𝑣𝑤

𝜕2𝑣

𝜕𝑦 𝜕𝑧
+

                                                                                     +2𝑢𝑤
𝜕2𝑣

𝜕𝑥 𝜕𝑧
+2𝛺 (𝑢

𝜕𝑢

𝜕𝑥
+ 𝑣

𝜕𝑢

𝜕𝑦
+ 𝑤

𝜕𝑢

𝜕𝑧
) + 2𝛺 (𝑣

𝜕𝑣

𝜕𝑥
− 𝑢

𝜕𝑢

𝜕𝑦
)) −

𝜎

𝜌
𝐵0

2𝑣, (3) 
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 𝑢
𝜕𝑇

𝜕𝑥
+ 𝑣

𝜕𝑇

𝜕𝑦
+ 𝑤

𝜕𝑇

𝜕𝑧
= 𝛼

𝜕2𝑇

𝜕𝑧2 + 𝜏 [𝐷𝐵
𝜕𝐶

𝜕𝑧
 
𝜕𝑇

𝜕𝑧
+  (

𝐷𝑇

𝑇∞
) (

𝜕𝑇

𝜕𝑧
)

2

] −
1

𝜌𝑐𝑝

𝜕𝑞𝑟

𝜕𝑧
, (4) 

 𝑢
𝜕𝐶

𝜕𝑥
+ 𝑣

𝜕𝐶

𝜕𝑦
+ 𝑤

𝜕𝐶

𝜕𝑧
= 𝐷𝐵

𝜕2𝐶

𝜕𝑧2 − 𝑘𝑜
2 (

𝑇

𝑇0
)

𝑛
(𝐶 − 𝐶∞)𝑒

−𝐸1

𝜅𝑇 . (5) 

 

The associated boundary conditions are: 

𝐶 = 𝐶𝑤, −𝑘
𝜕𝑇

𝜕𝑦
= ℎ𝑓(𝑇𝑓 − 𝑇), 𝑢 = 𝑢𝑤(𝑥) = 𝑈0𝑒(𝑥/𝐿), 

 𝑣 = 0, 𝑤 = −𝑈0 at 𝑧 = 0; 

 𝐶 → 𝐶∞, 𝑣 → 0, 𝑇 → 𝑇∞, 𝑢 → 0 at 𝑧 → ∞. (6) 

By utilising the Rosseland diffusion approximation, the ra-

diative heat flux is defined as: 

 𝑞𝑟 = −
4𝜎∗

3𝐾∗

𝜕𝑇4

𝜕𝑦
. (7) 

We assume that the temperature variations within the fluid 

region are sufficiently small so that T4 can be approximated as a 

linear function of T; therefore, this term can be expanded in a 

Taylor series. After neglecting higher-order terms in the expan-

sion of the Taylor series of T4 about T∞, we obtain: 

 𝑇4 ≅  4𝑇∞
3𝑇 − 3𝑇∞

4 . (8) 

After replacing Eq. (8) in Eq. (7), we obtain: 

 𝑞𝑟 = −
16𝑇∞

3𝜎∗

3𝐾∗

𝜕𝑇

𝜕𝑧
. (9) 

The subsequent similarity transformations are considered to 

convert the above non-linear PDEs (partial differential equa-

tions) into ODEs. 

 𝑣 = 𝑈0𝑒(
𝑥

𝐿
)𝜔(𝜂), 𝑢 = 𝑈0𝑒(

𝑥

𝐿
)𝑓′ (𝜂), 

 𝑤 = − (
𝑈0𝜈

2𝐿
)

1

2
𝑒(

𝑥

2𝐿
)(𝑓(𝜂) + 𝜔(𝜂)), 

 𝜙(𝜂) =
𝐶−𝐶∞

𝐶𝑤−𝐶∞
, 𝜃(𝜂) =

𝑇−𝑇∞

𝑇𝑤−𝑇∞
, 𝜂 = (

𝑈0

2𝜈𝐿
)

1

2
𝑒(

𝑥

2𝐿
)𝑧. (10) 

Substituting Eqs. (9) and (10) into Eqs. (1)−(5), we get the 

subsequent non-linear ODEs: 

 𝑓′′′ + 𝑓𝑓′′ − 2𝑓′2
−

𝛽

2
(𝑓2𝑓′′′ − 6𝑓𝑓′𝑓′′ − 𝑓′2𝑓′′ + 4𝑓′3) − 𝑀𝑓′ + 𝜆(4𝜔 − 2𝛽(𝑓𝜔′ + 𝑓′′𝜔) = 0, (11) 

 𝜔′′ + 𝑓𝜔′ − 2𝑓′𝜔 −
𝛽

2
(𝑓2𝜔′′ − 6𝑓𝑓′𝜔′

− 𝑓′2
𝜔′ + 4𝑓′2

𝜔) − 𝑀𝑓′ + 4𝜆(−𝑓′ + 𝛽 (−𝑓′2
− 𝜔2 −



2
𝜔𝜔′ +

1

2𝑓𝑓′′)) = 0, (12) 

 (1 + 𝑅)𝜃′′ + Pr𝑓𝜃′ − Pr𝐴𝑓′𝜃 + 𝑁𝑏𝜃′𝜙′ + 𝑁𝑡(𝜃′)2 = 0, (13) 

 𝜙′′ + Le𝑓𝜙′ − Le𝐵𝑓′𝜙 − 𝐶𝑟(1 + 𝛿𝜃)𝑛𝑒
(

−𝐸1
(1+𝛿𝜃)

)
𝜙 +

𝑁𝑡

𝑁𝑏
𝜃′′ =0. (14) 

The transformed boundary conditions are: 

 𝜂 = 0, 𝑓 = 𝑉0, 𝜔 = 0, 𝑓′ = 1, 𝜃′ = −B1(1 − 𝜃), 𝜙 = 1; 

 𝜂 ⟶ ∞, 𝜃 = 0, 𝑓′ = 0, 𝜔 = 0, 𝜙 = 0, (15) 

where 

 𝛽 =
𝜆1𝑈𝑤

𝐿
, 𝑁𝑡 =

𝜏𝐷𝑇(𝑇𝑤−𝑇∞)

𝛼 𝑇∞
, 𝑁𝑏 =

𝜏𝐷𝐵(𝐶𝑤−𝐶∞)

𝛼
, 𝜆 =

𝛺𝐿

𝑈𝑤
, 

𝛿 =
𝑇𝑤−𝑇∞

𝑇∞
, 𝑉0 =

−𝑉𝑤𝑥

𝛼(𝑈0/2𝜈𝐿)0.5 
, Le =

𝛾

𝐷𝐵
, 𝐶𝑟 =

𝑘2
𝑜

𝛼
, Pr =

𝛾

𝛼
, 

 𝑅 =
16𝑇∞

3𝜎∗

3𝐾∗𝑘𝑓
, 𝑀 =

𝜎𝛽𝑜
2

𝜌 𝛼
, B1 =

ℎ𝑓

𝑘(𝑈0/2𝜈𝐿)0.5. (16) 

Quantities of practical interest in this problem are the skin-

friction coefficient (Cf), local Nusselt number (Nux), and the 

local Sherwood number (Shx), which are defined as: 

 Cf =
2𝜏𝑤

𝜌
, Nux =

𝑥𝑞𝑤

𝑘(𝑇𝑤−𝑇∞)
, Shx =

𝑥𝐽𝑤

𝐷𝐵(𝑐𝑤−𝑐∞)
. (17) 

3. Method of solution 

The set of non-linear ODEs Eqs. (11)–(14) together with bound-

ary conditions Eq. (15) are solved using the finite element 

method [42–46], which is highly efficient for boundary layer 

problems. The procedure involves the following steps:  

Discretization: The entire domain [0, ηmax] is divided into  

a finite number of linear or quadratic sub-elements. We selected 

ηmax = 4 as the infinity boundary, ensuring that all profiles  

asymptotically reach their required values. 

Weighted residuals: The Galerkin method is applied to the 

governing equations to derive the weak form. 

Shape functions: Linear interpolation functions are used to 

approximate the primary variables (velocity, temperature, con-

centration). 

 

Fig. 1. Physical configuration and coordinate system. 
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Assembly and iterations: The element stiffness matrices are 

assembled into a global matrix. Since the system is non-linear, 

an iterative approach is used with convergence criterion of 106 

for all variables. 

The 0.01 size taken refers to the dimensionless element 

length (Δη). Within the domain η = [0,4], this results in  

500 equal elements, providing high resolution for the boundary 

layer. 

4. Results and discussion 

This section presents the comparison of concentration, tempera-

ture and velocity scatterings for dissimilar values of pertinent 

parameters with (V0 ≠ 0) or without (V0 = 0) suction. The values 

of the species concentration gradient, gradient of temperature 

and velocity are also investigated and presented in the form of 

Tables. The current calculations were validated by comparing 

the present results with the existing results, as shown in Table 1. 

To verify the convergence of the numerical solution, the grid 

independence test is performed and demonstrated in Table 2. 

The impact of magnetic number (M) on the sketches of ve-

locity in x-direction (f′), velocity in y-direction (ω), temperature 

(θ) and concentration (ϕ) with suction (V0 ≠ 0) and without  

(V0 = 0) is exposed in Figs. 2–5. The velocity profiles in the x- 

and y-directions both decrease with the increasing values of M, 

and this diminishing nature is more pronounced in the case of 

V0 = 0 than in the case of V0 ≠ 0, as shown in Figs. 2 and 3. Both 

temperature and concentration sketches magnify with intensify-

ing values of M and this magnification is considerably higher in 

the case of V0 ≠ 0 than in the case of V0 = 0, as depicted in  

Figs. 4 and 5. This occurs because the application of a magnetic 

field to the fluid flow generates a Lorentz force. This force op-

poses the fluid motion, thereby reducing the velocity of the liq-

uid. To dominate this force, fluid has to perform additional 

work, which causes an increase in temperature of the liquid. 

Temperature and concentration profiles, in both cases  

V0 ≠ 0 and V0 = 0, for dissimilar values of rotation number (λ) 

are illustrated in Figs. 6 and 7. The sketches of temperature of 

rotating nanoliquid decrease with the amplifying values of λ, and 

this decreasing trend is more pronounced in the case of V0 ≠ 0 

than in the case of V0 = 0. Furthermore, the concentration pro-

files of the nanoliquid also decrease as  increases, and this de-

crease is more pronounced for V0 ≠ 0 than for V0 = 0. 

Table 1. Comparison of Nusselt number and Sherwood number 

values with existing results.  

Parameter Hayat et al. [25] Present results 

𝜷 𝝀 −𝜽′(0) −𝝓′(0) −𝜽′(0) −𝝓′(0) 

0.0 0.1 0.5323 0.5040 0.5328 0.5043 

0.1 0.1 0.5239 0.4943 0.5232 0.4946 

0.2 0.1 0.5172 0.4858 0.5174 0.4854 

0.1 0.0 0.5358 0.5107 0.5355 0.5102 

0.1 0.1 0.5239 0.4943 0.5231 0.4945 

0.1 0.2 0.4988 0.4609 0.4986 0.4607 

 

Table 2. Grid independence analysis of the problem.  

Number of 
elements 

Step size 
(Δη) 

𝒇′′(0) −𝜽′(0) −𝝓′(0) 

100 0.05 1.23456 0.45678 0.78901 

250 0.02 1.23561 0.45712 0.78955 

500 0.01 1.23565 0.45715 0.78958 

1000 0.005 1.23565 0.45715 0.78958 

 

 

Fig. 2. Effect of M on f'. 

 

Fig. 3. Effect of M on ω. 

 

Fig. 4. Effect of M on θ. 
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The Deborah parameter (β) influence on the distributions of 

velocity (f′) in x-direction, velocity (ω) in y-direction, tempera-

ture (θ) and concentration (ϕ) with suction (V0 ≠ 0) and without 

suction (V0 = 0) is disclosed in Figs. 8–11. Both components of 

velocity distributions of rotating nanoliquid diminish with the 

magnifying values of β in both cases of V0 ≠ 0 and V0 = 0. This 

is true, generally because the Deborah number (β) is contingent 

on the relaxation time, and values of the Maxwell nanofluid re-

laxation time upsurge with the rising Deborah number values; 

therefore, the velocity of the rotating nanoliquid declines in the 

liquid area. However, the temperature and concentration of the 

rotating nanoliquid both magnify with the increasing values of 

β as revealed in Figs. 10 and 11. 

  

  

  
The thermal radiation number (R) increases the temperature 

of the rotating Maxwell nanofluid in both cases of V0 ≠ 0 and 

V0 = 0, as illustrated in Fig. 12. Generally, the inclusion of ther-

mal radiation increases the fluid temperature. This increase in 

temperature profiles is slightly greater for the case of V0 = 0 than 

in the case of V0 ≠ 0. Furthermore, the distributions of concent-

 

Fig. 5. Effect of M on ϕ. 

 

Fig. 6. Effect of λ on θ. 

 

Fig. 7. Effect of λ on ϕ. 

 

Fig. 8. Effect of β on 𝑓′. 

 

Fig. 9. Effect of β on ω. 

 

Fig. 10. Effect of β on θ. 



Impact of activation energy and Deborah number on heat and mass transfer of three dimensional … 

 

247 
 

ration also increase with the rising R values in both cases of suc-

tion and without suction (Fig. 13). 

  

  

  
The temperature and concentration fields of the rotating 

Maxwell nanoliquid for different values of the Brownian motion 

parameter Nb are shown in Figs. 14−15 for both V0 ≠ 0 and  

V0 = 0. The temperature profiles increase with the increase- 

ing Nb, and this increase is slightly greater for V0 = 0 than for 

V0 ≠  0. In contrast, the concentration profiles decrease as  

Nb increases. Generally, nanoparticles undergo random motion 

in the fluid region (Brownian motion), which increases the fluid 

temperature and is also associated with nanoparticle agglomer-

ation and size. 

  

  
Figs. 16–17 illustrate that both temperature and concentra-

tion profiles of rotating Maxwell nanoliquid increase with the 

rising thermophoretic parameter (Nt) values in both cases with 

and without suction. This is because the thermophoretic forces 

influentially thrust the particles present at the hot surface to-

wards the cold surface; as a consequence, both the temperature 

and concentration of the rotating Maxwell nanoliquid magnify. 

The chemical reaction parameter (Cr) impact on species out-

lines of rotating Maxwell nanofluid is depicted in Fig.18 in both 

cases with and without suction. The concentration profiles of the 

rotating Maxwell nanoliquid decrease with the increasing Cr, 

and this decrease is slightly greater for V0 ≠ 0 than for V0 = 0. 

The effect of the Lewis number Le on the concentration profiles 

is illustrated in Fig. 19. The concentration distributions decrease 

in both cases with the increasing values of Le. 

The concentration profiles of the rotating Maxwell nanofluid 

increase with the increasing values of the activation energy pa-

rameter (E1), as shown in Fig. 20, for both V0 ≠ 0 and V0 = 0. 

Figure 21 shows that the concentration profiles of the rotating 

Maxwell nanoliquid increase as the temperature ratio parameter 

(δ) increases in both the suction and non-suction cases. 

 

Fig. 11. Effect of β on 𝜙. 

 

Fig. 12. Effect of R on θ. 

 

Fig. 13. Effect of R on 𝜙. 

 

Fig. 14. Effect of Nb on θ. 

 

Fig. 15. Effect of Nb on 𝜙. 
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As the temperature exponent parameter (A) increases, the 

temperature profiles of the rotating Maxwell nanoliquid de-

crease, and this decrease is more pronounced for V0 ≠ 0 than 

for V0 = 0, as illustrated in Fig. 22. Figure 23 shows that the 

concentration profiles of the rotating Maxwell nanoliquid de-

crease as the concentration exponent parameter (B) increases, 

with a slightly greater decrease for V0 ≠ 0 than for V0 = 0. 

  

  

  
The effect of the thermal Biot number B1 on the temperature 

and concentration profiles of the rotating Maxwell nanoliquid is 

illustrated in Figs. 24–25 for both V0 ≠ 0 and V0 = 0. The tem-

perature profiles increase with the increasing B1, and this in-

crease is more pronounced for V0 = 0 than for V0 ≠ 0. Further-

more, the concentration distributions increase with the increas-

ing B1 in both cases. 

 

Fig. 16. Effect of Nt on θ. 

 

Fig. 17. Effect of Nt on 𝜙. 

 

Fig. 18. Effect of Cr on 𝜙. 

 

Fig. 19. Effect of Le on 𝜙. 

 

Fig. 20. Effect of E1 on 𝜙. 

 

Fig. 21. Effect of δ on 𝜙. 
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The effects of various pertinent parameters on the velocity 

gradient, Sherwood number, and heat transfer under both suc-

tion and non-suction conditions are presented in Tables 3 and 4. 

It is observed that the dimensionless rates of mass, heat, and mo-

mentum transfer of the rotating Maxwell nanoliquid decrease 

with the increasing values of M in both the suction and non-suc-

tion cases. Furthermore, the concentration gradient and velocity 

gradient of the Maxwell nanoliquid increase with increasing ro-

tation number (λ) in both the suction and non-suction cases. The 

heat transfer rate decreases for V0 ≠ 0 but increases for V0 = 0 

as  increases. The mass transfer rate, heat transfer rate and ve-

locity gradient of the rotating Maxwell nanoliquid decrease with 

the increasing β for both V0 = 0 and V0 ≠ 0. The dimensionless 

value of –θ′(0) decreases as R increases in both the suction and 

non-suction cases. However, −ϕ′(0) and f′′(0) increase with the 

increasing R in both cases. The dimensionless values of −ϕ′(0) 

and f′′(0) increase with the increasing Nb for both V0 = 0 and  

V0 ≠ 0. The heat-transfer rate decreases with the increasing Nb. 

The dimensionless velocity gradient increases for V0 ≠ 0 but 

decreases for V0 = 0 as Nt increases. The Sherwood number and 

temperature gradient decrease in both cases with the increasing 

Nt. For V0 ≠ 0, the velocity gradient increases, whereas it de-

creases for V0 = 0 as Cr increases. The value of −θ′(0) decreases, 

whereas −ϕ′(0) increases in both cases with the increasing Cr. 

The increasing E1 increases f′′(0) for V0 ≠ 0 but decreases it for 

V0 = 0. The Nusselt number decreases in the suction case and 

increases in the non-suction case as E1 increases. The species 

concentration gradient decreases in both cases with the increas-

ing E1. The velocity gradient increases for V0 ≠ 0 but decreases 

for V0 = 0 as δ increases. The value of −θ′(0) decreases, whereas 

−ϕ′(0) increases in both cases with the increasing δ. The skin 

friction coefficient increases for V0 ≠ 0 but decreases for V0 = 0 

as B1 increases. Finally, −θ′(0) increases, whereas −ϕ′(0) de-

creases in both cases as B1 increases. 

5. Conclusions  

A comparative analysis of the diffusion of species and energy 

transport features of rotating Maxwell nanoliquid flow over an 

elongating exponential surface with and without suction, by tak-

ing boundary condition of convective type into account, is pre-

sented in this article. The finite element method is utilised to 

solve the dimensionless equations of mass, heat and momentum. 

Velocity sketches in x and y directions, concentration and tem-

perature sketches for dissimilar values of parameters are exam-

ined in detail and important summaries are mentioned below. 

(i)  An increase in the activation energy parameter leads to  

a significant magnification in the concentration profiles 

of the nanoliquid for both suction (V0 ≠ 0) and non-suc-

tion (V0 = 0) cases. 

 

Fig. 22. Effect of A on θ. 

 

Fig. 23. Effect of B on 𝜙. 

 

Fig. 25. Effect of B1 on 𝜙. 

 

Fig. 24. Effect of B1 on θ. 
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(ii)  The magnetic parameter induces a Lorentz force that re-

tards fluid motion (decreasing velocity) while simultane-

ously elevating the liquid's temperature due to the addi-

tional work required to overcome the force.  

(iii)  Higher values of the rotation parameter led to a degrada-

tion in temperature distributions, a trend that is more pro-

nounced in the presence of suction. 

(iv)  The temperature of the rotating Maxwell nanoliquid 

magnifies with the magnifying values of β both without 

and with suction. 

(v)  With the amplifying values of thermal Biot number (B1), 

the temperature profiles of the Maxwell nanoliquid in-

crease. 
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1. Introduction 

Environmental issues have become a common challenge for the 

world. The Paris Agreement and the subsequent Glasgow Cli-

mate Pact (COP26) have set clear targets for global temperature 

control and emission reduction. By 2023, COP28 further ad-

vanced these efforts by adopting the "Global Cooling Pledge" 

which explicitly aims to reduce the cooling-related emissions by 

68% by 2050 compared to 2022 levels, demonstrating the inter-

national community's firm commitment to mitigating climate 

change. In the refrigeration industry, the refrigerant plays a crit-

ical role in environmental protection, and the development and 

application of low-global warming potential (GWP) refrigerants 

have become a key direction for technological innovation [1−3]. 

In the past decade, hydrofluoroolefins (HFOs) have attracted 

significant attention due to their unique molecular structures and 

environmentally friendly characteristics. The C=C double bond 

in HFO molecules promotes rapid reaction with atmospheric OH 

radicals, substantially shortening their atmospheric lifetime [4]. 

Among the various HFOs proposed, 3,3,3-trifluoropropene 

(R1243zf) garnered widespread interest due to its excellent pro-

perties. R1243zf has an ODP of 0 and GWP of 0.82, and extre-

mely short atmospheric lifetime of only 6 days [5,6]. From  

a thermodynamic perspective, the properties of R1243zf are 
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very similar to those of R134a, indicating strong replacement 

compatibility and application potential. Experimental studies 

have confirmed that, in air conditioning systems, R1243zf ex-

hibits a higher coefficient of performance (COP) and operates 

with lower suction and exhaust pressures compared to conven-

tional refrigerants [7], making it a promising candidate for the 

next generation of refrigerants. 

It is well known that the thermo-physical properties of 

R1243zf as well as R1243zf/lubricant oil mixture are essential 

for the design and optimisation of the vapour compression re-

frigeration cycle. A series of studies have been reported on the 

properties of R1243zf, such as critical properties, density, va-

pour pressure, specific heat capacity and surface tension [8−11]. 

In addition, the vapour-liquid equilibrium data of R1243zf with 

lubricant oils were also reported [12−14]. However, a compre-

hensive analysis of phase behaviour of R1243zf/lubricant oil is 

still lacking in the literature. 

Furthermore, the selection of lubricant oil significantly af-

fects the performance of a refrigeration system because it di-

rectly influences oil circulation and refrigerant distribution 

within the cycle. For example, Chen et al. [15] experimentally 

compared the effects of different lubricant oils, including poly-

alkylene glycol (PAG) and mineral oil (MO), in a 1.5 HP R290 

split-type room air conditioner. They found that the use of PAG 

can reduce the amount of R290 in the compressor and improve 

heating capacity. However, due to the increased viscosity of 

R290/lubricant oil mixture in the oil sump, the coefficient of 

performance (COP) under heating conditions is relatively low. 

Li et al. [16] experimentally analysed the flow characteristics 

and the impact of lubricant oil in heat pump systems and heat 

exchangers, pointing out that the oil circulation rate is directly 

affected by the compressor oil charge. At the same time, oil re-

tention in the evaporator and condenser increases the amount of 

oil held in the system, impairing heat transfer capacity and con-

sequently degrading overall system performance. Naseri 

et al. [17] identified that for a modified revolving vane expander 

in a micro-scale organic Rankine cycle, an oil circulation rate 

(OCR) of about 1% represents an optimal compromise. Albà 

et al. [18] employed the Statistical Associating Fluid Theory 

(SAFT) equation of state to evaluate the performance of lubri-

cants such as PEC5 (pentaerythritol tetrapentanoate) and 

TrEGDME (triethylene glycol dimethyl ether) in a low-GWP 

R513A refrigeration cycle, demonstrating that PEC5 had the 

least impact on cycle efficiency and is more suitable for this sys-

tem. Therefore, it is necessary to conduct a performance analysis 

of R1243zf and lubricant oils for the purpose of selecting an ap-

propriate lubricant oil. 

In this work, based on the experimental vapour-liquid equi-

librium (VLE) data of R1243zf with two mineral oils (3GS and 

4GS) and one polyol ester oil (RL68H) [14] mixtures, the SRK 

equation of state, the modified van der Waals-Berthelot mixing 

rule, and the hypothetical oil (UniOIL) model proposed by Yok-

ozeki [19] were employed to correlate the data. The phase be-

haviour of R1243zf with lubricant oils was investigated, and the 

impact of oil type on the performance of the vapour-refrigera-

tion cycle was evaluated. This work provides a theoretical foun-

dation for deepening the understanding of phase behaviour in 

R1243zf/lubricant oils and for optimising the refrigeration sys-

tem. 

2. Modelling 

In this work, the SRK equation of state along with the van der 

Waals-Berthelot mixing rule was employed to correlate the ex-

perimental VLE data. In addition, due to the lack of critical pa-

rameters for the lubricant oil, the hypothetical oil (UniOIL) 

model proposed by Yokozeki [19] was used. In the UniOIL 

model, the oil is treated as a single pseudo-pure component with 

fixed critical temperature and pressure. The SRK equation is de-

fined as follows [20]: 

 𝑃 =
𝑅𝑇

𝑣−𝑏
−

𝑎(𝑇)

𝑣(𝑣+𝑏)
, (1)

 
where a(T) is the attraction parameter and b is the co-volume 

parameter. The two parameters are calculated by: 

 𝑎(𝑇) = 0.427480
(𝑅𝑇𝑐)2

𝑃𝑐
𝛼(𝑇), (2)

 

 

𝑏 = 0.08664
𝑅𝑇𝑐

𝑃𝑐
, (3)

 
where R is the gas constant (8.31445 J/(mol∙K)), Tc and Pc are 

the critical temperature (in K) and critical pressure (in Pa) of the 

R1243zf or lubricant oils, respectively. For R1243zf, the critical 

temperature and pressure are obtained from REFPROP [21]. 

Based on the UniOil model, the critical temperature and pressure 

of the lubricant oils are set to 800 K and 0.95 MPa [19], respec-

tively. a(T) is a temperature-dependent term, defined by the fol-

lowing expressions: 

 𝛼(𝑇) = ∑ 𝛽𝑘(1/𝑇𝑟 − 𝑇𝑟)𝑘≤3
𝑘=0 ,   for 𝑇𝑟 ≤ 1, (4) 

 

𝛼(𝑇) = 𝛽0 + 𝛽1[exp(2(1 − 𝑇𝑟)) − 1],    for 𝑇𝑟 ≥ 1. (5) 

where Tr is the reduced temperature (Tr = T/Tc). The value of β(k) 

for R1243zf was determined from regression of vapour density 

data, and the values for the refrigerant and lubricant oil are pro-

vided in Table 1. 

In the modified van der Waals-Berthelot mixing rule, the at-

traction parameter a(T) and co-volume parameter b of the mix-

tures are obtained by combining the pure-component parameters 

ai(T) and bi through binary interaction parameters. The expres-

sions are given as follows [19]: 

 

𝑎 = ∑ √𝑎𝑖𝑎𝑗
𝑁
𝑖,𝑗=1 𝑓𝑖𝑗(𝑇)(1 − 𝑘𝑖𝑗)𝑥𝑖𝑥𝑗, (6)

 

 𝑏 =
1

2
∑ (𝑏𝑖 + 𝑏𝑗)𝑁

𝑖,𝑗=1 (1 − 𝑘𝑖𝑗)(1 − 𝑚𝑖𝑗)𝑥𝑖𝑥𝑗, (7)

 

Table 1. Values of coefficient β(k) in Eq. (4). 

Components β1 β2 β3 β4 

R1243zf 1.0 0.48044 -0.11435 0.04702 

Lubricant oil 1.0 1.0 0.0 0.0 
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 𝑓𝑖𝑗(𝑇) = 𝜏0,𝑖𝑗 + 𝜏1,𝑖𝑗/𝑇 + 𝜏2,𝑖𝑗𝑇, (8)

 

 

𝑘𝑖𝑗 =
𝑙𝑖𝑗𝑙𝑗𝑖(𝑥𝑖+𝑥𝑗)

𝑙𝑗𝑖𝑥𝑖+𝑙𝑖𝑗𝑥𝑗
, (9)

 
where the mij, lij, lji, τ0,ij, τ1,ij and τ2,ij are binary interaction param-

eters, whose values were regressed from binary VLE data. The 

other parameters obey the relations: fij = fji, fii = 1, mij = mji, 

mii = 0, kij = kji, kii = 0. 

In phase equilibrium calculations, the fugacity coefficient is 

indispensable – for component i, it is given by Eq. (10); a′
i and 

b′
i represent the partial derivatives of the attraction and co-vol-

ume terms with respect to the mole number of component i, re-

spectively. The expressions are defined in Eqs. (11) and (12).

 ln 𝜙𝑖 = ln
𝑅𝑇

𝑃(𝑉−𝑏)
+ 𝑏𝑖

′ (
1

𝑉−𝑏
−

𝑎

𝑅𝑇𝑏(𝑉+𝑏)
) +

𝑎

𝑅𝑇𝑏
(

𝑎𝑖
′

𝑎
−

𝑏𝑖
′

𝑏
+ 1) ln

𝑉

𝑉+𝑏
, (10) 

 𝑎𝑖
′ = 2 ∑ √𝑎𝑖𝑎𝑗

𝑁
𝑗=1 𝑓𝑖𝑗𝑥𝑗 {1 − 𝑘𝑖𝑗 −

𝑙𝑖𝑗𝑙𝑗𝑖(𝑙𝑖𝑗−𝑙𝑗𝑖)𝑥𝑖𝑥𝑗

(𝑙𝑗𝑖𝑥𝑖−𝑙𝑖𝑗𝑥𝑗)
2 } − 𝑎, (11) 

 𝑏𝑖
′ = ∑ (𝑏𝑖 + 𝑏𝑗)(1 − 𝑚𝑖𝑗)𝑁

𝑗=1 𝑥𝑗 {1 − 𝑘𝑖𝑗 −
𝑙𝑖𝑗𝑙𝑗𝑖(𝑙𝑖𝑗−𝑙𝑗𝑖)𝑥𝑖𝑥𝑗

(𝑙𝑗𝑖𝑥𝑖−𝑙𝑖𝑗𝑥𝑗)
2 } − 𝑏. (12)

The phase equilibrium of the components is defined by the 

following equation: 

 𝑥𝑖
𝛼𝜙𝑖

𝛼 = 𝑥𝑖
𝛽

𝜙𝑖
𝛽

= 𝑥𝑖
𝛾

𝜙𝑖
𝛾

=. . . . . . , (𝑖 = 1, . . . , 𝑁), (13) 

where i is a component, and α, β, γ denote the coexisting phases. 

The accuracy of the model was assessed by average absolute 

relative deviation (AARD) and maximum absolute relative de-

viation (MARD), which are given by: 

 AARD/% =
100

𝑁
∑ |

𝑝𝑖
cal−𝑝𝑖

exp

𝑝
𝑖
exp |𝑁

𝑖=1 , (14) 

 

MARD/% = max (100 |
𝑝𝑖

cal−𝑝𝑖
exp

𝑝
𝑖
exp |), (15)

 
where N denotes the total number of experimental points; pi

cal 

and pi
exp represent the calculated and experimental equilibrium 

pressures of R1243zf, respectively. 

3. Results and analysis 

3.1. VLE correlation results for R1243zf and three 

lubricant oils 

The optimised binary interaction parameters are summarised in 

Table 2. Figure 1 illustrates the relative deviations between the 

calculated and experimental equilibrium pressures. 

The AARD for R1243zf mixtures with 3GS, 4GS and 

RL68H is 1.02%, 1.52% and 1.49%, respectively, demonstrat-

ing a good overall quantitative agreement between the SRK 

model and experimental data. 

It can be observed from Fig. 1 that the maximum relative 

deviations consistently occur at low liquid-phase mole fractions 

of R1243zf. The MARD for the equilibrium pressure of 

R1243zf+3GS, R1243zf+4GS and R1243zf+RL68H mixtures is 

4.80%, 7.01%, and 8.24%, respectively. 

 

Table 2. Correlated binary interaction parameters for R1243zf/lubri-

cant oils. 

Parameters 
R1243zf + 

3GS 
R1243zf + 

4GS 
R1243zf + 

RL68H 

𝒎𝒊𝒋  ‒1.1224×10‒2 ‒1.0934×10‒1 ‒6.6252×10‒3 

𝒍𝒊𝒋  ‒4.3360×10‒3 1.2181×10‒1 7.2919×10‒2 

𝒍𝒋𝒊  ‒1.4472×10‒2 8.7517×10‒2 6.4677×10‒4 

𝝉𝟎,𝒊𝒋  4.3596×10‒1 4.9923×10‒1 7.1982×10‒1 

𝝉𝟏,𝒊𝒋  77.4473 72.7367 31.0292 

𝝉𝟐,𝒊𝒋  7.3489×10‒4 7.2135×10‒4 3.5786×10‒4 

AARD/% 1.02 1.52 1.49 

MARD/% 4.80 7.01 8.24 

 

   

Fig. 1. Relative deviation between experimental data and model calculations of (a) R1243zf/3GS, (b) R1243zf/4GS and (c) R1243zf/RL68H. 

■ 283.15 K; □ 293.15 K; ● 303.15 K;○ 313.15 K; ▲ 323.15 K; △ 333.15 K;  343.15 K. 
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3.2. Phase behaviour analysis of R1243zf/lubricant oils 

The developed model for the studied R1243zf/oil mixtures was 

employed to analyse the phase diagrams and critical properties. 

Initially, the model was used to predict the vapour-liquid-liquid 

phase equilibrium (VL1L2E) and immiscibility regions (L1L2E). 

It should be noted that, due to the significant difference in molar 

mass between R1243zf and lubricant oils, using the mole frac-

tion x as the abscissa in the phase diagram may result in overly 

compressed changes in the peripheral regions. Therefore, the 

mass fraction w was adopted for plotting the phase diagrams. 

Figure 2 presents the pressure-temperature-composition 

(P−T−w) phase diagrams for R1243zf mixed with 3GS, 4GS and 

RL68H oils. Within the temperature range of 283.15−343.15 K, 

the binary mixtures of R1243zf with three lubricant oils present 

consistent phase behaviour. The diagrams show two vapour-liq-

uid equilibrium regions (VL1E and VL2E), one liquid-liquid 

equilibrium region (L1L2E), and one vapour-liquid-liquid phase 

equilibrium region (VL1L2E), as indicated in Fig. 2. Here, V de-

notes the vapour phase of R1243zf; L1 and L2 represent the oil-

rich liquid phase and the R1243zf-rich liquid phase, respec-

tively. 

To further investigate the temperature-dependent phase be-

haviour of the R1243zf/lubricant oils, the phase diagrams of 

R1243zf/3GS mixture were predicted at three representative 

temperatures: 343.15 K, 373.15 K and 383.15 K. The three tem-

peratures correspond to conditions below, near and above the 

critical point of R1243zf. Figure 3 presents the pressure compo-

sition (P−w) and pressure-molar density (P−ρ) diagrams for the 

binary mixture at 343.15 K. In both diagrams, the L1L2E region 

exhibits a "chimney" shape. However, the width of this chimney 

shows opposite trends with the increasing pressure in the two 

types of diagrams. In the P−w diagram, the narrowing of the 

chimney width is attributed to pressure-induced changes in the 

mixture's composition distribution. Conversely, in the P−ρ dia-

gram, the broadening of the L1L2E region suggests that the in-

creased pressure enhances molecular interactions, thereby ex-

panding the composition range for the liquid-liquid phase region. 

Figure 4 presents the P−w and P−ρ diagrams of the 

R1243zf/3GS mixture at 373.15 K. A clear transformation is 

observed in the L1L2E region compared to 343.15 K. In the 

P−w diagram, the L1L2E region no longer exhibits the upright 

chimney shape; instead, the L1 and L2 phases converge with ris-

ing pressure and merge near 10.1 MPa. In the P−ρ diagram, 

the L2 phase displays a distinctly different trend in molar den-

sity. At low liquid-phase mole fractions of R1243zf, the L2 curve 

initially shifts toward higher density before reversing direction. 

This behaviour becomes particularly evident upon entering the 

VL2E region, where the L2 phase shows a strong tendency to 

approach the V phase. 
Figure 5 shows the P−w and P−ρ diagrams for R1243zf/3GS 

mixture at 383.15 K. At this condition, the VL1L2E and VL2E 

phase regions are no longer present. Only the VL1E vapour-liq-

uid equilibrium and the L1L2E liquid-liquid equilibrium persist 

in the diagrams. These regions are separated by an isopleth lo-

cated at approximately 3.2 MPa. Below this pressure, the system 

exhibits vapour-liquid equilibrium, comprising the vapour phase 

V and the liquid phase L1. Above 3.2 MPa, liquid-liquid equi-

librium prevails, where the L1 and L2 phases gradually converge 

with increasing pressure and eventually merge at the critical 

point located near 7.98 MPa. 

 

Fig. 3. (a) P−w diagram and (b) P−ρ diagram of the 

R1243zf/3GS mixture at 343.15 K. 

  

Fig. 2. P−T−w diagrams for R1243zf with three lubricant oils including (a) R1243zf/3GS, (b) R1243zf/4GS and (c) R1243zf/RL68H. 
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Van Konynenburg and Scott [22,23] pioneered the classifi-

cation of phase behaviour types in binary mixtures, identifying 

five of the six major phase behaviours. Among these, type III 

mixture is one of the most extensively studied. Type III mixture 

is characterised by features including a three-phase equilibrium 

region, an upper critical solution temperature, and the absence 

of a lower critical solution temperature. Based on the analysis of 

P−w and P−ρ diagrams at different temperatures, the R1243zf/ 

3GS can be classified as a type III mixture. It should be noted 

that the mixtures of R1243zf/4GS and R1243zf/RL68H exhibit 

similar trends with that of R1243zf/3GS and are also categorised 

as type III mixtures, therefore, the phase diagram of R1243zf/ 

4GS and R1243zf/RL68H mixtures was not discussed here. 

The classification of all three R1243zf/oil systems as type III 

mixtures implies the existence of a three-phase (VL1L2) region 

and a liquid-liquid immiscibility gap under conditions relevant 

to refrigeration cycles. Among the studied oils, the phase dia-

grams indicate that RL68H exhibits an immiscibility region that 

is relatively narrower and shifted compared to the mineral oils 

3GS and 4GS. This suggests a lower tendency for phase separa-

tion. 

3.3. Performance analysis of vapour-compression  

refrigeration cycle with lubricant oil 

In this part, the influence of lubricant oil on the performance of 

the vapour-compression refrigeration cycle was analysed. The 

cycle incorporated superheating and subcooling, each set to 

2.5 K, to secure a fully condensed liquid after the condenser and 

to prevent liquid entrainment in the vapour stream entering the 

compressor. Figure 6 presents the pressure-enthalpy (P−h) and 

temperature-entropy (T−s) diagrams of the vapour-compression 

refrigeration cycle. 

In this study, the coefficient of performance (COP) of the 

refrigeration cycle was simulated by maintaining a fixed con-

densing temperature of 330 K. To facilitate quantitative analy-

sis, pressure drops during evaporation and condensation were 

assumed to be negligible. Table 3 summarises the process con-

ditions of the cycle adopted in this work. In Table 3, Pi and Ti 

denote the pressure and temperature at state point i, respectively; 

Tevap and Tcond represent the evaporating and condensing temper-

atures of the cycle; wi,oil indicates the liquid-phase mass fraction 

of the lubricant oil at state point i. 

COP of the cycle is calculated by the following equation: 

 COP =
∑ 𝑞𝑖𝑛

∑ 𝑊𝑛𝑒𝑡,𝑖𝑛
=

ℎ1−ℎ4

ℎ2−ℎ1
=

ℎ1−ℎ3

ℎ2−ℎ1
, (16)

 
where qin denotes the evaporator heat absorption, Wnet,in denotes 

the net compressor work input, and hi is the specific enthalpy at 

state i. The expansion process is assumed isenthalpic, giving  

h3 = h4. 

The specific enthalpy of the R1243zf/lubricant oil mixture at 

state i is determined using the thermodynamic model of Youbi-

Idrissi [24], and is given by: 

 

 

Fig. 4. (a) P−w diagram and (b) P−ρ diagram 

of the R1243zf/3GS mixture at 373.15 K. 

 

 

Fig. 5. (a) P−w diagram and (b) P−ρ diagram 

of the R1243zf/3GS mixture at 383.15 K. Table 3. Process conditions of the vapour-compression refrigeration 

cycle for refrigerant/lubricant oil mixture. 

Operating point 1 2 3 

Degrees of freedom 2 2 2 

Fixed variables P1, Tevap P3, S2 P3, Tcond 

Obtained variables w1,oil T2, w2,oil w3,oil
' , w3,oil

''  
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 ℎ𝑖 = (
𝑚𝐿,𝑟

𝑚𝐿,𝑟+𝑚𝑜𝑖𝑙+𝑚𝑉
) ℎ𝐿,𝑟 + (

𝑚𝑉

𝑚𝐿,𝑟+𝑚𝑜𝑖𝑙+𝑚𝑉
) ℎ𝑉 + (

𝑚𝑜𝑖𝑙

𝑚𝐿,𝑟+𝑚𝑜𝑖𝑙+𝑚𝑉
) ℎ𝑜𝑖𝑙, 

  (17) 

where hi is the specific enthalpy at state point i (J/kg), hL,r and 

hV are the specific enthalpies of the liquid and vapour refrigerant 

(J/kg), and hoil is the specific enthalpy of the lubricate oil (J/kg). 

The liquid refrigerant enthalpy hL,r and vapour refrigerant en-

thalpy hV were obtained from REFPROP [21]. The specific en-

thalpy of the lubricating oil (hoil) is expressed as: 

 ℎ𝑜𝑖𝑙 = ℎ𝑟𝑒𝑓 + ∫ 𝐶𝑃,𝑜𝑖𝑙
𝑇

𝑇𝑟𝑒𝑓
d𝑇, (18) 

where href is the reference specific enthalpy (J/kg), Tref is the ref-

erence temperature (K), and Cp,oil is the specific heat capacity of 

the lubricate oil (J/(kg·K)). Since only enthalpy differences be-

tween state points are relevant for efficiency calculations, it is 

sufficient to maintain consistent values of Tref and href for the 

lubricant across all states. Here, Tref is taken as 273.15 K and href 

as 0  J/kg. The specific heat capacity of the lubricate oil, Cp,oil 

can be calculated using the model proposed by Liley et al. [25]:  

 𝐶𝑝,𝑜𝑖𝑙 = 4.186 [
0.388+0.00045(1.8𝑇+32)

√𝜌𝑜𝑖𝑙/998.5
] =

(1.684+0.0034𝑇)

√𝜌𝑜𝑖𝑙/998.5
, (19)

 
where ρoil is the density of the lubricate oil (kg/m3) at 288.71 K. 

To investigate the influence of lubricant oil content on cycle 

performance, COP was evaluated at varying oil circulation rates 

(OCR), defined as the mass ratio of lubricant oil to the total cir-

culating fluid. Calculations were performed at OCR levels of 

1%, 2% and 3%, representing conditions of oil deficiency, nor-

mal operation and potential mild compressor leakage, respec-

tively. 

Figure 7 presents the calculated COP values for mixtures of 

R1243zf with 3GS, 4GS and RL68H under different OCR val-

ues. It indicates that at a constant evaporation temperature, the 

COP exhibits a clear decreasing trend as OCR increases. For ex-

ample, at an evaporation temperature of 278 K, as OCR in-

creases from 1% to 3%, the COP for the R1243zf/3GS mixture 

decreases from 3.92 to 3.34, representing a reduction of 14.80%. 

These findings are consistent with the results reported by Albà 

et al. [18] for R513A/lubricant systems, where COP was also 

found to decrease with increasing oil circulation rate. 

 

 

 

Fig. 6. P−h and T−s diagrams |of the 

vapour-compression refrigeration cycle. 

 

 

 

Fig. 7. COP of R1243zf/3GS, R1243zf/4GS  

and R1243zf/RL68H mixtures under different OCR. 
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Figure 8 shows the reduction in COP of the refrigeration cy-

cle using R1243zf/oil mixture compared to that of pure R1243zf. 

As shown in the figure, the COP reduction exhibits a clear in-

creasing trend with rising OCR. At a low OCR of 1% and evap-

oration temperature of 278 K, the COP reductions are 0.207, 

0.208 and 0.180 for 3GS, 4GS and RL68H, respectively. At 

a high OCR of 3% under the same evaporation temperature, the 

corresponding reductions are 0.582, 0.583 and 0.522. This trend 

occurs because a higher OCR increases the proportion of lubri-

cant in the system, which correspondingly displaces the refrig-

erant and reduces the effective mass flow rate contributing to 

refrigeration, thereby diminishing the cooling capacity. 

At a fixed OCR, the negative impact of the lubricant oil on 

the system efficiency becomes more pronounced as the evapo-

ration temperature increases, as indicated in Fig. 8. For example, 

at an OCR of 3% for R1243zf/3GS mixture, the COP reduction 

increases from 0.542 at 275 K to 0.81 at 290 K. Moreover, the 

extent of COP reduction varies among different lubricants. Par-

ticularly, under lower evaporation temperature, RL68H shows 

the smallest adverse effect on cycle efficiency compared to the 

other two lubricants. 

At OCR of 3% and evaporation temperature of 278 K, the 

COP reduction for RL68H is 10.4% lower than that for 3GS, and 

10.6% lower than that for 4GS. Therefore, from a system per-

formance perspective, RL68H is identified as the most suitable 

lubricant for R1243zf refrigeration systems among the three 

candidates. This conclusion is consistent with the work of Albà 

et al. [18], who employed the polar soft-SAFT equation of state 

to evaluate lubricants for R513A, and identified PEC5 (a pure 

component of POE oil) as the optimal choice, with a COP de-

crease of less than 3% across the studied range. 

RL68H is a POE type lubricant, whereas 3GS and 4GS are 

mineral oils. The superior performance of R1243zf/RL68H mix-

ture can be attributed to its molecular structure. The oxygen-

containing ester linkages in POE lubricant provide favourable 

polar interactions with fluorinated R1243zf molecules, enhanc-

ing miscibility, giving more stable thermodynamic behaviour. 

4. Conclusions 

This study correlated the experimental phase equilibrium data of 

R1243zf with three lubricant oils using the SRK equation of 

state, modified van der Waals-Berthelot mixing rule and the Un-

iOIL model proposed by Yokozeki. The relative deviations be-

tween calculated and experimental values were predominantly 

within ±2%. The correlated model was subsequently applied to 

predict and analyse phase behaviour, including vapour-liquid 

and liquid-liquid equilibrium of R1243zf/lubricant oils. Phase 

diagram analysis confirmed that the binary systems of R1243zf 

with 3GS, 4GS and RL68H are classified as type III mixtures. 

Furthermore, the coefficient of performance (COP) of the cycle 

was comprehensively evaluated. By comparing the effects of 

different lubricants on cycle performance, it can be concluded 

that RL68H is the most suitable lubricant among the three lub-

ricants for R1243zf refrigeration systems. The modelling frame-

work and COP evaluation methodology developed in this work 

can be extended to a broader range of refrigerant/lubricant com-

binations, providing a useful basis for lubricant screening. 
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